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Programed motion of the magnetized spacecraft

This paper focuses on the problem of creation of control of the rotational motion of the magnetized
dynamically symmetric Earth’s satellite in a polar circular orbit plane in the geomagnetic field.
It is assumed that the permanent magnetic moment of the satellite is directed along the axis
of its dynamic symmetry. The rotational motion of the satellite is caused by interaction of the
magnetic moment of the satellite and the Earth’s magnetic field, which is modeled by the direct
dipole. Influence of gravitational moment is not considered. The objective of the control system
is to implement the required programed motion. The satellite’s rotation around its own axis is
selected as the programed motion (in this case the angle deviation of the axis should be constant).
Equations of programed motion of the magnetized satellite in the semi-combined coordinate system
are derived. The control moments that ensure the specified programed motion are obtained. The
solutions of the motion equations of the control system are found by Runge-Kutta method using
the mathematical package Maple. According to the results the graphs of change of the kinematic
parameters of the motion are obtained with and without control moments which demonstrate
uncontrolled motion of the satellite. It is shown that the programed motion can be implemented
by selection of the values of the deviation angle and the angular velocity, even when there is an
asymptotic instability of Lyapunov’s programmed motion.
Key words: magnetized satellite, geomagnetic field, control moment, program motion.

Жилисбаева К.С., Саспаева А.Д.
Программное движение намагниченного космического аппарата

В данной работе рассматривается задача построения управления вращательным движением
намагниченного динамически симметричного спутника Земли по полярной плоской круговой
орбите в геомагнитном поле. Предполагается, что постоянный магнитный момент спутника
направлен по оси его динамической симметрии. Вращательное движение спутника обуслов-
лено взаимодействием магнитного момента спутника и магнитного поля Земли, которое мо-
делируется прямым диполем. Влияние гравитационного момента не учитывается. Задачей
системы управления является реализация требуемого программного движения. В качестве
программного движения выбрано вращение спутника вокруг собственной оси с постоянной
угловой скоростью, при этом угол отклонения оси должен быть постоянным. Построены
уравнения программного движения намагниченного спутника в полусвязанной системе коор-
динат. Получены управляющие моменты, обеспечивающие заданное программное движение.
С помощью математического пакета Maple методом Рунге-Кутта найдены решения уравне-
ний движения управляемой системы. По результатам решений получены графики измене-
ния кинематических параметров движения с управляющими моментами и в случае отсут-
ствия управляющих моментов, которые демонстрируют неконтролируемые движения спут-
ника. Показано, что подбором значений угла отклонения оси и угловой скорости можно реа-
лизовать программные движения даже при асимптотической неустойчивости программного
движения по Ляпунову.
Ключевые слова: намагниченный спутник, геомагнитное поле, управляющий момент, про-
граммное движение.
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Жылысбаева Қ.С., Саспаева Ә.Д.
Магниттелген ғарыштық аппараттың бағдарламалық қозғалысы

Мақалада геомагниттiк өрiстегi динамикалық симмериялы, магниттелген ғарыштық аппа-
раттың полярлы жазық орбитадағы айналмалы қозғалысын басқаруды құру есебi қарасты-
рылған. Серiктiң тұрақты магниттiк моментi динамикалық симметрия өсiмен багытталған.
Серiктiң айналмалы қозғалысы серiктiң магниттiк моментi мен тура дипольмен моделде-
нетiн Жердiң магниттiк өрiсiнiң өзара әрекетiмен берiледi. Гравитациялық моменттiң әсерi
ескерiлмеген. Басқару жүйесiнiң есебi - қажеттi бағдарламалық қозғалыс болып табылады.
Бағдарламалық қозғалыс ретiнде серiктiң өз өсi бойында тұрақты бұрыштық жылдамдық-
пен айналатын қозғалысы алынған. Аталған жағдайда өстен ауытқу бұрышы тұрақты бо-
лып қалады. Магниттелген серiктiң қозғалыс теңдеуi жартылай бекiтiлген санақ жүйесiнде
құрылды. Берiлген бағдарламалық қозғалысты қанағаттандыратын басқару моменттерi та-
былды. Басқарылатын жүйенiң қозғалыс теңдеуiнiң шешiмi Maple математикалық пакетiнде
Рунге-Кутта әдiсiмен шығарылды. Шешiмнiң нәтижесi бойынша қозғалыстың кинематика-
лық параметрлерлерiнiң графиктерi алынып, келесiдей қорытынды жасалынды: басқару мо-
менттерi ескерiлмеген кезде серiктiң қозғалысы басқарылмайтындығы анықталды. Асимто-
тикалық орнықсыздық кезiнде өстiң ауытқу бұрышы мен бұрыштық жылдамдықтың мәнiн
таңдап алу барысында бағдарламалық қозғалысты жүзеге асыруға болатындығы көрсетiлдi.
Түйiн сөздер: магниттелген серiк, геомагниттiк өрiс, басқарушы момент, бағдарламалық
қозғалыс.

