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MULTI-TERM TIME-FRACTIONAL DERIVATIVE HEAT EQUATION FOR
ONE-DIMENSIONAL DUNKL OPERATOR

In this paper, we investigate the well-posedness for Cauchy problem for multi-term time-fractional
heat equation associated with Dunkl operator. The equation under consideration includes a
linear combination of Caputo derivatives in time with decreasing orders in (0,1) and positive
constant coeflicients and one-dimensional Dunkl operator. To show solvability of this problem we
use several important properties of multinomial Mittag-Leffler functions and Dunkl transforms,
since various estimates follow from the explicit solutions in form of these special functions
and transforms. Then we prove the uniqueness and existence results. To achieve our goals, we
use methods corresponding to the different areas of mathematics such as the theory of partial
differential equations, mathematical physics, hypoelliptic operators theory and functional analysis.
In particular, we use the direct and inverse Dunkl transform to establish the existence and
uniqueness of solutions to this problem on the Sobolev space. The generalized solutions of this
problem are studied.
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MaremaTuka koHe MaTeMaTHKAJBIK MOJENbIey NHCTUTYTHI, Kazakcran, AiMars! K.
e-mail: serykbaev.daurenbek@gmail.com
Bip emmemai JJaHky omepaTopbl YIIiH YaKbIT OOMBIHIIIA KOIIMYIIIEJK O6JIIIeK TYBIHIbICHI 0ap
KBUIY OTKI3rimTik TeHaeyi

Byn makanama 6i3 Jlauks omnepaTropbiMeH OaitIaHBICTBI YAKBIT OOMBIHINIA KOIMYIIETIK OOJIIIeK
TYBIHJBICHI 6ap KbIIY OTKI3rmTIK TeHaeyi ymrin Kommm ecebiHiH KUCBIHIBI €KEeHIH 3epTTeiimis.
KapacTsIpbLibIll OTBIpFaH TeHJEY yakbIT 6oiibiaIa KamyTo TybIHIBLIAPBIHBIH, CHI3BIKTHIK, KOMOU-
nanusicel (0, 1) oy koaddurmenrrepiven kone se 6ip esmemal JTaHKII olepaTOpbIHAH TYbIHIATAH.
By ecenrin miemivainirin kepeery yinin 6i3 MurTar-Jleddiaep kemmymresnik apraiibl byHKITIsIa-
pbl 2KoHe JIaHKI TYpIeHAIPYiHIH MAHBI3IbI KACHETTEPIH KOJIIaHaAMbI3, OUTKEeHI OpTYpJIi baratayiap
OCBhI apHaiibl PYHKIUsIIAPMEH TYPJIEHIIPY/Iep TYPiHAeri HaKThI IelriMep/ieH Tybiaaiiapl. Conan
KeitiH 613 OChI ecenTiH memniMi 6ap »KoHe XKaJrbl3 eKeHiH JaJesnaeiiMiz. Ochl afThIIFaHIbI JoJIe -
ey yiriH 613 MaTeMaTUKAHBIH 9PTYPJI CATajJapblHA COUKEC KEJIETIH OiCTep/Il KOJIaHAMbBI3, aTall
aTKaHIa gepdec TyBIHABLUIB uddePEeHITHAIBIK, TEHIEYIED TEOPUICHl, MATEMATHKAJIBIK, (PI3NKa
TeHJIeyJIepi, TUIOdJUINIITUKAJIBIK, OIIepATOPJIap TEOPHUCH KoHe (DYHKIMOHAJIBIK Tajagay. Kapac-
TBHIPBIN OTHIPFAH €CEITIiH IrerriMi 6ap koHe KaJrbli3 6osiaTbiHbiH Co00JIeB KEHICTINIHIE J1oJ1e 1 Ieii-
Mi3, oJi yiriH 6i3 Herisri oiic periHige Typa koHe Kepi laHK/ TYpJeHIIpyiH KoJigaHaMbi3. By
ecernTe XKaJIblIaMa MeiM KapacThIPBLIA/IbL.

