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CAUCHY PROBLEMS FOR THE TIME-FRACTIONAL DEGENERATE
DIFFUSION EQUATIONS

This paper is devoted to the Cauchy problems for the one-dimensional linear time-fractional
diffusion equations with 95 the Caputo fractional derivative of order a € (0,1) in the variable
t and time-degenerate diffusive coefficients t” with f > —a. The solutions of Cauchy problems
for the one-dimensional time-fractional degenerate diffusion equations with the time-fractional
derivative 9¢ of order o € (0,1) in the variable ¢, are shown. In the "Problem statement and main
results"section of the paper, the solution of the time-fractional degenerate diffusion equation in a
variable coefficient with two different initial conditions are considered. In this work, a solution
is found by using the Kilbas-Saigo function Eg .,:(z) and applying the Fourier transform F
and inverse Fourier transform F~'. Convergence of solution of problem 1 and problem 2 are
proven using Plancherel theorem. The existence and uniqueness of the solution of the problem are
confirmed.

Key words: Time-fractional diffusion equation, Fourier transform, the Kilbas-Saigo function.
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Besmek perrti TybIHABLIBI e3reniejeHre andpdys3ua TeHaeyaepi yinia Kormm ecebi

Byn xywmbicta t?, B > —a mudbdysusaisk kosbdummenrrepi 6ap, ¢ afHBIMAIBICH OOMBIHIIA
a € (0,1) ymin 6enmek perri Kamyro Tybiaapicer 0F 6ap 6ip esiiemi ChI3BIKTBI 6OJIIIEK perTi
TYBIHJBIIBI ©3remnterenren auddysusa Tengeysaepi yimia Kommm ecenTepsi mrenryre GarbITTaIFaH.
a € (0,1) ymin Gesmek perti TybIHABICH O 6ap Gip eseM/Il ChI3BIKTHI GOJIIIEeK PETTI TYbIH/BLIbL
esreriesienren uddy3us TeHjeysepine Koiburan Komm ecenrepinis, miemriMepi KOpCeTiIreH.
Kywmpictoir "EcenTin, KOWBLIBIMBI »KoHE HeErisri HoTuKesep"OomiMinme eki Typsi OGacTamkb
mraprrapbl 6ap ¢ aifapiMasibicel Gofibiama « € (0,1) yurin Gesmek perri TybiHabIchl Of Gap 6ip
OJIIIEM/TI CBI3BIKTHI OOJIIIIEK PEeTTi TYBIHIABLIBI O3TeleeHrer audy3nus TeHaeyaepinin mernriMi
KapacThIpblarad. Byi kymeicra mentiM Kunbac-Caiiro Ey b, (2) GyHKIuACH apKpUIbl GepiireH,
Dypbe TypaeHipyin F koHe Kepi @yphe TypieHaipyin F ! KoajaHy apKbLIbI IIEITM TaObLIFaH.
1-mi ecen meH 2-11i ecenTiH IIeNriMJIepiHiH >KUHAKTBLIbIFBI [LraHimepes TeopeMachbl apKbLIbI
monenmenai. Ecenrin menmiMinig 6ap 60Iybl MEH >KAJIFBI3ILIFGI T9JIEIACHTCH.

Tyitin ce3nep: Boumek perTi TYyBIHILLILI e3remieaenred muddysus Tenaeyi, Pypbe TypaeHmipyi,
Kuibac-Caiiro ¢pyHKIUSICHI.
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Bagaua Komm 1y JpoOHBIX BBIPOXKAEHHbIX AN PY3NOHHBIX ypaBHEHUI

