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Initial-boundary value problem for the time-fractional degenerate diffusion
equation

In this paper the initial-boundary value problems for the one-dimensional linear time-fractional
diffusion equations with the time-fractional derivative 95 of order o € (0,1) in the variable ¢
and time-degenerate diffusive coeflicients t? with 8 > 1 — a are studied. The solutions of initial-
boundary value problems for the one-dimensional time-fractional degenerate diffusion equations
with the time-fractional derivative 05 of order o € (0,1) in the variable ¢, are shown. The second
section present Dirichlet and Neumann boundary value problems, and in the third section has
shown the solutions of the Dirichlet and Neumann boundary value problem for the one-dimensional
linear time-fractional diffusion equation. The solutions of these fractional diffusive equations are
presented using the Kilbas-Saigo function Ej ,,,,;(2). The solution of the problems is discovered
by the method of separation of variables, through finding two problems with one variable. The
existence and uniqueness to the solution of the problem are confirmed. In addition, the convergence
of the solution has been proven using the estimate for the Kilbas-Saigo function E, ., (2) from
[13] and Parseval’s identity.

Key words: Time-fractional diffusion equation, the method of separation variables, the Kilbas-
Saigo function.
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Beminek perrti TybIHABLIBI ©3reniesieHred Andy3usa TeHaeyaepi Yilmia 6acTanKpl IMIEeTTiK
ecebi

By xymbicta t?, B > 1 — a auddysusabk kodbduimenrrepi 6ap 6ip esrmeMmi CHI3BIKTHI
a € (0,1) yuiin O§ Gemmek perTi TYBIHIBUIBL e3remnienerrel auddysust TeHIeyIepiHe KOWbLFaH
GacTanKbl - METTIK ecenTepi KapacThIPhLIFaH. Bip eJimeM Il ChI3bIKTHI { alfHBIMAJIBICHIHA TOYEJITi
a € (0,1) yuin J§ Gesmiek perTi TYBIHJBUILL e3remnieseHreH auddysust TeHeyaepine KoHblIFaH
bacTalkpl - MIETTIK ecenTepiHiH menriMaepl kepcerinren. Exinmi 6emiminme dupuxie xkone
Heiiman merTik ecenrepi Oepinren, an yimmimmm Oemiminme Oip e/meM Il CHI3BIKTHI  OOJIIIEK
peTTi TYBIHALLIBI e3rerenenren auddysus teHmaeyaepi yirin lupuxime kome Hefiman mreTTik
ecenTepinin merriMaepi Kepceriiren. By 6eImex peTTi TybIHABLIBI ©3releeHreH 1uddY3UIBIK,
reppeyaepaiy mentimuepi Ey i (2) Kunbac-Caiiro dynkuuscer apksuisl 6eplaren. Ecenrepain
MIenriMIepl affHbIMAJIBICHIH aXKbIPATY OICIH KOJIAHBIN, Oip allHBIMAJIBICHI Oap €Ki ecenTi memnty
apKbLIbl TabbLTran. KcenTin mrermiMiaiy 6ap 60Iybl MEeH >KAJIFBI3IALIFGI masesaeHred. [lermmivmin
KuHakTbUIbIFbl Kunbac-Caiiro Ey 1 (z) dyukuusacsmeiy, [13] kepcerinreneit 6aranaybH KoHe
ITapceBast TeHIITIH KOIIAHY apKBLIbI TOJIEITEH/I].

Tyitin ce3aep: BeJirek perTi TYbIHABLIBI ©3reriesienred quddysus TeHeyi, ai-
HBIMAJIBLIAPBIH axKbipary oiici, Kunbac-Catiro dpyHKIIHICH.
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B 1anHO#T pabore paccMaTpUBAIOTCS HAYabHO-KPAEBble 3aJadd JjIsl OJHOMEDPHBIX JIPOOHBIX
BBIPOKJICHHBIX JIMHEHHBIX AU Py3UOHHBIX ypaBHEHUII ¢ apoOHOI Npom3BOJHON Jf mOpsiIKa
a € (0,1) 1o mepemenHoii ¢ 1 ¢ BEIPOK TarommmMucs Kodddunuenramu auddysun t2 mpu 8 > 1—a.
[Tokazanbl pemreHnsi HAYAILHO-KPAEBBIX 33139 [JIsi OJHOMEDHBIX YPAaBHEHHUI BBIPOXKIAIONIEHCS
nuddysun ¢ ApobHON 10 BpemeHH npousBonHOil OF mnopsiaka « € (0,1) mo mepemenHoii t.
Bo BTopoit wactu mambl KpaeBble 3ajadn upuxie u Hefimana, a B TpeTbeil d9acTu MOKa3aHbI
pemnennst KpaeBbix 3ajiad Jlupuxsie m Heiimana Jj1s5 OZHOMEDPHOTO JIPOOHOIO BBIPOXKIEHHOTO
JsmHelHOTO M dY3UOHHOrO ypaBHeHUs. PerteHust 3Tux ApoOHBIX TudDY3NOHHBIX ypABHEHUH
npencraBiensl ¢ noMombio dynkmun Kunbaca-Caiiro Ey o, (z). Pemenme 3amas momyteno c
MIOMOITBIO METOJIa Pa3J/IeJIeHns] MMePEMEHHBIX, IIyTeM HAXOXKJEHUs JBYX 3aJad C OJHON mepe-
MeHHOH. JloKazaHbl CyIIecTBOBAHUE W €JMHCTBEHHOCTH perreHus 3ajad. CXOIMMOCTU pEIIeHusI
JIOKa3aHo ¢ noMolsio onenku dyukiun Kunbaca-Caitro Ey b, 1(2) 13 [13] u roxaecrso ITapcesais.

