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The Cauchy problems for ¢-difference equations with the Caputo fractional derivatives

The fractional differential equations play important roles due to their numerous applications
and also for the important role they play not only in mathematics but also in other sciences. In
the present research work, we build up the explicit solutions to linear fractional g-differential
equations with the ¢g-Caputo fractional derivative of real order a« > 0. To speak more precisely,
we will achieve our main results we use that this Cauchy type g¢-fractional problem is equivalent
to a corresponding Volterra g¢-integral equation. After that, by using the method of successive
approximations is applied to solve the Volterra g-integral equation we construct the the explicit
solutions to linear fractional g-differential equations. In the same way we have the more general
homogeneous fractional g-differential equation with the Caputo fractional g¢-derivative of real
order @« > 0 and we give other The (Mittag-Leffler) ¢-function. Finally, some examples are
presented to illustrate our main results in cases where we can even give concrete formulas for
these explicit solutions.

Key words: Cauchy type g-fractional problem, existence, uniqueness, g-derivative, g-calculus,
fractional calculus, fractional derivative, Caputo fractional derivatives.
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KamyTo GeJiimieK TybIHABICHI bap ¢-alipbIMAbIK TeHaeysep yiaian Komm ecenrepi

Bemmex Tybimabutapbl 6ap TeHAEYIEp O3IEpPiHIH Kol cajajapia KOJIAHBLIYbIHA OailIaHbICThI
MAaHBI3IBI POJT ATKAPAIbI, COHBIMEH KAaTap oJlap TeK MaTeMaTHKaJla FaHa €MeC, COHBIMEH KaTap
Oacka FLLIBIMIAP/IA 18 MAHBI3/IBI POJI aTKApaIbl. By 3epTTey *KyMBICHIHIAA 613 v > () HAKTHI peT-
Ti KanyTonbiH, ¢-66J1111eK TYBIHIBICHI 6ap OO/IIIEeK-ChI3BIKTHIK, - TU(MMOEPEHITNAIBIK, TEHIeYIePIiH,
HaKTBI IIennMaepin Kypambi3. HakThipak aiiTcax, 6i3 ocbl Kot Tunrec g-66/IImmeK ecenTiy, coiikec
Bousbrepin, ¢-uHTErpaiapK, TEHIEYiHEe SKBUBAJEHTTI OOJATBHIHIBIFBIH KOJJAHA OTBIPHII, HEri3Ti
HOTHIKeJIepre Koyl kerkizemis. Ocbiman keitin Boabrepain ¢-uHTErpasiblk, TeHIeyiHiH menriMine
Ti30eKTen KYBIKTay OJIiCIH KOJIIAHa OTBIPBIN, OOJIIEK-CHIZBIKTHIK, §-TnMdEepEeHITHAIIBIK, TeHIe-
yJIepJiiH HaKTHI IelriMaepin Kypambi3. Cost cusikTbl 6i311e « > 0 HakThl perti KamyToHbIH OeJiiek
@-TYBIHJIBICHI Oap KaJjbl 6ipTeKTi Gesek ¢-auddepeHIaIIbIK TeHIey bap »KoHe 6i3 backa ¢-
dynkuuscen 6epemiz (Mutrar-JIedpdiiep). Conpinga, 6i3 0Cbl HAKTHI MIEIMIIMAEPre HAKTHL (GOPMY-
sanap Oepe ajaThIH Karmafigapia Heri3ri HOTIKeJIepiMi3/ii KepceTeTiH OGipHelre MbICAIIAp KeJ-
TipilireH.