Jlannas pabora mOCBsIeHa 3amadaM Komm Jjis OJHOMEPHBIX JIPOOHBIX BBIPOXKICHHBIX JIM-
Helubix uddy3nonnbix ypaBuenuil ¢ Jf npobuoii npoussoguoit Kamyro nopsaka a € (0,1)
[0 THepeMeHHoii t m ¢ BLIpOKJamuMcs Kodbdunmentom muddysun t7 mpn f > —a. Pe-
menns 3aadu Kommm i1 OJTHOMEPHBIX YpPaBHEHHI BBIpOXKgatotieiicss auddy3un ¢ apoOHOiM
[0 BpeMeHM INpou3BoxHOH OF mopsinka « € (0,1) mo mepemenHoil ¢ nokasaubl. B pasmese
"TlocranoBKa 3aja49u W OCHOBHBIE pE3yJIbTATHI"CTaTbU pPAaCCMATPUBAETCS PeIleHne JPOOHBIX
BBIPOXKJICHHBIX JIMHEHHBIX Iu(@Y3UOHHBIX YPABHEHUN C IEPEMEHHBIM KOIMDMUIMEHTOM IIPU
JIBYX Pa3JUIHBIX HAYAJIBHBIX YCJIOBHSAX. B 3TOil pabore perieHure MpPEJCTABICHO C OMOIIBHIO
dbyuxmun Kunbaca-Caiiro Eq p,i(2) u myTem npumenenns npeobpasosanus Pypbe F u obpar-
Horo mpeobpasopanuss Pypre F!. CxommMoCTh pelreHus 3aiaau 1 u 3amaau 2 JOKa3BIBAETCS
¢ oMoIkIo Teopembl [Lnanmepess. JlokazaHbl CyliecTBOBAHNE U €IMHCTBEHHOCTD PEIIeHUsT 3a1a4.

Kurouessbie cioBa: J[poGHO-BBIpOXKIeHHOE M Dy3nOHHOE ypaBHeHue, npeobpaszoanue Pypbe,
dyukmus Kunbaca-Caiiro.

Introduction

Differential operators of fractional order can be defined in different ways, and therefore,
when solving boundary value problems and partial differential equations of fractional order,
depending on the proposed operators they should have different approaches.

Many researchers have studied the existence and uniqueness of solutions to fractional
diffusion equations. Authors in [1] investigate two inverse source problems for non-
homogeneous diffusion equation in rectangular domains. Various types of fractional
derivatives and their properties have been investigated by the authors in the [2]-|5]. Fractional
calculus is used in many branches of science, such as physics, mechanics, mathematics and
etc. [6]-[10]. In [11] obtained results on the existence and uniqueness of a solution to the
fractional nonlinear and linear Cauchy problem containing the Riemann-Liouville derivative
in R™. In [12]| authors proved a positive maximum (negative minimum) principle diffusion
equation with the Caputo derivative of order o € (0, 1). Luchko and Yamamoto proved the
existence of a suitably defined generalized solution for the general time-fractional diffusion
equations with the Riemann-Liouville and the Caputo type derivatives in [13].

Recently, in [14] the initial-boundary value problems of Dirichlet and Neumann for the
Caputo type time-fractional diffusion equation are considered. Also, the regular solution of a
mixed problem for the Hilfer type nonlinear partial differential equation in three-dimensional
domain is studied in [15].

One of the common definitions of a fractional derivative is Riemann-Liouville, which is
applicable, and initial conditions with a fractional derivative are required. In such initial value
problems solutions are practically useless, because there is no clear physical interpretation of
this type of initial condition |[5].

Another definition that can be used to compute a fractional derivative was introduced
by Caputo [16] in 1967. The benefit of using the Caputo fractional differentiation operator
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is that it is applicable; standard initial conditions in terms of integer order derivatives are
involved.

Therefore, we separately considered two Cauchy problems for the diffusion equation in a
variable coefficient with Caputo and Riemann-Liouville fractional derivatives.

1 Problem statement and main result

1.1 Problem 1.
In this paper we study the time-fractional diffusion equation
O u(t, ) — tPu,(t,r) =0, (t,z) € (0,00) x R, (1)
with the initial data
u(0,z) = ¢(x), x € R, (2)

where § > —a and 9¢ is the Caputo fractional derivative of order o € (0,1) in the variable
t, which defined by

1

Fu(t,x) = m/o (t — s)"“Osu(s, x)ds.

We denote H?(R) as a Hilbert space
H*R)={f: feLl’R); fuwecLl*R)},

endowed with the norm

—+00 N
11y = / (1+ €)|F(€)Pde.

where f(€) is the inverse Fourier transform.

Definition 1. We say that the solution to the problem (1)-(2) is a function u €
C([0,00); L3(R)), such that t20%u, u,, € C([0,00); L*(R)).