1 Introduction

Today, the interest in problem of rotational motion control of magnetized satellites has
risen due to the practical needs of progressing technology of space flights and systems of
magnetic stabilizing [1-2]. Especially, it concerns targets of orientation and stabilization of
the magnetized artificial satellites of Earth in the geomagnetic field. Non-uniform rotation
of the vector of geomagnetic field strength in inertial space and variation in its magnitude
during the motion of the satellite’s center of mass along an orbit does not allow providing
exact orientation of a longitudinal axis of the satellite along this vector. In addition, the
presence of forcing oscillations of the satellite relative to the local vector of geomagnetic field
strength causes danger of onset of resonances between a basic frequency of the satellite and
a frequency of the forcing moment. Therefore, there is a question to reduce the amplitude
of forcing oscillations of the satellite by selection of control input. The physical meaning of
control input can be of different nature: it can be directly the control forces and moments
or control signals that are supplied to these mechanisms when their functioning is needed
to take into account. This paper deals with the problem of forming the control moments
through rotational motion of dynamically symmetric Earth satellite that has permanent
magnetic moment directed along the axis of its dynamic symmetry. The magnetized satellite
moves on a flat circular polar orbit in the geomagnetic field simulated by the dipole, which
is antiparallel to the Earth spin axis. The orbits will be assumed to be independent of the
satellite motion regarding their own center of mass.

2 Equations of motion

Hereafter, we consider the rotational motion of magnetized dynamically symmetric Earth
satellite moving on a flat circular polar orbit in the geomagnetic field. It is expected that
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Table 1. The table of direction cosines
- x2 y2 z2
x cosψ sinψ 0
y − sinψ cos θ cosψ cos θ sin θ
z sinψ sin θ − cosψ sin θ cos θ

the rotational motion of satellite is caused by interaction between the satellite’s magnetic
moment and the Earth magnetic field, which is simulated by the direct dipole. The effect of
the gravitational torque is not taken into account. Derivation of equations of satellite motion
will be carried out relative to the system of x2y2z2 axes with the origin at its center of mass G,
parallel regarding the geocentric reference frame (Fig.1).The permanent magnetic moment of
satellite is directed along the axis of its dynamic symmetry. We will choose the semi-related
right system of Rezal axes in the satellite body:zaxis is directed on a symmetry axis; then x
and y axes will lie in the equatorial plane, and the x axis will be directed perpendicularly to
the zGz2 plane so that looking through its end it will be seen the turn from the z2 axis to z
anticlockwise on the θangle. An angle between the x2 and axes is defined via ψ [3]. Mutual
position of introduced reference frames can be determined by the table of direction cosines
(Table 1). By means of projection of the vector of magnetic strength H onto the x and y
axes this yields:

Hx = H/
x cosψ +H/

y sinψ Hy = −H/
x sinψ cos θ +H/

y cosψ cos θ +H/
z sin θ,

Then the magnetic torque is defined as follows:

M⃗ = I⃗ × H⃗

and for the projections of the magnetic torque onto the satellite axes we have:





Mx = − Iµe

R3 (1.5 sin i sin 2u sinψ cos θ + [sinν − 3 sin i cos(ν − 1) sin2 u]cosθ+
+[cos ν + 3 sin i sin(ν − 1)sin2u] sin θ)

My =
Iµe

R3 (−1.5 sin i sin 2u cosψ + (sin ν − 3 sin i cos(ν − 1) sin2 u) sinψ)
Mz = 0

(1)

where I is the magnetic moment of the satellite.
Projection of the satellite’s resulting angular velocity ω⃗ onto the Rezal axes has the form:

ωx = θ̇,ωy = ψ̇ sin θ,ωz = ψ̇ cos θ + φ̇

where φ̇ is the angular velocity of satellite rotation with respect to xyz reference frames.
Hence, the equations of satellite motion regarding the center of mass will be written as

follows [4]:




Aθ̈ − Aψ̇2 sin θ cos θ + Crψ̇ sin θ = Mx

Aψ̈ sin θ + 2Aψ̇θ̇ cos θ − Crθ̇ = My

r = r0

(2)

These equations do not depend on φ, i.e., the angle at which the satellite turned around its
axis. Then the projection of angular velocity onto the axis of symmetry r is permanent, and
the θ and ψ angles are defined from the first two equations (Eq. 2).
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Figure 1 - The coordinate system

3 Building the programm motion

In this work as the program motion we will understand a task of determination of the active
forces and moments applied to the spacecraft at which the motion with the given properties
is one of its possible motions. The task of definition of the control vector, which provides the
program of motion, leads to the solution of the linear equation relative to the control vector.
The obtained common solution allows defining the sought differential equations for which
using numerical methods of solution is possible to derive the methods of solution of non-
linear equations system. Now, let us pass to consideration of building the program control
for the prescribed motions of the satellite described in this paper. As a program motion we
will choose the satellite’s rotation around its axis with permanent angular velocity ψ̇p = k2,
by the same time saving the constant magnitude of angle of the axis deviation θp = k1, then
we have:

{
θp = k1
ψp = k2t

(3)

