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ONE RESULT ON BOUNDEDNESS OF THE HILBERT TRANSFORM

In mathematics and in signal theory, the Hilbert transform is an important linear operator that
takes a real-valued function and produces another real-valued function. The Hilbert transform is
a linear operator which arises from the study of boundary values of the real and imaginary parts
of analytic functions. Also, it is a widely used tool in signal processing. The Cauchy integral is a
figurative way to motivate the Hilbert transform. The complex view helps us to relate the Hilbert
transform to something more concrete and understandable. Moreover, the Hilbert transform is
closely connected with many operators in harmonic analysis such as Laplace and Fourier transforms
which have numerous application in partial and ordinary differential equations. In this paper, we
study boundedness properties of the classical (singular) Hilbert transform acting on Marcinkiewicz
spaces. More precisely, we obtain if and only if condition for boundedness of the Hilbert transform
in Marcinkiewicz function spaces.

Key words: Symmetric (quasi-)Banach function space, Hilbert transform, Calderén operator,
Marcinkiewicz space.
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B maTemaTuke u Teopumu curaajios npeobpazoBanne ['uibbepTa SBIISETCS BAKHEHIIINM JTUHEHHBIM
OIepaToOpPOM, KOTOPBIN MEPEBOAUT (DYHKIUIO JEHCTBUTEILHON MEepEMEHHON B JIPYTryi0 (DYHKIMIO
neiicTBUTENIbHON TrepemenHoit. [IpeobpaszoBanue ['mibbepra - JIMHEHHBIN OmEpATOpP, BO3ZHUKAIO-
MU OpU U3YYEeHUN TPDAHNYHBIX 3HAYCHUN JEeMCTBUTEIBHOW M MHHAMON dYacTell aHaJIUTUIECKHUX
dbyukmmit. Kpome ToOro, 310 MHUPOKO HCIOIL3YEeMbIi MHCTPYMEHT B 00pabOTKe curHajoB. VH-
Terpays Kommu - ob6pas3nblii criocod MOTHBHUpOBATH mpeodbpasoBanme ['minbbepra. Kowmiiekcnoe
[peJICTaBjIeHre TIOMOTaeT HaM CBsi3aTh IpeobpaszoBanue ['mianbepra ¢ ueM-To 6oJiee KOHKPETHBIM
u noHATHBIM. Bojiee Toro, npeobpazoBanue ['mabbepra TECHO CBSI3aHO CO MHOTMMHE OIEPATOPAME
TapMOHUYECKOTO aHAJIN3a, TAKUMM Kak mpeobpasoBanus Jlamipaca m Pypbe, KOTOpbIE HAXOIAT
MHOTOYHUCJICHHbIE MPUMEHEHNsI B OOBIKHOBEHHBIX JIuddEPEeHINaIbHbIX yPABHEHUAX U B ypaB-
HEHUsIX C YACTHBIMUA IPOU3BOMHBIME. B 1aHHON paboTe M3ydaroTCs CBOICTBA OI'DAHUYEHHOCTH
KJIACCHYIECKOTO (CHHIYIISIpHOTO) npeobpasoBanus ['mibbepra, JAefCTBYIONEro Ha IPOCTPAHCTBAX
MapuuakeBuda. Tounee, MBI TOJyYUIN HEOOXOIUMOE U JOCTATOYHOE YCJIOBHE OTPAHUYEHHOCTU
npeobpazoBanus ['uapbepra B QyHKIMOHATBHBIX TPOCTPAHCTBAX MapIiinHKeBIIa.

KuroueBbie cioBa: Cummerpuunbie(KBa3u-) 6aHAXOBBI IIPOCTPAHCTBA, npeobpasoBanue ['miib-
6epra, omeparop Kambaepona, npocrpancrso Maprnunkesnda.

1 Introduction

The Hilbert transform is one of the powerful operators in the field of signal theory. Given a
locally integrable measurable function f, its Hilbert transform, denoted by H(f), is calculated
through the integral in the sense of principal value

ey =pv.— [ —=ds= lim — s
(Hf)(t)=p W/Rt—s /s—tze

e—=0+ T t—s

The Hilbert transform is named after German mathematician David Hilbert (1862-1943). Its
first use dates back to 1905 in Hilbert’s work concerning analytical functions in connection
to the Riemann problem. In 1928 it was proved by Marcel Riesz (1886-1969) that the Hilbert
transform is a bounded linear operator on L,(R) for 1 < p < oco. This result was generalized
for the Hilbert transform in several dimensions (and singular integral operators in general) by
Antoni Zygmund (1900-1992) and Alberto Calderén (1920-1998). Our investigation concerns
with boundedness of the Hilbert transform in so called rearrangement invariant Banach
function spaces which received a lot of attention since Boyd’s pioneer work in 1966 [1] (see
also [2]). We also refer the reader to recent papers [6-11| and references there in. In this note,
we study boundedness of the Hilbert transform from one Marcinkiewicz space to another.

