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Initial-boundary value problem for the time-fractional degenerate diffusion
equation

In this paper the initial-boundary value problems for the one-dimensional linear time-fractional
diffusion equations with the time-fractional derivative ∂αt of order α ∈ (0, 1) in the variable t
and time-degenerate diffusive coefficients tβ with β ≥ 1 − α are studied. The solutions of initial-
boundary value problems for the one-dimensional time-fractional degenerate diffusion equations
with the time-fractional derivative ∂αt of order α ∈ (0, 1) in the variable t, are shown. The second
section present Dirichlet and Neumann boundary value problems, and in the third section has
shown the solutions of the Dirichlet and Neumann boundary value problem for the one-dimensional
linear time-fractional diffusion equation. The solutions of these fractional diffusive equations are
presented using the Kilbas-Saigo function Eα,m,l(z). The solution of the problems is discovered
by the method of separation of variables, through finding two problems with one variable. The
existence and uniqueness to the solution of the problem are confirmed. In addition, the convergence
of the solution has been proven using the estimate for the Kilbas-Saigo function Eα,m,l(z) from
[13] and Parseval’s identity.
Key words: Time-fractional diffusion equation, the method of separation variables, the Kilbas-
Saigo function.
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Бөлшек реттi туындылы өзгешеленген диффузия теңдеулерi үшiн бастапқы шеттiк

есебi

Бұл жұмыста tβ , β ≥ 1 − α диффузиялық коэффициенттерi бар бiр өлшемдi сызықты
α ∈ (0, 1) үшiн ∂αt бөлшек реттi туындылы өзгешеленген диффузия теңдеулерiне қойылған
бастапқы - шеттiк есептерi қарастырылған. Бiр өлшемдi сызықты t айнымалысына тәуелдi
α ∈ (0, 1) үшiн ∂αt бөлшек реттi туындылы өзгешеленген диффузия теңдеулерiне қойылған
бастапқы - шеттiк есептерiнiң шешiмдерi көрсетiлген. Eкiншi бөлiмiнде Дирихле және
Нейман шеттiк есептерi берiлген, ал үшiншi бөлiмiнде бiр өлшемдi сызықты бөлшек
реттi туындылы өзгешеленген диффузия теңдеулерi үшiн Дирихле және Нейман шеттiк
есептерiнiң шешiмдерi көрсетiлген. Бұл бөлшек реттi туындылы өзгешеленген диффузиялық
теңдеулердiң шешiмдерi Eα,m,l(z) Килбас-Сайго функциясы арқылы берiлген. Есептердiң
шешiмдерi айнымалысын ажырату әдiсiн қолданып, бiр айнымалысы бар екi есептi шешу
арқылы табылған. Есептiң шешiмiнiң бар болуы мен жалғыздығы дәлелденген. Шешiмнiң
жинақтылығы Килбас-Сайго Eα,m,l(z) функциясының [13] көрсетiлгендей бағалауын және
Парсевал теңдiгiн қолдану арқылы дәлелдендi.

Түйiн сөздер: Бөлшек реттi туындылы өзгешеленген диффузия теңдеуi, ай-
нымалыларын ажырату әдiсi, Килбас-Сайго функциясы.
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В данной работе рассматриваются начально-краевые задачи для одномерных дробных
вырожденных линейных диффузионных уравнений с дробной производной ∂αt порядка
α ∈ (0, 1) по переменной t и с вырождающимися коэффициентами диффузии tβ при β ≥ 1−α.
Показаны решения начально-краевых задач для одномерных уравнений вырождающейся
диффузии с дробной по времени производной ∂αt порядка α ∈ (0, 1) по переменной t.
Во второй части даны краевые задачи Дирихле и Неймана, а в третьей части показаны
решения краевых задач Дирихле и Неймана для одномерного дробного вырожденного
линейного диффузионного уравнения. Решения этих дробных диффузионных уравнений
представлены с помощью функции Килбаса-Сайго Eα,m,l(z). Решение задач получено с
помощью метода разделения переменных, путем нахождения двух задач с одной пере-
менной. Доказаны существование и единственность решения задач. Сходимости решения
доказано с помощью оценки функции Килбаса-Сайго Eα,m,l(z) из [13] и тождество Парсеваля.