Kirouessie cioBa: /IpobHo-BeIpoXKIeHHOE mudpy3nOHHOE YpaBHEHNE, METO, PA3JIe/IEHUs] [Tepe-
MmeHHBIX, QyHKIMs Kunbaca-Caiiro.

1 Introduction

Over the past several millennia, fractional partial differential equations have begun to play
an important role. They are used in modeling anomalous phenomena and in the theory of
complex systems [1-6].

In the book [7], it is written about various applications of differential equations of
fractional order in chemistry, technology, physics, etc. It contains research related to the
equation of fractional diffusion in time. It is obtained from the classical diffusion equation by
replacing the first-order time derivative with a fractional derivative.

In [8-11], the correctness and numerical modeling of thermal and wave equations with
nonlocal conditions in time were studied. In [12| paper, authors consider the initial-boundary
value problems of Dirichlet and Neumann for the diffusion equation in a variable coefficient.
In [14], Nakhusheva proved a positive maximum principle for a nonlocal parabolic equation
with Riemann— Liouville derivative. In [16], Luchko proved the maximum principle for the
generalized diffusion equation with a fractional time derivative using the maximum principle
for the Caputo fractional derivative. Then the maximum principle was applied to show some
results of uniqueness and existence for the initial-boundary value problem of the fractional
diffusion equation. In [15] Luchko studied initial-boundary value problems for a generalized
diffusion equation with a distributed order. And [17] studied initial-boundary value problems
for a fractional-fold diffusion equation in time. Thus, he obtained results on the existence of
generalized solutions in [15, 17]. In [18], the generalized solution of the initial-boundary value
problem for the diffusion equation with fractional time was shown as a regular solution.
In [19], Gorenflo and Mainardi studied the one-dimensional diffusion-wave equation with
fractional time.

In this paper, the initial-boundary value problems of Dirichlet and Neumann for the
time-fractional diffusion equation in a variable coefficient are considered. The solution of the
problems has been found by using the Kilbas-Saigo function and by the method of separation
of variables. The existence and uniqueness of the solution are also proved.
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2 Material and methods

2.1 Cauchy-Dirichlet problem
Let us consider the one-dimensional time-fractional diffusion equation
Ofu(w,t) — tPug,(2,t) = 0, (x,t) € (0,1) x (0,00), (1)
with the Dirichlet boundary condition
u(0,t) =u(l,t) =0, t >0, = €]0,1], (2)
and the Cauchy initial condition
u(z,0) = ¢(x), = €[0,1], (3)

where 05 is the time-fractional derivative of order o € (0, 1) in the variable t and f > 1 — «

OFu(x,t) = ﬁ/@ (t — s) “Osu(z, s)ds.

Let Xi(z) = sinwkx are the orthonormal eigenfunctions and A, = (7k)? the corresponding
eigenvalues of the Sturm-Liouville operator with the Dirichlet boundary and the Cauchy
initial conditions.

H?(0,1) is a Hilbert space defined by the initial-boundary

H?*(0,1) ={u: u € L*0,1); u, € L*0,1)},

endowed with the norm

HUH%I?(OI Z #l (u, X5 ()] < o0

k=1
Definition 1. The solution of problem (1)-(3) is u(z, t) € C(L?*(0,1), R, ), such that satisfies

t7P0Mu, ug, € C(L*(0,1), Ry).
2.2 Cauchy-Neumann problem
Let us consider the time-fractional diffusion equation
Ofu(z,t) — tPuge(z,t) = 0, (z,t) € (0,1) x (0, 00), (4)
with the Neumann boundary condition
uz(0,t) = u.(1,£) =0, t >0, x€[0,1], (5)
supplemented with the initial data
u(z,0) = ¢(x), =€ [0,1], (6)

where 0 is the time-fractional fractional derivative of order @ € (0, 1) in the variable ¢ and
6>1—aq.