2 Materials and methods

2.1 Symmetric Banach function spaces and their K6the dual spaces

Let (I, m) denote the measure space I = R, R, where R, := (0,00) and R is the set of real
numbers, equipped with Lebesgue measure m. Let L(I,m) be the space of all measurable
real-valued functions on I equipped with Lebesgue measure m, i.e. functions which coincide
almost everywhere are considered identical. Define Ly(I) to be the subset of L(I,m) which
consists of all functions f such that m({t : |f(t)| > s}) is finite for some s > 0.

For f € Lo(I) (where I = R, or R), we denote by f* the decreasing rearrangement of
the function |f|. That is,

f ) =inf{s >0: m({|f| > s}) <t}, t>0.
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Definition 1 We say that (E(1), | - ||e)) is a symmetric (quasi-)Banach function space on
I, if the following conditions hold:

(a) E(I) is a subset of Lo(I);
(b) (E), |l - lew) is a (quasi-)Banach space;

() If f € E(I) and if g € Lo(I) are such that g*(t) < f*(t),t > O then g € E(I) and
lgllzay < 1 fllmm-

It is well known that L,(I), (0 < p < 00) is a classical example of symmetric (quasi-)Banach
space of functions

We say that g € Lo(I) is submajorized by f € Lo(I) in the sense of Hardy—Littlewood—
Pélya (written g << f) if

*(s)d *(s)d 0.
/Og<s>ss/0f<s>s, ‘>

Let E be a symmetric Banach function space on I with Lebesgue measure m the Kéthe
dual space E* on I is defined by

B(I) = {geLomz [ 1rgtoar < . vfeE<f>}.

The space E* is Banach with the norm

|mmmx:$m{A UﬁwwwﬁfGEU%Hﬂmnﬁl}

If F is a symmetric Banach function space, then (E*, || - ||gx) is also a symmetric Banach
function space (cf. |3, Section 2.4|). For more details on Kéthe duality we refer to [3,5].

2.2 Lorentz and Marcinkiewicz spaces

For the function ¢(t) := log(1 +1t), t > 0, the Lorentz space Ajg(1) is defined by setting

fr(s)
Aog(I) == {f € Lo(I) : 1 +sd8 < 00
+
equipped with the norm
fr(s)
= ds.
Hf”Alog(I) ]R+ 1 _|_s 8

Definition 2 [/, Definition II. 1.1, p. /9] A function ¢ on the semiazis [0, 00) is said to be
quasiconcave if

(1) () =0&t=0;

(ii) @(t) is positive and increasing for t > 0;



20 One result on boundness of the Hilbert. . .

(iii) % is decreasing for t > 0.

Observe that every nonnegative concave function on [0,00) that vanishes only at origin
is quasiconcave. The reverse, however, is not true. But, we may replace, if necessary, a
quasiconcave function ¢ by its smallest concave majorant ¢ such that

1

o< p<p
290_90_90

(see [3, Proposition 5.10, p. 71]). Let ¢ : [0,00) — [0,00) be a quasiconcave function for
which tlir& o(t) = 0 (or simply ¢(04) = 0). Define the Marcinkiewicz space M, (I) as follows
—

My(I) := {fGLO Sup¢ /f ds<oo}

t>0

with the norm

1 t .
|VM@ms=%ga5[:f@Ms

2.3 Weak-L; and L + L spaces
Define the weak-L; space L (1) by setting

Lioc(I) ={f € Lo(I) : iggtf*(t) < oo}
and equip it with the quasi-norm

17150ty = SDEF*(2), f € Lioc(0).
>

The space Ly «([) is a quasi-Banach symmetric space.
Equip the vector space Lo(I) on I with the topology of convergence in measure. The
space (L1 oo + Loo)({) = L10o() + Loo(I) consists of functions for which

[fllzrcorzoyny = fillz, oy + 1 oollzway o f = f1 + fo,
fl S Ll,oo([)7 f2 € Loo([)} < 00.

2.4 Calderén operator and Hilbert transform

For a function f € Ajg(R;), define the Calderén operator S : Ajog(Ry) — (L100 + Loo)(Ry)

as follows
:%/0 f(s)ds—l—/t f(s)%, t>0. (1)

For more details on this operator, see for instance [3], [7]. If f € Ajg(R), then the classical
Hilbert transform H is defined by the principal-value integral

(Hf)(s) /7f dn, VF € Ag(R). 2)

(see, e.g. |3, Chapter III. 4]).

We use standart methods of integration theory and the theory of rearrangement invariant
Banach function spaces. We also use some results on Kéthe duality of rearrangement invariant
Banach function spaces.



N.T. Bekbayev, K.S. Tulenov 21

3 Main results

Let ¢ : [0,00) — [0,00) be a quasi-concave function. Define a function ¢ by the following
formula

T ETO)

We need the following lemmas.

(3)

Lemma 1 If a function ¢ : [0,00) — [0,00) is quasi-concave, then the function 1 defined by
the formula (3) is also quasi-concave.

