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VAN DER CORPUT LEMMA WITH BESSEL FUNCTIONS

In this article, we study analogues of the van der Corput lemmas [19] involving Bessel functions. In
harmonic analysis, one of the most important estimates is the van der Corput lemma, which is an
estimate of the oscillatory integrals. This estimate was first obtained by the Dutch mathematician
Johannes Gaultherus van der Corput. Van der Corput interested in the behavior for large positive

b
A of the oscillatory integral [ ei’\‘b(“’)w(x)da:, where ¢ is a real-valued smooth function (the phase)

and v is complex valued smooth function (amplitude). In case a = —00,b = 400, it is assumed
that ¥ has a compact support in R. In our case we replace the exponential function with the
Bessel functions, to study oscillatory integrals appearing in the analysis of wave equation with
singular damping. More specifically, we study integral of the form I(\) = f; In (Ao () (z)dx for
the range n = 0, where ¢y € C and smooth, and A is a positive real number that can vary.The
generalisations of the van der Corput lemma is proved. As an application of the above results,
the generalised Riemann-Lebesgue lemma is considered.

Key words: van der Corput lemma, Bessel function, asymptotic estimate,wave
equation,oscillatory integrals.
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Beccenb dyuknmsiapsl Karbickad Ban nep KopmnyT jieMmMacht

Byna makanama 6i3 Ban nep Kopmyrrery Beccenb dyHknsamapbin KAMTATHIH JJEMMACHIHBIH, AHAJIOT-
TapblH 3epTTeiiMi3. ['apMOHMKAJIBIK Tasgay/la eH MaHbI3/1bl Oarasaynapasiy 0ipi - Ban gep Koproyt
JIEMMACHI, 0JI TepbeMesti HHTerpasiap/Ibl darasay OoJsbin TabbLIa el Byst baragayapl ajaramt peT

b

romtans matemaruri Vorannec Tonrepyc Ban gep Kopiyt asnran. Ban nep Kopuyt [ e“\¢($)w(x)dx
a

TepOesTic MHTErPaJIbIHBIH A YJIKEH OH OOJIFAHIAFbl OPEKeTiHe KbI3bIFYIIBLIBIK, TAHBITTHI. (- HAKTHI

reric dbynkusa (dasza), an - Kypaesi reric bynkiys (aMILMTyaa). ¢ = —00, b = 400 KarIaibii-
a, - R iminge koMmmakTial yiipTkiai 6oaams! e 6okanaabl. Bi3min »Karmaii g 9KCIIOHEeHITATIbT
dyukmusnbl Beccenb GyHKIMAIAPBIMEH aybICTBIPAMBI3, CHHTYJISIPJIbI COHIEH TOJKBIH/IBIK, TEHJIe-
VIIH TaJdaybliHaa maiina 60gaTbiH Tepbenveni waTerpas 3eprreneai. Hakreipak afitkamma, n = 0
Juana3oubl yirin I(\) = f: Jn (MA@ () (z)dz Typinmeri Tepbesivesti nHTErpaJIbl 3ePTTERMI3, MYH-
marel Y € C koHe Teric, aja A- e3repe ajaTbiH OH HAKTHl caH. Ban mep Kopoyr jgemmachiabig
JKAJIIBLIAY bl jipJtesiene . 2Korapblia ajblHFAH HOTHKEJIEP/IiH, KOJIJIAHBICHI PETIH/Ie YKAIbLIAHFAH

Puman-Jleber meMmach! KapacThIPBLIAIbI.
Tyitin ce3aep: Ban mep Kopmyr semmacer, Beccenb GyHKIUICH, aCHMIITOTHKAJBIK, Oara-

JIay, TOJIKBIH/IBIK, TEHJIEY, TePOeIMei NHTErPaIIap.
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JIlemma Ban gep Kopmnyra ¢ dyakmnusamu Beccens