Definition 2. The solution of problem (4)-(6) is u(z,t) € C(L?(0,1), Ry ), which satisfies
t=POMu, Uy, € C(L*(0,1), Ry).
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3 Main results

Theorem 1 Let ¢(x) € H?(0,1), then the unique solution of problem (1)-(3) is the function
u(z,t) € C(L*(0,1), Ry), which has the form

Z ohE, 148 5( — kP sinmka, (7)

where

1
o = 2/ o(z)sinTkxdx,
0
and Eq m (2) is the Kilbas-Saigo function([5] defined as

4 Tla(im+1)+1)
Epm. =1 = I1¢} >
4 E:%z O= S TS T a(mt i+ )+ 1) T

And for the function E, |, 5 s (—m°k*t7*) the following estimate holds ([13])

1
21.2.8+a
TR < t > 0. 9)
= L TG >
L+ raspan ™k

E

ar+.8(=

Theorem 2 Let ¢(z) € H?*(0,1), then the unique solution of problem (4)-(6) is the function
u(z,t) € C(L*(0,1), Ry), which given by

u(z,t) = do + Z onE, s s (=2 k2T cosmk, (10)

where ¢g = fo x)dr and ¢y, = 2 fo z)costkadr, k € N and Eym (2) is the Kilbas-Saigo
function, which is deﬁned by the formula (8)-(9).

3.1 Proofs

Proof of Theorem 1

The existence of a solution. Since the Sturm-Liouville operator has eigenvalues {\, >
0, k€ N} on L?(0,1) and the corresponding ortonormal eigenfunctions {X;(x), k€ N} in
L?(0,1) and ¢(x) € H*(0,1), then we can give the solution of problem (1)-(3) as follows

= iTk(t)Xk(x), (z,t) € (0,1) x Ry, (11)
- f:gkak(x), z € (0,1), (12)
k=1

where

O = 2/0 ¢(2) Xy (z)dx
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Substituting (11) in to the diffusion equation (1)-(3), we obtain the next problems

0T (1) + Met’Ti(t) = 0, t >0, 13

(13)
T(0) = .. (14)
Xi(0) = Xi(1) = 0. (16)

The orthonormal eigenfunctions and the corresponding eigenvalues of the Dirichlet
problem (15)-(16) are X}, (z) = sinmkx and \; = (7k)?, respectively.
The general solution of the Cauchy problem (13)-(14) is

T(t) = ¢rE, 1y 5. (—m2kPtote), (17)

o [@

where )
o = 2/ o(z)sinTkxdx.
0

Substituting Xy(x) = sinmkx orthonormal eigenfunctions and (17) to (11), we obtain the
solution of problem (1)-(3) as

Z¢k a1+ g

Convergence of the solution. Using (9) to (17), we get

(—m2 k4P sinthr, (2,t) € (0,1) x [0, 00). (18)

D\Q

|Ox|
Ti(t) < ” (a(ﬁgil g’
By Parseval’s identity, it follows from (18) that
o0 2
sup lu( D[2201) = Stgg; |60l By 1 (=2 R2F) | [sinak] 3 )
S ||

< sup Z 5
20 (1+ (8+1) 7T2k2t[3+a)

T'(atp+1)
1 L
< $up o 5 Z_: o
(1 T F(a+ﬁ+1)ﬂ2tﬁ+a> =
o
Z |2 = [lo(- HL2 0,1)" (19)
k=1

Applying the operators 0fu and u,, to the identity (18) we obtain

Zma" e,

(=72 k2P sinmka

Q\E
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= Z?TQICZQZ)kEa 148 o (=2 kAP sinwhe, (x,t) € (0,1) x [0, 00), (20)

k=1

and

Uz (T, 1) Z SN 142, § w2 kAP sin/ wha

= —Z7T2/{22¢kEa’1+g,g(—7T2]€2t6+a)8inﬂ'kl’, (x,t) € (0,1) x [0, 00). (21)
k=1
Applying (19)-(21) we get
sup |[t~70; (- HL2 0,1) Z |o]* = 116( )||H2 0,1) < 09,

>0

and

S‘i%) ||Um(‘at)||%2(0,1) < Z/\Z|¢k:|2 = ||¢(‘)||?{2(0,1) < 0.

k=1

Uniqueness of the solution. Suppose that wu;(z,t) and wus(z,t) are solutions to problem
(1)-(3). We choose u(x,t) = uy(z,t) —uz(z,t) in such a way, that u(z, t) satisfies the diffusion
equation (1) and boundary, initial condition (2), (3), respectively. Let us consider

1
Ti(t) = / u(z,t)sintkxdr, k€ N,t € [0,00). (22)
0
Applying the operator 0f to the left-side of (22) equation by using (1) we obtain

0Ty (t) / O u(z, t)sintkardx

1
:tﬁ/ Uz (T, t) sinThkadx
0
1
:tﬂ/ u(z,t)sin"rkrdz
0

1
- —t'87r2k2/ u(x, t)sinmkrdx
0

—t° k2T, (t), k€ N,t €0,00).
Due to (2) and (3) we have
T (0) = 0.