Theorem 1. Let ¢ € H*(R), then the unique solution u € C([0,00); L*(R)) to problem
(1)-(2) has the form

utia) = [ TGOE, 1 o (- (1) € (0,00 X B,

where

59=5 [ " i g 5)ds

:% N

and Ey mi(2) is the Kilbas-Saigo function [3, Remark 5.1] defined as

= ., Dla(m+1)+1)
_ k _ _ TT7R—1
Ea,m,l(z> - chz ) Co = 1; Cp = Hj:() F(a(]m + l _'_ 1) + 1)7 -
k=0
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In addition, the solution u satisfies the following estimates
[[ult, o)z < 9]l m®),

sup |[t7P0pult, )| |r2w) < N0l m2w),
te(0,+00)

sup | [tga(t, )l 2) < (|9l m2(R)-
t€(0,400)

The proof of Theorem 1.

e The existence of a solution. Applying the Fourier transform to problem (1)-(2), one
obtains

apa(t, &) + E%u(t,€) = 0, (t,€) € (0,00) x R, (4)
(0, €) = 6(€). (5)

The solution of problem (4)-(5) has the form [4, p. 233/
W(t,6) = G(O)B, 14,2 (=671, (6)

Further, taking into account the inverse Fourier transform, we get

+00
uta) = [ BB, 1 5 (-

o0

e Convergence of the solution. Regarding the estimate for the Kilbas-Saigo function with
€ (0,1), B > —a provided in [2, Theorem 2]

1
(B'i‘l) 2 a’
1+ F(a+/3+1)5 o

an,l—i—

t>0, (7)

Q[w
ol )

)

and the Plancherel theorem, we obtain

sup /+°°|u<t,x>|2dx: sup /+°O|a<t,f>|2d5

tE(O;‘rOO) —00 tE(OHrOO) —00

+oo
< swp [ IBOPIE, 1y 5 (-0 Pag

te(0,+00) 0o

< ||¢||%2(R) = ||¢||%2(1R)-

Then, using the following a simple calculation
8;1 |:Ea71+§7g(_€2t/8+04>:| o _§2tﬁEa71+§7g(_§2t6+a)7

we deduce that
(=€) | de

o [@
o [@

)

+oo -
Iy u(t, x) :/ e o(€)y |:Ea,1+

(e 9]
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+o0 .
[ TOLE, 1 s (-

[e.e]

jolje

Therefore, it follows that

ol )e

+o00 5
sup [P0 u(t, )72y < sup / €& By 1y a0 (—€27F)2dE

te(0,400) te(0,400) 0o

+o0 -
< / E28(6)12dE < 116l 2.

Similarly, for u..(t,xz) one obtains

+o0 N
Sup [ty (t, )| [F2my < sup / €GP, 2,5 (~E787F) Pd

te(0,+00) t€(0,4-00) J —c0

+oo -
< / €362 < 116l .

e Uniqueness of the solution. Suppose that there exist two solutions u; and uy to the
problem (1)-(2), respectively. Then we choose u = uy — ug in such a way, that u satisfies the
equation (1) with the initial condition (2).

Let us consider the function

+o0
it €) = / Tyt p)dz, t> 0, €€ R. (8)
Applying the Caputo derivative 0f in (8) and remaining (1), we deduce that

+oo

oyu(t, &) = / e o u(t, v)dx

—0o0

_ / e (4 )de = 1P FIF N a(t, )]

= —t°¢%u(t, &), t > 0.

From (5), it yields
(0,€) = 0.

In view of the equality (6), we can conclude that u(t,§) =0, t >0, £ € R. Consequently,
+00 )
u(t, &) = / ey (t,x)de =0, t >0, £ €R.

Therefore, using the inverse Fourier transform we can get uw = 0, which guarantees the
uniqueness of the solution uy = us.
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1.2 Problem 2.