Tyitin ce3aep: Komu tunrec ¢-Oemmrek ecerr, 6ap 6071y, *Kaarbl3 00Ty, ¢-TYBIHIBI, -€CEITEY,
OeJIIIeK ecenTey, OOJIEK TYBIHIbI, KaIlyTOHBIH OOJIIIEK TYbIH/IBICH.
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Banauyu Komm fJisi ¢-pa3HOCTHBIX YPaBHEHU C JIPOOHBIMU MPOU3BOIHBIMU
KanyTo

VpaBHeHust ¢ JIpOOHBIMU ITPOM3BOIHBIMU UI'DAIOT BayKHYIO POJIb U3-32 WX MHOIOYMCJIEHHBIX IIPU-
MEHEHUH, a TaKKe M3-3a TOH BaXKHOM POJIM, KOTOPYIO OHU UTPAIOT HE TOJBKO B MATeMaTHKE, HO
U B IpyruX HayKaX. B maHHOW HMCCIIe0BATEILCKON paboTe MBI CTPOMM sIBHBIE DEIIeHUs IPOOHO-
JMHEHAHBIX -TnddepeHITnaabHbIX YpaBHeHuit ¢ q-a1pobHoi mpon3BoaHoit KamyTo meficTBuTeIbHO-
ro nopsnka « > 0. Tounee roBopst, MbI JOCTUIHEM HAIIMX OCHOBHBIX PE3YJIHTATOB, HCIIOJIb3Y:
TO, 4TO 3Ta ¢-JIpobHasi 3aja4a Tuna Koim 3KBUBajJIEeHTHA COOTBETCTBYIOIIEMY (-UHTErPAJIbHOMY
ypasaeruto Bosibreppa. [locie sToro, npumensiss MeTo/I MOCJIeI0BATEIbHBIX IPUOINKEHN K pe-
MIEHUIO ¢-MHTErPAJbHOIO ypaBHeHUs Bojbreppa, CTPOUM sIBHBIE PEIIeHusi APOOHO-TMHEHHBIX (-
muddepeHnuaaIbHbIX ypasHeruit. TakuM ke 06pa3oM y Hac ecTh 6oJiee 00ITee OTHOPOIHOE IPOOHOE
q-uddepeHImaIbHOe ypaBHeHHe ¢ ApoOHON ¢-mrpon3BoaHoit KamyTo meficTBUTENHhHOTO TOPSIKa
a > 0, u MbI 1aeM Apyryio ¢-gyukimo (Murrar-Jledbdiaepa). Hakorerr, npecraBieHbl HEKOTOPBIE
[IPUMEPHI, WILIFOCTPUPYIOIINE HAIIM OCHOBHbBIE PE3YJIBTATHI B TEX CJIYYasAX, KOTJA MbI JIayKe MOXKEM
IaTh KOHKPETHbIE (DOPMYJIBI IS 9TUX SBHBIX DEITICHUH.

KuaroueBble cjoBa: ¢-apobmast 3agada Tuma KoM, CyIecTBOBaHWE, €INHCTBEHHOCTH, (-
[IPOU3BO/IHAS, ¢-UCUUCIIEHIE, IPOOHOE NCUNCIeHNe, JPOOHAS IIPOU3BOIHAS, JPOOHBIE IPOM3BO/HbIE
KamyTo.

1 Introduction

The fractional calculus is the field of mathematics that investigates the integration and
differentiation of real or complex orders. The fractional differential equations based on
the Caputo fractional derivative require initial conditions for integer order derivatives.
Consequently, fractional differential equations have grasped the interest of many researchers
working in diverse applications [1]- [10]. Recently, there has been a significant development in
ordinary and partial differential equations involving fractional derivatives and a huge amount
of papers and also some books devoted to this subject in various spaces have appeared, see
e.g. the monographs of T. Sandev and Z. Tomovski |7], A.A. Kilbas et al. [§], R. Hilfer [9],
K.S. Miller and the B. Ross [11], the papers [12], [13], [14], [15], [16], [17], [18], [19] and [20]
and the references therein.

The origin of the g-difference calculus can be traced back to the works in [21,22] by F.
Jackson and R.D. Carmichael [23] from the beginning of the twentieth century. For more
interesting theory results and scientific applications of the ¢-difference calculus, we cite the
monographs [24-26| and the references therein. In the last decades, the fractional ¢-difference
calculus has been proposed by W. Al-salam [27] and R.P. Agarwal [28] and P.M. Rajkovic’,
S.D. Marinkovic’, and M.S. Stankovic [29]. Recently, many researchers got much interested
in looking at fractional g-differential equations (FDEs) as new model equations for many
physical problems. For example, some researchers obtained g-analogues of the integral and
differential fractional operators properties such as the ¢-Laplace transform and g¢-Taylor’s
formula [30], ¢-Mittage Leffler function [28] and so on.