From the equation we get that Ty (0) = 0, which means u(z,t) = 0. Hence uy (z,t) = us(z, 1),
therefore the diffusion problem (1)-(3) has a unique solution.
Proof of Theorem 2
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The existence of a solution. Since the Sturm-Liouville operator has eigenvalues {\; >
0, k€ N} on L*(0,1) and the corresponding ortonormal eigenfunctions {Xy(z), k¥ € N} in
L?(0,1) and ¢(z) € H?(0,1), then we write the solution of problem (4)-(6) as follows

= " Tu(t)Xi(z), (z,t) € (0,1) x Ry, (23)
r) =Y o Xp(z), z€(0,1), (24)
where )
b =2 / 6(2) Xi () d
and

d)o/d)

Substituting (23) in to the diffusion equation (4)-(6), we obtain the next problems

ITh(t) + MPTy(t) =0, t >0, (25)
T::(0) = o (26)

X{(x) + M Xp(z) =0, (27)
X, (0) = X;(1) = 0. (28)

The orthonormal eigenfunctions and the corresponding eigenvalues of the Neumann
problem (27)-(28) are X}, (z) = coswkx and A\, = (7k)?, respectively.
The general solution of the Cauchy problem (25)-(26) is

Ti(t) = g0+ dxE, 1 5 8 (=K, (29)

where

1
O = 2/ o(z)cosTkrdr
0

$o = /01 ¢(x)dx

Substituting Xy (z) = coswkx orthonormal eigenfunctions and (29) to (23), we obtain the
solution of problem (4)-(6) as

and

u(z,t) = ¢o + Z ¢kEa71+§7ﬁ(—7T2]€2t’8+a)COS7Tkx, (x,t) € (0,1) x [0, 00). (30)

k=1

Convergence of the solution. Using (9) to (29), we get

|k

r(B+1) T2k2 a
1 (o +ﬁ+1) K20+

Ti(t) < |do| +
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By Parseval’s identity, it follows from (30) that

2

o0
sup |[u(-,1)|[32(01) = sup > _ |6l ‘ Lo o (=R [JcosTha| 720 1
t>0 t>0 k=0 a @

= |1 |?

<sp) 2
(14 ety

1 [o.¢]
< sup DIk
<1 + F(a+ﬁ+1)7r2t6+ ) w0
< enl* = l6)172(01)- (31)
k=0

Applying the operators 0fu and u,, to the identity (30) we get

Z oL E,

5 (=2 k2P cosTkx
w88

Q\h

= —tﬁZW2k2¢kE 148, s (=2 k9T cosmka, (x,t) € (0,1) x [0, 00), (32)

and
Uz (T, 1) Zgbk 01t b, s (—m2k2 P cos" ke

=— Zﬂ2k2¢kEa 148, o (=2 kAP cosmhka, (x,t) € (0,1) x [0, 00). (33)
k=0
Applying (31)-(33) we get
SgISHt_ﬁata ||L2 0,1) Z |o]* = 1]6( )||H2 0,1) < 0,
x> =0

and

SUp | tas (-, 1) [F201) < Y Melonl® = 116020y < 0
k=0

x>0

Uniqueness of the solution. Suppose that wy(z,t) and wus(z,t) are solutions to problem
(4)-(6). We choose u(x,t) = ui(x,t) —us(z,t) in such a way, that u(z,t) satisfies the diffusion
equation (4) and boundary, initial condition (5), (6), respectively. Let us consider

1
Ti(t) = / u(z, t)costkadr, k € N,t € [0,00). (34)
0
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Applying 0¢ to left-side (34) equation by using (4) we obtain

1
0Ty (t) :/ O u(x, t)costkrdx
0

1
:tﬁ/ Uge (T, t)cosThkadx
0
1
:tﬁ/ u(x,t)cos" mkrdx
0

1
- —t57r2k;2/ u(x,t)cosTkadr
0

= P’k Ty (t), k€ N,t € [0,00).
Due to (5) and (6) we have
T5,(0) = 0.

From the equation we get that T}(0) = 0, which means that u(x,t) = 0. Hence uy(z,t) =
ug(z,t), therefore the diffusion problem (4)-(6) has a unique solution.

4 Conclusions

In this research considered the initial-boundary value problems of Dirichlet and Neumann for
the time-fractional diffusion equation in a variable coefficient. The solution of the problems
has been found by using the Kilbas-Saigo function and by the method of separation of
variables. The existence, uniqueness and convergence of solution were confirmed.
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