© 2022 Al-Farabi Kazakh National University


https://orcid.org/0000-0001-5032-2428

Beisenbay A. A. et al. 27

B nmammOil cTaThe MBI m3yuaeMm amasorn Jemmy Bam nep Kopmyra [19] ¢ dymxmusvu Beccerst.
B rapmonuveckoMm anajm3e OJHON M3 BayKHEHINNX OIEHOK siBJisieTcs: jJemma Ban jep Kopmyra,
KOTOpAas SIBJISIETCsl OIEHKON OCHUJIINPYIONINX WHTErPAJIOB. DTa OIEHKa BIIEPBbIe ObLIa MOJIyYEHA
FOJITAHICKEM MaTeMaTnkoM Moxammecom Tomrepycom Bam gep Koprmyrom. Bam gep Kopmyr
WHTEPECOBAJICS TIOBEJEHUEM IIPU OOJIBIIAX TOJOKUATEJBHBIX A OCIMLIAPYIOIMIEr0 WHTErPAJIA

b
f e“\qﬁ(“)z/)(x)dx,, rue ¢ - BemecTBeHHas ryaakas Gynknuga (dasza), a ¢ - KOMIIEKCHAS [JIAIKAs
a

dbyuxuus (ammmuryza). B ciyuae a = —00,b = 400 npesosaraeTcs, 4To 1) uMeeT KOMIAKTHBI
nocurenb B R. B mamewm ciydae noxazaresbHas (QyHKIUS 3aMeHseTcs QyHKIusaMu Beccess,
4TOOBI U3y IUTH OCIUJIIUPYIOIIE NHTEIPAJIbl, BOSHUKAIOIIIE [IPU aHAJIN3€ BOJHOBOI'O YPABHEHUS C

b
CHHIY/IsIDHBIM 3aTyxanueM. B uacrrocru, Mpr u3ydaem unrerpan suga [(A) = [ Jn(Ao(x))Y(z)dx
quist qmanazoHa n = 0 , e ¢ € C u raajkue, a A - HOJOKHUTEIHHOE JIEHCTBUTEIBHOE YUCIIO,
KOTOpOEe MOXKeT MeHsThCsi. Jlokaszaubl 00600menust Jjiemvbl Ban mep Kopmyra. B kagectse
IPUJIOZKEHUS TIOJIyIeHHBIX PE3yJIbTATOB paccMaTpuBaeTcs o0obmennas siemva Pumana-Jlebera.

KuaroueBbie cioBa: semma Ban mep Kopmyra, dyukmms Beccensi, acuMoToTmdeckasi OIEHKA,
BOJTHOBOE YPABHEHNE, OCIIUJITUPYIOIIIE HHTErPAJIBIL.

1 Introduction

In harmonic analysis, one of the most important estimates is the van der Corput lemma,
which is an estimate of the oscillatory integrals.

This estimate was first obtained by the Dutch mathematician Johannes Gaultherus
van der Corput (4 September 1890 — 16 September 1975) and named in his honour. While
the paper [1| was published in Mathematische Annalen in 1921. Johannes Gaultherus van
der Corput introduced the van der Corput lemma, a technique for creating an upper bound
on the measure of a set drawn from harmonic analysis, and the van der Corput theorem on
equidistribution modulo 1. He became member of the Royal Netherlands Academy of Arts
and Sciences in 1929, and foreign member in 1953. He was a Plenary Speaker of the ICM in
1936 in Oslo.

Van der Corput interested in the behavior for large positive A\ of the oscillatory integral

b

/ M@ (o) d,

a

where ¢ is a real-valued smooth function (the phase) and v is complex valued smooth function
(amplitude). In case a = —o0, b = +00, it is assumed that 1) has a compact support in R.
Such integrals arise in the study of decay estimates of solutions of the Schrédinger and
the wave equations.
Indeed, the estimate obtained by van der Corput, following Proposition 1 and Proposition
2 in Chapter VIII of [2], can be stated as follows:

Lemma 1 Suppose ¢ is a real-valued and smooth function in [a,b]. If 1) is a smooth function,
¢’ is monotonic, |¢'| > 1 for all x € (a,b), then
b
/eW’(x)zp(:c)dx <CXL o A>o.

a
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Various generalizations of the van der Corput lemmas have been investigated over the years.
One dinemsional and multidimensional analogues of the van der Corput lemmas were studied
in [3-8] while in [9] the multi-dimensional van der Corput lemma was obtained with constants
independent of the phase and amplitude. We also note that in [10-12| optimal constants were
found for various versions of van der Corput’s lemmas. The main goal of the present paper
is to study van der Corput lemmas for the oscillatory integral defined by

() = / Jo(b(z))(x)dz, (1)

where ¢ € C' and smooth, and ) is a positive real number that can vary.