However, the theory of the g-difference equations with constant and variable coefficients
is still in the initial stages and many aspects of this theory need to be explored. For some
recent developments on the subject, see e.g. [31], [32], [33], [34] and the references therein.
To the best of our knowledge, the theory of the Cauchy problem for linear, homogeneous and
nonhomogeneous ¢-difference equations based the basic Caputo fractional derivative is yet to
be developed.
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Motivated by this, we discuss to construct the explicit solution to linear fractional g¢-
differential equation with the Caputo fractional g-derivative “Dg, order of @ > 0 in the
following form (see Definition 2.2):

(CDZOJFy)(a:)—)\y(a:) = f(z), 0<a<z<ba>0;)XeR, (1)
with the initial conditions
Di(y(0+)) = by, by € R,k =0,1,2,...,n = —[—al, (2)

where f € Cyala,b] (see 2.8) with 0 < v < 1, v < « and where [a] denotes the smallest
integer greater or equal to a. Moreover, we consider the Cauchy problem for the following
more general homogeneous fractional ¢-differential equation than

(CD;0+y) () = XaPy(x) = 0, 0<a<z<ba>0;\eER, (3)
with the initial conditions
Di(y(0+)) = bk, be € R,k=0,1,2,...,n=—[-0a], (4)

with 8 > —a.

In Section 3 of this paper we construct explicit solutions to linear fractional g-differential
equations with the Caputo fractional g-derivative “Dy,, f of order a > 0 given by Definition
2.2. in the space Cg7'~[0, a], denned in (13). The main result in this Section is Theorems
2.1 but in order to prove this result we need to prove two results (Theorem 3.1 and 3.3) of
independent interest.

The paper is organized as follows: The main results are presented and proved in subsection
3 and the announced examples are given in subsection 4. In order to not disturb these
presentations we include in Section 1 some necessary Preliminaries.

2 Preliminaries

First we recall some elements of g-calculus, for more information see e.g. the books [24], [26]
and [34]. Throughout this paper, we assume that 0 < ¢ < 1 and 0 < a < b < 0.
Let @ € R. Then a g-real number [a], is defined by

o]y = =L
a =
q 1_q’
where limlffqa = .
g—1 q
We introduce for k£ € N:
0 (a;q)
a;q :17 a;q)n = 1_qka> a7Qoo:11m a,q)n, \&;q)a = Rl .
@ =1 @=L 00) . @0 = i 5000 =

For any two real numbers o and 3, we have

(a =) (a—qb); = (a—b);™" ()
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The g-analogue of the binomial coefficients [n],! are defined by

1, ifn=0,
[n]q! = { [1]q x [Q]q X oeee X [n]q, if n €N,

The gamma function I'j(z) is defined by

o (q;Q)oo o \l—z

for any x > 0. Moreover, it yields that
Ly(a)lzly = To(z + 1),
The g-analogue differential operator D, f(x) is

f(x) — flqz)

Dy f(z) = s(1—q)

and the g-derivatives D}'(f(x)) of higher order are defined inductively as follows:

Dy(f(x)) = f(x), Dy(f(z)) = D4 (Dg " f(x)),(n=1,2,3,...)

The ¢-integral (or Jackson integral) [ f(x)d,z is defined by
0

and

for 0 < a < b. Notice that

b
| Put@de = £0) - fia).
For any ¢,s > 0 the definition of ¢-Beta function is that:

B,(t,s) := —113;25?29)) ::/0 ' qr; q)s1dgx

The (Mittag-Leffler) ¢g-function E, g (2) is defined by

= 2Pk (a2 Q) ke
L, (ak+5)

Eopalzz®(a/z;q)a:q] ==
k=0
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and

o0

Eomalzd) =) cxz* (8)

k=0
where ¢y and ¢;, = H %(l{ e N).