Proof. First, it is easy to see that ¥(x) = 0 if and only if z = 0. By changing variables in

(3), we obtain
uw

= inf
V()= I ST+ Tog(w))
Since ¢ is quasi-concave, it follows that

Y(up) := inf i = inf !
VTSt g(ugw) (1 + log(w)) — wel —¢(uu11$) (1 + log(w))
. 1 . U W
< inf = inf =Y(uz), 0<u < us,
T w1 22w) () g (y)) w1 d(ugw) (1 + log(w)) Pluz) ! ?

uUwW

which shows that ¢ is increasing for any v > 0. Similarly, we can prove that
for any v > 0, thereby completing the proof.

Let £ and F' be symmetric spaces on R, with the Fatou property and let £* and F*
their Kothe dual spaces on R, respectively.

COREN decreasing
u

Lemma 2 The operator S is self-adjoint with respect to Ly-pairing in the following sense
/ (Sf)(s)g(s)ds = | f(s)(Sg)(s)ds, (4)
R R

for all non-negative functions x,y € Njog(Ry).
If ERy), F*(Ry) € Ajg(R4), then S : E(Ry) = F(Ry) if and only if S : F*(Ry) —
E*(Ry), and we have

1Sl @)~ rry) = 1SFx @) Ex®Y)- (5)

Proof. The equality (4) follows from the formula (6.31) in [4, Chapter 1.7, p.138].

IfsS: E(Ry) — F(R;), then S* : F*(R;) — E*(R,). Since S* = S by (4), it follows
that S : F*(R,) — E*(R,).

Conversely, if S : F*(R;) — E*(R4), then S* : EX*(R;) — F**(R). Since E(R,) and
F(R,) have Fatou property, we have E**(R,) = E(R;) and F**(R,) = F(R,). Therefore,
again using S* = S we obtain that S : E(R;) — F(Ry). In this case, we have

ISleore = s s | [ (Sss)ds
|‘fHE(R+)§1 ||9HF><(R+)S1 R+
4)
= sup sup f(s)(Sg)(s)ds| = HS||FX(R+)%EX(R+)7
H9||F><(R+)§1 ||f||E(]R+)S1 Ry
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which completes the proof.

Theorem 1 Let ¢ and ¢ be increasing concave functions on [0,00) vanishing at the origin.
Suppose My(R.) C Apg(Ry). We have

St My(Ry) — My(Ry)

if and only if
S(¢) == cpp- ¢

Proof. Since My(R;)* = Ay(R;), M,(Ry)* = A,(Ry), and both spaces have the Fatou

property, it follows from Lemma 2 that
St My(Ry) — My(Ry)

if and only if
S . A@(R_i_) — A¢(R+>

But, by Lemma 8 and Lemma 9 in [8] the latter one is equivalent to
15X 0w l[ag@s) < copplu),  u>0,
which is, in fact, equivalent to
S(¢") << cpp- ¢ (6)

Indeed, we have

I5x0ulnsen = [ Sxon@ists) = [ Sxon ()6 6)ds
= [ oniseas = [((sds, uso

For the left hand side of (6), since p(+0) = 0, we have

cas ¢ = cop- [ @ls)ds. w0 0
Combining (7) and (8), we obtain (6), thereby completing the proof.
Corollary 1 Let the assumptions of Theorem 1 hold. Then the Hilbert transform
H : My(R) = M, (R)

18 bounded if and only if
S(¢) == cpp- ¢

Proof. Following the argument in [8, Corollary 13| mutatis mutandi, we obtain that the
Hilbert transform H : My(R) — M,(R) is bounded if and only if S : My(R;) — M,(R4).
Hence, the assertion follows from Theorem 1.
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Proposition 1 Let ¢ : [0,00) — [0,00) be a quasi-concave function and let 1) be the function
defined by the formula (3). For every u > 0, there exists y € My(Ry) such that [[y||a,@.) <
Cabs *+ Y(u) and

X(ou) < Sp(y).

Proof. Choose w > 1 such that

o V0 2 G0 ot 7 o

By (1), we have

(SX(0uw))(u) = 1+ log(w), w > 1. (10)

X(0,uw)

Set y = pu(y) = THog(w) Then by (10), we obtain

1= (Sy)(u) < (Sy)(t)v t <u,

and, therefore, x(0.u) < Su(y).
On the other hand, by (9) we obtain

. 1 1 min{t,uw}
su s,y)ds = ———— A ds
HyHMqS(RJr) >g o(t) / A(s,9) 1 + log(w t>0 o(t) /

= T hog() | sup {gb min{¢, uw}}

_;m{ sn ﬂ}
- 1 —+ log(w) t<ul?u ¢( ) t>uw gb( )
1 uw

This concludes the proof.

4 Conclusions

In this paper, we studied boundedness properties of the classical Hilbert transform acting on
Marcinkiewicz spaces. We obtained if and only if condition for boundedness of the Hilbert
transform from one Marcinkiewicz space into another. We obtained results by using standart
methods of integration theory and the theory of rearrangement invariant Banach function
spaces. The results can be further used to identify the optimal range of the Hilbert transform
acting on Marcinkiewicz spaces.
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