In order to realize this prescribed motion (Eq. 3) we will add the control moments M1 and
M2 to the right side of equations of the motion of satellite (Eq. 2), and, when the polarity of
the satellite i = π

2
, ν = π

2
is taken into account, we will get:





Aθ̈ − Aψ̇2 sin θ cos θ + Crψ̇ sin θ =

= − Iµe

R3 (1.5 sin 2u sinψ cos θ + (1− 3 sin2 u) cosψ cos θ) +M1

Aψ̈ sin θ + 2Aψ̇θ̇ cos θ − Crθ̇ =

= Iµe

R3 (−1.5 sin 2u cosψ + (1− 3 sin2 u) sinψ) +M2

(4)

To find these control moments, which are program control, we will substitute the values
θp = k1 and ψp = k2t relative to prescribed motion. Then, for defining of control moments
we obtain the following expressions:





M1 = Ak2
2 sin k1 cos k1 + Crk2 sin k1+

+ Iµe

R3 (1.5 sin 2u sin k2t cos k1 + (1− 3sin2u) cos k2t cos k1)

M2 = − Iµe

R3 (−1.5 sin 2u cos k2t+ (1− 3 sin2 u) sin k2t)
(5)
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In consideration of Eq. 5 the equations of motion of control system will assume the form:





Aθ̈ − Aψ̇2 sin θ cos θ + Crψ̇ sin θ =

= − Iµe

R3 (1.5 sin 2u sinψ cos θ + (1− 3 sin2 u) cosψ cos θ) + Ak2
2 sin k1 cos k1 + Crk2 sin k1+

+ Iµe

R3 (1.5 sin 2u sin k2t cos k1 + (1− 3sin2u) cos k2t cos k1)

Aψ̈ sin θ + 2Aψ̇θ̇ cos θ − Crθ̇ =

= Iµe

R3 (−1.5 sin 2u cosψ + (1− 3 sin2 u) sinψ)−− Iµe

R3 (−1.5 sin 2u cos k2t+ (1− 3 sin2 u) sin k2t)

(6)

Note that investigated program motion (Eq. 3) is a solution of this system of equations by
the choice of control moments M1 and M2. Let’s resolve these equations regarding the second
derivatives:




θ̈ = ψ̇2 sin θ cos θ + k2
2 sin k1 cos k1 +

C
A
r(k2 sin k1 − ψ̇ sin θ+

+ Iµe

R3 (1.5 sin 2u(sin k2t cos k1 − sinψ cos θ) + (1− 3 sin2 u)(cos k2t cos k1)− cosψ cos θ)

ψ̈ = 2ψ̇θ̇ coth θ + Crθ̇
A sin θ

+ Iµe

AR3 sin θ
(−1.5 sin 2u(cosψ − cos k2t) + (1− 3 sin2 u)(sinψ)− sin k2t)

(7)

Figure 2 -Solution of the equations of motion without control

4 The solution of the motion equations

The motion equations of control system are obtained by the Runge - Kutta method using a
mathematical package Maple. Solutions of equations of non-control motion show uncontrolled
motion of the satellite. The primary program motion is a solution of the received system,
however, it will be one of possible for physical realization only in case of its asymptotic
stability by Lyapunov. If the decision is asymptotically unstable by Lyapunov, then the
possibility of unlimited growth of deviations of magnitudes from their preset values actually
means that the system makes the uncontrollable motions (see Fig. 2). Similar results were
obtained in [7-9].Here are following descriptions in the Figures 2, 3: 1 - ψ(t) (precession
angle), 2 - θ(t) (nutation angle), 3 - q(t), 4- p(t) (the projections of satellite’s angular velocity
onto the equatorial principal axes of inertia of the satellite).
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Figure 3 -Solution of the equations of motion with control

The figure 2 represents the graphs of the variation of precession angle, nutation angle and
the projections of satellite’s angular velocity onto the equatorial principal axes of inertia of
the satellite in case of absence of control moments that demonstrate the non-control motion
of satellite. Similarly, the figure 3 shows the graphs with presence of control moments, which
provide prescribed motion, also are possible for realization. The results point out that through
selection of values k1 =

2π
3

and k2 = 0.5 it is possible to realize the program motion even at
an asymptotic instability by Lyapunov.

5 Conclusion

The equations of control motion of magnetized satellite that moves on a flat circular polar
orbit in the geomagnetic field simulated by the dipole, are constructed in this paper. The
control moments that provide prescribed motion are obtained for chosen program motion. The
solution of motion equations of control system is obtained by the Runge - Kutta method using
a mathematical package Maple. Also we received the graphs of the variation of precession
angle, nutation angle and the projections of satellite’s angular velocity onto the equatorial
principal axes of inertia of the satellite in case of absence of control moments that demonstrate
the non-control motion of satellite. It is shown that through selection of values k1 and k2 it is
possible to realize the program motion even at an asymptotic instability by Lyapunov. This
work was partially supported by the grant of the Committee of Science of the Ministry of
Education and Science of the Republic of Kazakhstan (project 0091/GF4 MON RK)
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