A g-analogue of the classical exponential function e* is

Moreover, the multiple g-integral (17, f) (z) is

(1 f) () = /x/tt71 /dtldtz gty _1dgt

= m/(qt/%Q)n—1f() q

Definition 1 The Riemann-Liouville g-fractional integrals I, f of order a > 0 are defined

by

T
a—1

) /(qt/xQ Q)aflf(ﬂdqt

0

T

(IqojOJrf) (LU) = Fq(Oé

Definition 2 The Caputo fractional q-deriative Dy, f of order a > 0 is defined as

(CD:;a-&-f) (z) := (Iq a+ ([zaz]z—i-f) (z).
Notice that
C,(A+1)

(10,2 Ma/z;9))) (x) = mwaﬂ(&/l’;@aﬂ, (10)

for A € (-1, 00).
For 1 < p < oo we define the space L? = Lla, b] by

p

Lila,b] = /|f )WPdr | < oo

Let « > 0, 8 >0and 1 < p < oco. Then the ¢—fractional integration has the following
semigroup property

(RsTiunt) (@) = (12227) @), (1)
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for all x € [a,b] and f(z) € L[a,b].
Let 0 <a<b<oo,0<A<1andn e N. Then we introduce the spaces C, »[a,b] and
Cy'la, b] of functions f given on [a, b, such that the functions with the norms,respectively

1fllcyaatl = ;g[%]lafk(qa/m;%f(w)\<00- (12)
1fllcpan = max | Dj f ()] < o0
k=0 ’

and the space C{''[0, a] defined for n — ¢ < a <n, n € N by

Cox10,al = {f(x) : f(2) € C7la,b], (“Dgay f) () € Cyala, b]}- (13)

In the classical case several authors have considered such problems even in linear cases,
see e.g. [8, subection 4.1.3] and the references therein.

Theorem 2.1 (See [35, Theorem 8.1] ) Let n — 1 < o« < m;n € N, G be an open set in R
and f(.,.) : (0,a] x G —= R be a function such that F(x,y(z)) = f(z) + My(x) € L}[0,a] for
any y € G. If y(z) € L,[0,a], then y(t) satisfies a.c. the relations (1)-(2) if and only if y(z)
satisfies a.e. the integral equation

y(zr) : Ok 'xa_k + (Igfof(t, y(t))) (x),Vx € (0, al. (14)

k]!

3 The Main results

3.1 The Cauchy Problems for g¢-difference equation with the Caputo fractional g¢-
derivative

In this section we construct the explicit solution to linear fractional g¢-difference equations
(1) and with the initial conditions (2). From here we obtain the following result.

Theorem 3.1 Letn—1<a<n(ne€N) and 0 <~ <1 be such that v 2 . Also let A € R.
If f(z) € Cy4[0,a], the Cauchy problem (1)-(2) has a unique solution y(x) € Cgr=*[0, a] and
this solution is given by

n—1

y(x) = ZkaEa,kH,o(/\xa;Q)
k=0

+ /xa_l (qt/z; q)ail Eoot (Az*(¢"t/x;q)as q) f(t)dqt' (15)
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Proof. First, we solve the Volterra g-integral equation (14), we apply the method of
successive approximations by setting

i
L

by 1
) = 2 i
and
yi(z) = yo(iU)—i‘Pq—C(;;/Ox(qt/i’?;(J)a1yi1(t)dqt
; F—@ [tttz o st (16)

Using Definition 2.1 and (10) and (16) we find y; (x):

yi(x) = yo(x) + A (I30:90) () + (1504 f) (2)

that is,
n—1 b n—1 b
k % N X
yi(z) = (K] wﬂf + )\Z BE F (Igost M) (@) + (IS0 f) (@)
k=0 -4 = q
n—1 n—1
bk k bk$a+k
= x4 A (1% f) ()
kZ:O [k]q' ; Fq (a + k + 1) ( q,0+ )
n—1 1
An%ﬂna+k
pr— Ia ' 1
k:Obk;Fq(am+k+1) +( q,0+f) (l') ( 7)