Ключевые слова: Дробно-вырожденное диффузионное уравнение, метод разделения пере-
менных, функция Килбаса-Сайго.

1 Introduction

Over the past several millennia, fractional partial differential equations have begun to play
an important role. They are used in modeling anomalous phenomena and in the theory of
complex systems [1-6].

In the book [7], it is written about various applications of differential equations of
fractional order in chemistry, technology, physics, etc. It contains research related to the
equation of fractional diffusion in time. It is obtained from the classical diffusion equation by
replacing the first-order time derivative with a fractional derivative.

In [8-11], the correctness and numerical modeling of thermal and wave equations with
nonlocal conditions in time were studied. In [12] paper, authors consider the initial-boundary
value problems of Dirichlet and Neumann for the diffusion equation in a variable coefficient.
In [14], Nakhusheva proved a positive maximum principle for a nonlocal parabolic equation
with Riemann– Liouville derivative. In [16], Luchko proved the maximum principle for the
generalized diffusion equation with a fractional time derivative using the maximum principle
for the Caputo fractional derivative. Then the maximum principle was applied to show some
results of uniqueness and existence for the initial-boundary value problem of the fractional
diffusion equation. In [15] Luchko studied initial-boundary value problems for a generalized
diffusion equation with a distributed order. And [17] studied initial-boundary value problems
for a fractional-fold diffusion equation in time. Thus, he obtained results on the existence of
generalized solutions in [15, 17]. In [18], the generalized solution of the initial-boundary value
problem for the diffusion equation with fractional time was shown as a regular solution.
In [19], Gorenflo and Mainardi studied the one-dimensional diffusion-wave equation with
fractional time.

In this paper, the initial-boundary value problems of Dirichlet and Neumann for the
time-fractional diffusion equation in a variable coefficient are considered. The solution of the
problems has been found by using the Kilbas-Saigo function and by the method of separation
of variables. The existence and uniqueness of the solution are also proved.
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2 Material and methods

2.1 Cauchy-Dirichlet problem

Let us consider the one-dimensional time-fractional diffusion equation

∂αt u(x, t)− tβuxx(x, t) = 0, (x, t) ∈ (0, 1)× (0,∞), (1)

with the Dirichlet boundary condition

u(0, t) = u(1, t) = 0, t ≥ 0, x ∈ [0, 1], (2)

and the Cauchy initial condition

u(x, 0) = φ(x), x ∈ [0, 1], (3)

where ∂αt is the time-fractional derivative of order α ∈ (0, 1) in the variable t and β ≥ 1− α

∂αt u(x, t) =
1

Γ(1− α)

∫ t

0

(t− s)−α∂su(x, s)ds.

LetXk(x) = sinπkx are the orthonormal eigenfunctions and λk = (πk)2 the corresponding
eigenvalues of the Sturm-Liouville operator with the Dirichlet boundary and the Cauchy
initial conditions.

H2(0, 1) is a Hilbert space defined by the initial-boundary

H2(0, 1) = {u : u ∈ L2(0, 1); uxx ∈ L2(0, 1)},
endowed with the norm

||u||2H2(0,1) =
∞∑
k=1

λ2
k|(u,Xk(x))|2 <∞.

Definition 1. The solution of problem (1)-(3) is u(x, t) ∈ C(L2(0, 1), R+), such that satisfies
t−β∂αt u, uxx ∈ C(L2(0, 1), R+).

2.2 Cauchy-Neumann problem

Let us consider the time-fractional diffusion equation

∂αt u(x, t)− tβuxx(x, t) = 0, (x, t) ∈ (0, 1)× (0,∞), (4)

with the Neumann boundary condition

ux(0, t) = ux(1, t) = 0, t ≥ 0, x ∈ [0, 1], (5)

supplemented with the initial data

u(x, 0) = φ(x), x ∈ [0, 1], (6)

where ∂αt is the time-fractional fractional derivative of order α ∈ (0, 1) in the variable t and
β ≥ 1− α.