Next, we consider the one-dimensional time-fractional diffusion equation
Du(t, x) — tPug,(t,z) =0, (t,z) € (0,00) x R, 9)
supplemented with the initial condition
II'u(0,2) = ¢(x), v €R, (10)

where 8 > —a, I}™* and D¢ are Riemann-Liouville fractional integral and derivative of order
a € (0,1) in the variable t, respectively, which defined by [4, p. 79-80]

D) = G110 = e | e (1)

and

L = r(11_a> /0 (f(—sgi' .

Definition 2. We say that the solution to the problem (9)-(10) is a function t'~%u €
C((0,00); L3(R)), such that t'=*=PD2u, t'=%u,, € C((0,00); L*(R)).

Theorem 2. Let ¢(x) € H?*(R), then the unique solution u of problem (9)-(10) has
represented by

u(t,z) = e /+OO e i H(&)E (=4t )de, (t,x) € (0,00) x R
L) = T(@) ) . a1+8, 14871 » b ) ’

where

9=5 [ " e (s)ds,

:% N

and Eq m(z) is the Kilbas-Saigo function defined by (3) such that satisfies the estimate [2,
Proposition 2/

1
(1-+am) e
T'(14+am @
<]‘ + F(l+a(m+1))§2tﬁ+ )

wz’thozE(0,1),B>—a,m:1+§>0.

Ea,m,mf L (_£2t5+0{) <

t>0, (13)

Moreover, the next inequalities are valid for the u solution

sup [t u(t, )| |2y < 1|92y
te(0,+00)

sup [t Du(t, )| ey < |10l
te(0,400)

sup ' [uae (t, )2y < |19 H2(w)-
te(0,400)
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Proof of Theorem 2.

e The existence of a solution. In view of the Fourier transform we can verify that

DRa(t,€) + 4%a(t, &) = 0, (1,€) € (0,00) x R, (14)
with the initial data )
I;7(0,€) = ¢(¢). (15)
The solution of the problem (14)-(15) can be given explicitly by [4, p. 227]
ﬂ(t,g) = qz(f)ta_lEa71+§71+%(_§2tﬁ+a)' (16)

Consequently, from the inverse Fourier transform, we have

a—1 +00 _
utr) = o [ OBy e (<€

—00

e Convergence of the solution. Thanks to the estimate (13) and Plancherel’s theorem,
we deduce that

+oo +00
sup [t oPde = s [P

t€(0,400) J —co te(0,+00) 0o
2 ERee) _
< sup \— | IHOPIE, 1y (-0
te(0,400) F(Oé) —00 S

< ||¢||%2(R) = ||¢||%2(R)'

In view of the next simple identity
sz |:ta—1Ea71+§’1+ﬁ;1(_€2t6+o¢):| _ _g?tﬁ+a—1Ea71+§71+% (—§2t’3+a)7
one obtains

1 e —ix€ a|a— a
Diultsa) = o [ HODE 1 B e (€7

tﬂ-‘rcx—l +o00 ine , -
T T [ O E s (£
Hence, it yields

sup [t Dfult, )| |72
te(0,+00)

2 400 R
sup | —— NGO PIE, 1 a1 o (—E2) e
t€(07+w)\r(a) | IBOIE, g s (-84

+o0 -
< / 5O Pde < ||6]|m2 e
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Similarly, for u., we can get the following estimate

sup ¢ gy (, )] |72 (R)
te(0,4-00)

2 400 N
| IR OPIE, 1y g o (-

sup  |——
te(0,4-00) ‘ F(a)

+o0 ~
< / €23(6)2de < 116l ee0.

e Uniqueness of the solution. Suppose that there are two solutions uy and us of problem
(9)-(10) then u = uy — ug in such a way, that u satisfies the equation (9) and the condition

(10).

Next, we consider the function

a(t, &) = /_m e u(t, x)dr, t>0, £ €R. (17)

[e.9]

Applying the operator D to the function (17) and recalling (9), we have

+oo
Dya(t, €) = / e Dy(t, x)dx

— 00

+00
= —t? / ey, (L, x)dx

= t*F[F~ (%t x))]
= 1P€%u(t, &), t >0, £€R.

From (15) we obtain
II2a(0,€) = 0.

Then using the expression (16) we conclude that I}~ *u(t,€) = 0, which verifies u(t,&) = 0.
Finally, applying the inverse transform we have u(t,z) =0, consequently uy = us.
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