Similarly, using Definition 2.1 and (10), (11) and (17) we have for y»(x) that

y2(r) = wolz)+ A (IqO—i-yl) (95) ( a0+f) (z)

n—1 n—1

bk Am+1
= b I fna+k
S e Y s ()
+ A (Igolgos f (1)) () + (q,0+f)( )
n—1 n—1 1
bk k AWHJ
= T+ b po(m+1)+k
k=0 [k]q! kz_% kmz:o Fq (a(m + 1) +k+ 1)
+ A5 f (1) (@) + (Igo. f) (2)
n—1 n—1 1
bk k AWHJ
= "+ b po(m+1)+k
0 k]! % kmzzo L, (am+1)+k+1)

2a—1

o / FU0) (@153 gy gt + (130, f) (). (15)
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Now for am — 1 = a(m — 1) + a — 1, using (5) we get

am 1(qt/x Q)am 1 — 'T (qt/xv Q)aflxa(mil)(qat/x; Q>a(m—1)- (19>
Thus combined with (18) and (19). gives

2 N am+k

pelz) = Zbk‘zr (am +k+1)

m=0
2 AL (Gt 25 q) a1

i / [Z T, (am)

m=1

0

Ao am+k

- ZkaF (am+k+1)

m=0

x 1 m O{ m
/ [ A (m+1)- (qt/x Q)a(m+1)
+
0

Ly(a(m +1))

m=0

o

A\ am+k

n—1 2
x
- ;b’“zrq(am+k+1)

m=0

= 1 )\mxa_1<qt/$;Q)a—lxam<qat/x;Q)am
+ /O [Z T (a(m+1))

] F(t)d,t.

m=0

Continuing this process, we derive the following relation for y;(x):

W = Sny
N /Ox LZ:l Am—lxamr‘ql((g;i;:; Q)am—ll Ft)dt
XN 221”;11>
[l
0 |m=0 q
- S LGt

m=0

"5 A (a7 a2 (0712 Qo
n /0 [Z T (a(m + 1)) ]f<t)dqt

m=0
Taking the limit as i — 0o, we obtain the following explicit solution y(z) to the g-integral

equation (16):

oo

N am+k T
Zbkz q(am+k+1) /0

m=0

i NP2 gt )13 @) 12 (25 Q) am

L,(am+ «) J()dqt.

m=0
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On the basis of Theorem 2.1 an explicit solution to the Volterra g-integral equation (14)
and hence to the Cauchy type problem (1)-(2).

Theorem 3.2 Letn—1<a<n(n€ N)andlet0 =y <1 be such thaty = . Also let A €
R. If f(r) € Cy4[0,a], the Cauchy problem (1)-(2) has a unique solution y(x) € Cg:'=*[0, a]
and this solution is given by (15).

In particular, if v = 0 and f(x) € C,[0,a], then the solution y(z) in (15) belongs to the
space Co"=[0, a] defined in (13).

The Cauchy problem 2 involving the homogeneous q-difference equation (1)

(‘Dgoyy) (#) = Ay(x) =0 (0Sz<an—1<a<nneN;XeR) (20)
has a unique solution y(x) € Cg7=*[0,a] of the from

n—1

y(z) = Z bka‘kEa,kH,o [z q]. (21)

k=0

3.2 The Cauchy problem for the more general homogeneous fractional ¢-difference
equation with the Caputo fractional ¢-derivative

Now we consider the Cauchy problem for the more general homogeneous fractional g¢-
difference equation (3) with the initial conditions (4).