Definition 2. The solution of problem (4)-(6) is u(x, t) ∈ C(L2(0, 1), R+), which satisfies
t−β∂αt u, uxx ∈ C(L2(0, 1), R+).
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3 Main results

Theorem 1 Let φ(x) ∈ H2(0, 1), then the unique solution of problem (1)-(3) is the function
u(x, t) ∈ C(L2(0, 1), R+), which has the form

u(x, t) =
∞∑
k=1

φkEα,1+ β
α
, β
α
(−π2k2tβ+α)sinπkx, (7)

where

φk = 2

∫ 1

0

φ(x)sinπkxdx,

and Eα,m,l(z) is the Kilbas-Saigo function([5] defined as

Eα,m,l(z) =
∞∑
k=1

ckz
k, c0 = 1, ck = Πk−1

j=0

Γ(α(jm+ l) + 1)

Γ(α(jm+ l + 1) + 1)
, k ≥ 1. (8)

And for the function Eα,1+ β
α
, β
α
(−π2k2tβ+α) the following estimate holds ([13])

Eα,1+ β
α
, β
α
(−π2k2tβ+α) ≤ 1

1 + Γ(β+1)
Γ(α+β+1)

π2k2tβ+α
, t > 0. (9)

Theorem 2 Let φ(x) ∈ H2(0, 1), then the unique solution of problem (4)-(6) is the function
u(x, t) ∈ C(L2(0, 1), R+), which given by

u(x, t) = φ0 +
∞∑
k=1

φkEα,1+ β
α
, β
α
(−π2k2tβ+α)cosπkx, (10)

where φ0 =
∫ 1

0
φ(x)dx and φk = 2

∫ 1

0
φ(x)cosπkxdx, k ∈ N and Eα,m,l(z) is the Kilbas-Saigo

function, which is defined by the formula (8)-(9).

3.1 Proofs

Proof of Theorem 1
The existence of a solution. Since the Sturm-Liouville operator has eigenvalues {λk ≥

0, k ∈ N} on L2(0, 1) and the corresponding ortonormal eigenfunctions {Xk(x), k ∈ N} in
L2(0, 1) and φ(x) ∈ H2(0, 1), then we can give the solution of problem (1)-(3) as follows

u(x, t) =
∞∑
k=1

Tk(t)Xk(x), (x, t) ∈ (0, 1)×R+, (11)

φ(x) =
∞∑
k=1

φkXk(x), x ∈ (0, 1), (12)

where

φk = 2

∫ 1

0

φ(x)Xk(x)dx.
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Substituting (11) in to the diffusion equation (1)-(3), we obtain the next problems

∂αt Tk(t) + λkt
βTk(t) = 0, t > 0, (13)

Tk(0) = φk. (14)

X ′′k (x) + λkXk(x) = 0, (15)

Xk(0) = Xk(1) = 0. (16)

The orthonormal eigenfunctions and the corresponding eigenvalues of the Dirichlet
problem (15)-(16) are Xk(x) = sinπkx and λk = (πk)2, respectively.

The general solution of the Cauchy problem (13)-(14) is

Tk(t) = φkEα,1+ β
α
, β
α
(−π2k2tβ+α), (17)

where

φk = 2

∫ 1

0

φ(x)sinπkxdx.

Substituting Xk(x) = sinπkx orthonormal eigenfunctions and (17) to (11), we obtain the
solution of problem (1)-(3) as

u(x, t) =
∞∑
k=1

φkEα,1+ β
α
, β
α
(−π2k2tβ+α)sinπkx, (x, t) ∈ (0, 1)× [0,∞). (18)

Convergence of the solution. Using (9) to (17), we get

Tk(t) ≤
|φk|

1 + Γ(β+1)
Γ(α+β+1)

π2k2tβ+α
.