Recently, the attention of many mathematicians has been attracted by Van der Corput’s
estimates for integrals with special functions [13-18]. For example, in [13] mainly focus
on numerical evaluation of highly oscillatory Bessel transforms and presented based on
the multiple integral, the schemes for computing this class of the transform. In work [14]
presented van der Corput-type lemmas for Bessel and Airy transforms with shifted Jacobi
weight functions. These results on the asymptotic orders of the highly oscillatory integrals
on the frequency are optimal. Furthermore, from these estimates, the convergence rates on
Filon-type methods are easily derived.

2 Material and methods

In this section we consider I(\) ,defined by (1), that is

b

() = / Jo(Ap(a))(x)d.

a

From the Chapter II, §11 (1) of [20] the Bessel function is

Ja(Ap(x)) = Z % (%) : aqﬁ’”*“(:v),a € Z. (2)

m=0

The behavior of the function Jy(A¢(x)) which we derived from Chapter I1I, §36 (1) of [20]
for any values of ¢(z) (¢(z) = 0 excepted) and for all A € C'is

[Jo(Ag(x))] < 1. (3)

As for small X the integral (1) is just bounded, we consider the case A > 1.

Lemma 2 Let the function ¢(z) is in € C?[a,b] , and ¢(x) # 0,/ (x) # 0, then
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Proof. We consider the function (2) in the case a = 0

Then, transforming the (5), we will differentiate the function bellow

(S8 L nooten) = -5 2mi o +1>¢2m+1<x>¢'<x>(§)2m

o

= —N¢/(z)o(x) Z ) mbemH (;)Zm

m=0
= =X/ (2)¢(x) Jo(Ad(2)).
Thus, by differentiating twice we get
d <(b(1:) d
¢'(z) dz

The proof is complete.

v >>) X6 () (2) b(A(a)) =

3 Results and discussion
We formulate our result in the form of theorem and show its application bellow

Theorem 1 Let —co<a<b<oo and a = 0. Let ¢(z) € C?a,b] and ¢ € C'la,b]. If
lp(z)| > 1,|¢'(z)| > 1,|¢"(x)| > 1 for all x € [a,b], then we shall now prove that

L) ola)
¢'(b) ¢'(a)

Proof. We put the function Jy(A¢p(x)) to the integral (1) and integrating it by parts we find

that
= [ otanviare = -3 [ 5 (GEantom ) sosm

1

0] < 35| 52D () -

D(a)‘.
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_12 {%%JO(MS(@) i_g_/ab%Jo(/\gb(x))‘ﬁ(x) d ( Y(x) )dx]

¢ ¢'(z) de \ p(x)¢/(2)
o A (o) d () Y\,
=5 ), PG (¢'<x>dx (¢< o >))d
where
[ 4 6w d (@ ] s
- Lsf%x) M) = G @ (¢<x>¢'<x>) Al ”}

Applying the expression (3) and suppose that ¢(z) € C?*[a,b], v € C'a,b],|p(x)] >
L |¢'(z)| > 1,]¢"(x)| > 1 for all x € R we have

[1(A >|—\—9/a Jo(Ag(x >d (fizzdi(as(lb)(as)()))d‘

iz (o0 (o))

dx

and

b= (28 Y

The proof is complete.

Remark 1 [f [a,b] = R := (—o00,+00), then assume that 1 € C}(R) is the function with
compact support.
3.1 Aplication. Generalised Rieman-Lebesgue lemma

The Riemann-Lebesgue lemma is the classical result of harmonic and asymptotic analysis.
The simplest form of the Riemann-Lebesgue lemma states that for a function f € C'([a,b])
we obtain

b
, 1
/e’kxf(x)dx =0 (E) , at k — oo.
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We consider the following integral of Fourier-Bessel transform

/bJo(k’x)f(x)dx.

If f € C*([a,b]), then from the van der Corput lemma and by Theorem 1 we have

b

/Jo(kza:)f(x)dx =0 (k7).

a

4 Conclusion

Thus, in this paper, we consider analogues of the van der Corput lemma involving Bessel
functions. The main result of the work is to study oscillatory integrals appearing in the
analysis of wave equation with singular damping. We have proved the behavior of the
oscillatory integral for large positive A. Therefore, the estimates, which we got, can be used
to for proofs of generalised Riemann-Lebesgue lemma.
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