Theorem 3.3 Letn—1<a <n; (neN),andlet 0 <~y < 1,be such that v < a. Also let
AeRand B 20. If f € Cy,[0,a], then the Cauchy problem (3)-(4) has a unique solution
y(x) in the space C2,_[0,a] and this solution is given by

qg,n—«x

b
y@) = ) v’

0" Barr g e Az q] . (22)

Proof. With g > —a. Note again that, in accordance with Theorem 3.1, the problem
(3)-(4) is equivalent in the space C,,,—1[0,a] to the following Volterra g-integral equation of
the second kind:

) = X G g, 0t (23)

.

Similarity, we again apply the method of successive approximations to solve this ¢-integral

n—1
equation (23). We assume that yo(z) = > %xﬂ and
7=0

)\l.afl
Ly (@)

Ym () = yo(x) + /093 7 (qt ) Q)1 Ym—1(t)dgt. (24)
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Using the same arguments as above, by using (5), (6) and (24) we find y; (x):

Y1 ()

+

PV

W /0 7 (qt/z;q), , vo(x)dyt

A= bt [T
yo(z) + T Z , 7 (qt/x;q),,_ dgt
=0

Yo() +

q(O‘) [J]q! 0
N Ll pogetBii ot
) + e t/ P (qy; ) s d
W)+ Ty gy ¥ D
n—1 n—1
b] . Y b] a+B+j
——uz) + . B,(B+j+1«)
=0 ]]q' Fq(a) ]ZO []]q! !
n—1

.
._.g
Q

—1 b OBt (5+j+1)
“T,(j+ 1) Ty(a+B+j+1)

Jj=

Similarly, for m = 2 using (6), (24) and taking (25) into account, we derive

Y2 ()

Yo(w) + A ([z?o+yl) (z)

bj 2a+28+j Fq(ﬁ +J+ 1) /1 a+28+j
I . Y QY3 q) o1 dgl
Ig(a) —0 [7]e! Fyla+B+7+1) ( Jat o

J a:ﬁ+j+an B+i+1,a)

N b 20426+ Ly(B+j+1) j
—— 714 , B,(a+26+j+1,«
EZUM T+ frjrn )
L(B+j+1)
14+ )\ a+ﬁ
Y T (a+B+5+1)

220428 Fq(ﬁ“‘j“'l) Fq(a+25+j+1)
Fja+B8+7i+1)T,2a+28+j+1)

3
= O !
3$?
3 R s
— — o

(25)
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The same arguments as in Section 3.1 lead to the following expression for y,,(x) m € N:

n—1

14 i dy, (At(”ﬂ)’“] , (26)

Fq]—l—l —

=0

.

where

dk:HFq[r(&+ﬁ)—a+j+1]; (ke ). (27)

Lylr(a+8) +7+1]

Taking the limit as m — 0o, we obtain the following explicit solution y(z) to the g-integral
equation (24) and hence to the Cauchy type problem (3)-(4):

n—1

1+ i di (At‘”ﬁ)kl , (28)

Fq]+1 —

J=0

According to the relations (8), we rewrite this solution in terms of the generalized Mittag-
Leffler g-function E, ,,[2;q:

n—1
b
y(l'> = mija,l—i—é,M [)\$a+’8;q] . (29)
q «@ «@

If B3>0, then flx,y] = \(t)? satisfies the Lipschitz condition for any z;, 75 € (a,b] and
any y € G, where G is any open set of C. If v > n — «, then, by Property 3.1(b) and Remark
3.18, there exists a unique solution to the Cauchy type problem (1)-(2) in the space C2__,
and thus this solution has the form (29). This leads to the following result.

4 A Set of Examples

Example 1 Let b € R. Then the solution to the Cauchy type problem

(“Dgory) () = Ay(z) = f(2), y(0+) = b, (30)
with 0 < a <1 and A € R has the form:

y(x) = bE.o[M\x%;q]

+ 2! /Ox(qt/x; QDa—1Eoar [N (/75 q)a; q) f()dgt (31)

while the solution to the problem

(“Diosy) () = Ay(x) = 0,y(0+) = b, (32)
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s given by
y(x) = bEqp [A2%; q]

In particular, the Cauchy type problem

(Dioey) (@) = My(a) = f(@). y(0+) = b,

has the solution given by

y(x) = bEL, [Aw%;q]

o [ By Pttt i
0 227 2

and the solution to the problem

f(t)
22 (qt/x; q)