By Parseval’s identity, it follows from (18) that

sup
t≥0
||u(·, t)||2L2(0,1) = sup

t≥0

∞∑
k=1

|φk|2
∣∣∣∣Eα,1+ β

α
, β
α
(−π2k2tβ+α)

∣∣∣∣2||sinπkx||2L2(0,1)

≤ sup
t≥0

∞∑
k=1

|φk|2(
1 + Γ(β+1)

Γ(α+β+1)
π2k2tβ+α

)2

≤ sup
t≥0

1(
1 + Γ(β+1)

Γ(α+β+1)
π2tβ+α

)2

∞∑
k=1

|φk|2

≤
∞∑
k=1

|φk|2 = ||φ(·)||2L2(0,1). (19)

Applying the operators ∂αt u and uxx to the identity (18) we obtain

∂αt u(x, t) =
∞∑
k=1

φk∂
α
t Eα,1+ β

α
, β
α
(−π2k2tβ+α)sinπkx
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= −tβ
∞∑
k=1

π2k2φkEα,1+ β
α
, β
α
(−π2k2tβ+α)sinπkx, (x, t) ∈ (0, 1)× [0,∞), (20)

and

uxx(x, t) =
∞∑
k=1

φkEα,1+ β
α
, β
α
(−π2k2tβ+α)sin′′πkx

= −
∞∑
k=1

π2k2φkEα,1+ β
α
, β
α
(−π2k2tβ+α)sinπkx, (x, t) ∈ (0, 1)× [0,∞). (21)

Applying (19)-(21) we get

sup
x≥0
||t−β∂αt u(·, t)||2L2(0,1) ≤

∞∑
k=1

λ2
k|φk|2 = ||φ(·)||2H2(0,1) <∞,

and

sup
x≥0
||uxx(·, t)||2L2(0,1) ≤

∞∑
k=1

λ2
k|φk|2 = ||φ(·)||2H2(0,1) <∞.

Uniqueness of the solution. Suppose that u1(x, t) and u2(x, t) are solutions to problem
(1)-(3). We choose u(x, t) = u1(x, t)−u2(x, t) in such a way, that u(x, t) satisfies the diffusion
equation (1) and boundary, initial condition (2), (3), respectively. Let us consider

Tk(t) =

∫ 1

0

u(x, t)sinπkxdx, k ∈ N, t ∈ [0,∞). (22)

Applying the operator ∂αt to the left-side of (22) equation by using (1) we obtain

∂αt Tk(t) =

∫ 1

0

∂αt u(x, t)sinπkxdx

= tβ
∫ 1

0

uxx(x, t)sinπkxdx

= tβ
∫ 1

0

u(x, t)sin′′πkxdx

= −tβπ2k2

∫ 1

0

u(x, t)sinπkxdx

= −tβπ2k2Tk(t), k ∈ N, t ∈ [0,∞).

Due to (2) and (3) we have
Tk(0) = 0.

From the equation we get that Tk(0) = 0, which means u(x, t) ≡ 0. Hence u1(x, t) = u2(x, t),
therefore the diffusion problem (1)-(3) has a unique solution.

Proof of Theorem 2
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The existence of a solution. Since the Sturm-Liouville operator has eigenvalues {λk ≥
0, k ∈ N} on L2(0, 1) and the corresponding ortonormal eigenfunctions {Xk(x), k ∈ N} in
L2(0, 1) and φ(x) ∈ H2(0, 1), then we write the solution of problem (4)-(6) as follows

u(x, t) =
∞∑
k=1

Tk(t)Xk(x), (x, t) ∈ (0, 1)×R+, (23)

φ(x) =
∞∑
k=1

φkXk(x), x ∈ (0, 1), (24)

where

φk = 2

∫ 1

0

φ(x)Xk(x)dx

and

φ0 =

∫ 1

0

φ(x)dx.

Substituting (23) in to the diffusion equation (4)-(6), we obtain the next problems

∂αt Tk(t) + λtβTk(t) = 0, t > 0, (25)

Tk(0) = φk. (26)

X ′′k (x) + λkXk(x) = 0, (27)

X ′k(0) = X ′k(1) = 0. (28)

The orthonormal eigenfunctions and the corresponding eigenvalues of the Neumann
problem (27)-(28) are Xk(x) = cosπkx and λk = (πk)2, respectively.