1
2

d,t

N

(“Diosy) (2) = Ny(e) = 0,5(0+) =,
s given by
&) =08y, Pk
Example 2 Let b,d € R. Then the solution to the Cauchy type problem
(“Dgory) () = Ay(z) = f(2), y(0+) = b,y (0+) = d,
with 1 < a < 2 and A € R has the form:
y(x) = bEao (A% ql +deEy oy [A2®;q]

+ 2! /0 (at/%; @)a-1Eaat [\ (q"t/ 21 q)a] £(E)dgt

In particular, the solution to the problem (1 < a < 2)

(°DSo,y) () = Ay(x) = 0,y(0+) = b,y (0+) = d,

s given by

y(x) = bE.o M\t q]l +dxEyoy [Nz q].

(34)

(35)

(36)

(37)

(38)

(39)

(40)

(41)
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Example 3 let b € R. Then the solution to the Cauchy type problem

with0 < a<l,pfeR(B>—a) and A € R is given by

ylx) = DE, @ [Ma*q] . (43)

«

4514

In particular, the Cauchy type problem
1
(D20 (1) = Xay(a) = 0,(04) = b, (44)

with B > —% s given by

1
y(@) = bEys0s M) (45)
Example 4 Let b,d € R. Then the solution to the Cauchy type problem
(“Dgosy) () = Aay(z) = 0,y(0+) = b,y (0+) = d, (46)
with 1 < a <2, > —a and X € R has the form

y(a?) = bEa,l-&-g,g[

+ dea’1Jr

)\xoﬁ-ﬁ; Q]
(B+1) [Ax‘”’ﬂ;q} : (47)

@

o [@

1+

5 Acknowledgement

We thank the referee for some general advices, which have improved the final version of the
paper. The first author was supported by Ministry of Education and Science of the Republic
of Kazakhstan Grant AP08052208.

References

[1] Heymans N., & Podlubny I., "Physical interpretation of initial conditions for fractional differential equations with
Riemann—Liouville fractional derivatives”, Rheol., Acta, 45 (2006): 765-771.

[2] Debnath L., "Recent applications of fractional calculus to science and engineering Int. J. Math. Math. Sci., 54 (2003):
3413-3442.

[3] Magin R.L. (2006). "Fractional Calculus in Bioengineering Begell House Publishers, Danbury, CT, USA., (2006).

[4] Sabatier J., Agrawal O.P., & Machado J.A.T. "Advances in Fractional Calculus, Theoretical Developments and
Applications in Physics and Engineering Springer, Dordrecht, The Netherlands, (2007). (Eds.)

[5] Vazquez L., Velasco M.P., Usero D., & Jimenez S. "Fractional calculus as a modeling framework Monografias Matematicas
Garcia de Galdean, 41 (2018): 187-197.

[6] Hilfer R. "Applications of Fractional Calculus in Physics World Scientific, Singapore, (2000).



56

The Cauchy Problems for ¢g-Differential Equations ...

[7]

(8]

(9]

[10]

(11]

[12]

(13]

[14]

[15]

[16]

(17]

18]

[19]

[20]

[21]
[22]
23]
[24]
[25]
126]
[27]
28]

29]

(30]

[31]

32]

Sandev T., & Tomovski Z. "Fractional Equations and Models Theory and Applications Cham, Switzerland, Singapore,
(2019).

Kilbas A. A., Srivastava H. M., & Trujillo J. J. "Theory and Applications of Fractional Differential Equations Elsevier,
North-Holland, Mathematics studies, (2006).

Hilfer R., "Applications of Fractional Calculus in Physics”. World Scientific, Singapore, (2000).

Shaimardan S., "Fractional order Hardy-type inequality in fractional h-discrete calculus". Math. nequal. Appl., 22(2)
(2019): 691-702.

Miller K.S. & Ross B. "An Introduction to the Fractional Calculus and Fractional Differential Equations Wiley, New
York. (1993).

Hilfer R., "Experimental evidence for fractional time evolution in glass forming materials Chem. Phys., 284 (2002): 399-408.

Tomovski Z., "Generalized Cauchy type problems for nonlinear fractional differential equations with composite fractional
derivative operator Nonlinear Anal., 75 (2012): 3364-3384.

Bakakhani A., & Gejji V.D., "Existence of positive solutions of nonlinear fractional differential equations J. Math. Anal.
Appl., 278 (2003): 434-442.

Bai C.Z., "Triple positive solutions for a boundary value problem of nonlinear fractional differential equation Electron. J.
Qual. Theory Diff. Equ., 24, (2008): 1-10.

Lakshmikantham V., "Theory of fractional functional differential equations Nonlinear Anal., 69 (2008): 3337-3343.

Kosmatov N., "A singular boundary value problem for nonlinear differential equations of fractional order J. Appl. Math.
Comput. 29, no. 1-2, (2009): 125-135.

Persson L.-E., Ragusa M.A., Samko N., & Wall P., "Commutators of Hardy operators in vanishing Morrey spaces AIP
Conference Proceedings 1493, (2012): 859-866.

Shaimardan S., & Persson L. E., "Some new Hardy-type inequalities for Riemann-Liouville fractional g-integral operator J.
Inequal. Appl., 296, (2015): 1-17.

Shaimardan S., "Hardy-type inequalities for the fractional integral operator in g-analysis Furasian Math. J. 7, no.1, (2016):
5-16.

Jackson F.H., "On ¢-functions and a certain difference operator Trans. Roy. Soc. Edin., 46, (1908): 253-281.
Jackson F.H., "On a g¢-definite integrals Quart. J. Pure Appl. Math., 41, (1910): 193-203.

Carmichael R.D., "The general theory of linear g-difference equations Amer. J. Math., 34, (1912): 147-168.
Cheung P., Kac V. "Quantum calculus Edwards Brothers, Inc., Ann Arbor, MI, USA., (2000).

Ernst T., "A comprehensive treatment of g-calculus Birkhduser/Springer, Basel AG, Basel.,(2012).

Ernst T., "A new method of g-calculus Doctoral thesis, Uppsala university.(2002).

Al-Salam W., "Some fractional g-integrals and g-derivatives Proc. Edinb. Math. Soc., 15, (1966/1967): 135-140.
Agarwal R.P. "Certain fractional g-integrals and g-derivatives" Proc. Camb. Philos. Soc., 66, (1969): 365-370.

Rajkovic’ P.M., Marinkovic’ S.D., & Stankovic’ M.S., "On g—fractional derivatives of Riemann—Liouville and Caputo
type September; arXiv: arXiv:0909.0387, (2009).

Rajkovic’ P.M., Marinkovic’ S.D. & Stankovic’ M.S. "Fractional integrals and derivatives in g—calculus Applicable Analysis
and Discrete Mathematics, 1, (2007): 311-323.

Zhao Y., Chen H., & Zhang Q. "Existence results for fractional g-difference equations with nonlocal g-integral boundary
conditions Adv. Differ. Equ. 48, (2013). (hitps://advancesindifferenceequations.springeropen.com/articles/10.1186/1687-
1847-2013-48).

Ferreira R.A.C., "Positive solutions for a class of boundary value problems with fractional g-differences Comput. Math.
Appl. 61, (2011): 367-373.



S.Shaimardan et al. 57

[33]

[34]

(35]

Ferreira R.A.C., "Nontrivials solutions for fractional g-difference boundary value problems Electron. J. Qual. Theory
Differ. Equ., 70, (2010): 1-10.

Annaby M.H., Mansour Z.S., "g-fractional calculus and equations Springer, Heidelberg. (2012).

Shaimardan S., Persson L.E.,; & Tokmagambetov N.S., "Existence and uniqueness of some Cauchy type problems in

fractional g-difference calculus Filomat., - Volume 34, Issue 13, (2020): Pages: 4429-4444.