The general solution of the Cauchy problem (25)-(26) is

Tk(t) = φ0 + φkEα,1+ β
α
, β
α
(−π2k2tβ+α), (29)

where

φk = 2

∫ 1

0

φ(x)cosπkxdx

and

φ0 =

∫ 1

0

φ(x)dx.

Substituting Xk(x) = cosπkx orthonormal eigenfunctions and (29) to (23), we obtain the
solution of problem (4)-(6) as

u(x, t) = φ0 +
∞∑
k=1

φkEα,1+ β
α
, β
α
(−π2k2tβ+α)cosπkx, (x, t) ∈ (0, 1)× [0,∞). (30)

Convergence of the solution. Using (9) to (29), we get

Tk(t) ≤ |φ0|+
|φk|

1 + Γ(β+1)
Γ(α+β+1)

π2k2tβ+α
.
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By Parseval’s identity, it follows from (30) that

sup
t≥0
||u(·, t)||2L2(0,1) = sup

t≥0

∞∑
k=0

|φk|2
∣∣∣∣Eα,1+ β

α
, β
α
(−π2k2tβ+α)

∣∣∣∣2||cosπkx||2L2(0,1)

≤ sup
t≥0

∞∑
k=0

|φk|2(
1 + Γ(β+1)

Γ(α+β+1)
π2k2tβ+α

)2

≤ sup
t≥0

1(
1 + Γ(β+1)

Γ(α+β+1)
π2tβ+α

)2

∞∑
k=0

|φk|2

≤
∞∑
k=0

|φk|2 = ||φ(·)||2L2(0,1). (31)

Applying the operators ∂αt u and uxx to the identity (30) we get

∂αt u(x, t) =
∞∑
k=0

φk∂
α
t Eα,1+ β

α
, β
α
(−π2k2tβ+α)cosπkx

= −tβ
∞∑
k=0

π2k2φkEα,1+ β
α
, β
α
(−π2k2tβ+α)cosπkx, (x, t) ∈ (0, 1)× [0,∞), (32)

and

uxx(x, t) =
∞∑
k=0

φkEα,1+ β
α
, β
α
(−π2k2tβ+α)cos′′πkx

= −
∞∑
k=0

π2k2φkEα,1+ β
α
, β
α
(−π2k2tβ+α)cosπkx, (x, t) ∈ (0, 1)× [0,∞). (33)

Applying (31)-(33) we get

sup
x≥0
||t−β∂αt u(·, t)||2L2(0,1) ≤

∞∑
k=0

λ2
k|φk|2 = ||φ(·)||2H2(0,1) <∞,

and

sup
x≥0
||uxx(·, t)||2L2(0,1) ≤

∞∑
k=0

λ2
k|φk|2 = ||φ(·)||2H2(0,1) <∞.

Uniqueness of the solution. Suppose that u1(x, t) and u2(x, t) are solutions to problem
(4)-(6). We choose u(x, t) = u1(x, t)−u2(x, t) in such a way, that u(x, t) satisfies the diffusion
equation (4) and boundary, initial condition (5), (6), respectively. Let us consider

Tk(t) =

∫ 1

0

u(x, t)cosπkxdx, k ∈ N, t ∈ [0,∞). (34)
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Applying ∂αt to left-side (34) equation by using (4) we obtain

∂αt Tk(t) =

∫ 1

0

∂αt u(x, t)cosπkxdx

= tβ
∫ 1

0

uxx(x, t)cosπkxdx

= tβ
∫ 1

0

u(x, t)cos′′πkxdx

= −tβπ2k2

∫ 1

0

u(x, t)cosπkxdx

= −tβπ2k2Tk(t), k ∈ N, t ∈ [0,∞).

Due to (5) and (6) we have
Tk(0) = 0.

From the equation we get that Tk(0) = 0, which means that u(x, t) ≡ 0. Hence u1(x, t) =
u2(x, t), therefore the diffusion problem (4)-(6) has a unique solution.

4 Conclusions

In this research considered the initial-boundary value problems of Dirichlet and Neumann for
the time-fractional diffusion equation in a variable coefficient. The solution of the problems
has been found by using the Kilbas-Saigo function and by the method of separation of
variables. The existence, uniqueness and convergence of solution were confirmed.
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