Tvyitiu cesmep: lauki omeparopsl, XKbuly oTKi3rimTik TeHzeyi, Komm ecebi, Kamyro 6emmex
TYBIH/IBICHI.
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B sT0it cTaThe MBI HCCHIEIyEeM KOPPEKTHOCTH 3aadn Komm mjisi ypaBHEHHUsS TEILIONPOBOIHOCTH
¢ MHOTOWIEHHBIM JPOOHBIM ITPOU3BOJIHBIM II0 BPEMEHEM CBSA3AHHOIO € omeparopom Jlamkia.
PaccmarpuBaemoe ypaBHEHME BKJIIOYAET JIMHEHHYI0 KOMOWHAIIMIO MPOM3BOAHBIX KairyTo 1o Bpe-
MeHHU ¢ yobiBaromumu nopsizikaMu B (0, 1) u nosoxkuTe bHbIME KO3GbDMUIUEHTAME 1 OJHOMEPHBIM
oneparopoM Jlanka. YToObl 1OKa3aTh Pa3permMOCTh STOHM 3a/1a9u, MbI UCIOJIb3YeM HECKOJIbKO
BayKHBIX CBOIMCTB MHOTOWIeHHBIX (yHKImit Murrara-Jleddiepa u mpeobpasosanmit Jlankiia,
ITOCKOJIbKY U3 SIBHBIX PEIIeHUI B BUE ITUX CHEINAIbHBIX (DYHKINI 1 TPE0OPA30BAHUN BHITEKAIOT
pA3UYHbIE OINEHKHW. 3aTeM Mbl JOKayKeM eJIUHCTBEHHOCTh M CYyIIEeCTBOBAHUS PEIIeHUs] ITON
3aJlavu. ZL.HH JOCTUKEHNA HalllUX IeJIb MbI HCIIOJIB3YEM METO/bI, COOTBETCTBYIONINE DPA3JIMIHbBIM
00J1acTsIM MaTeMaTUKU, TAKUM Kak Teopusi JuddepeHIalibHbIX YPABHEHUN B YaCTHBIX IIPOU3-
BOJIHBIX, MATEMATHIECKAs (PU3NKA, TEOPUs TUIOILIAITHIECKAX OMEPATOPOB U (DYHKIIMOHAJIbHBIIH
arasn3. B vacTHOCTH, MBI UCIOJIB3yeM MpsAMOe u 00paTHOe npeobpaszoBanue /laHkia, 9T00BI ycTa-
HOBUTH CYIIECTBOBAHNE U €JMHCTBEHHOCTH perteruii 910 3ajaun B CobOJIEBCKOM MPOCTPAHCTBE.
N3zy4gatoTcss 06001eHHBIE PENTeHNsT STON 38 Ia9H.

Kiouessie cioBa: Omneparop [lankia, ypaBHeHHE TEILIONPOBOIHOCTH, 3ajada Koru, npobHast
npousBoaHas KamyTo.

1 Introduction

Let v be 0 < v < 1. For a fixed positive integer m, a; € R and 7; (j = 1,...,m) be constants
such that 1 >~ >~ >,...,> 7, > 0. We consider the following equation

Ojult,x) = > a;0ult,x) — A ult,z) = f(t,x) (1)
=1
in the domain (¢, ) € Qr, under the initial condition

uw(0,2) = g(z), = €R, (2)

where f and g are sufficiently smooth functions.
Here 0;” denotes the Caputo derivative defined by

o o 1 bl (s)
Oy u(t) = Ti—a)) /0 =) ds,

where T'(+) is a usual Gamma function. For various properties of the Caputo derivative, we
refer to Kilbas et al. [9], Podlubny [10].

The operator A, is called the Dunkl operator which was introduced in 1989 by C. Dunkl
[2], where a > 1/2. The Dunkl operator is associated with the reflection group Zs on R.
The Dunkl operators are very important in pure mathematics and physics. Solution of the
spectral problem generated by the Dunkl operator is called the Dunkl kernel E, (izA) which
is used to define the Dunkl transform F,, [4]. Main properties of the Dunkl transform is given
by M.F.E. de Jeu in 1993 [5]. For more information about harmonic analysis associated with
the operator A,, we refer the readers to the papers [1}3}5]6].

A general solution of problem (I)—(2) is the function u € C%([0,T7], L*(R, uo)) N
C([0,T], W2?*(R, no)) satisfying the equation (1). Let us denote that by D] := 8] —
D i1 4 9,
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2 Auxiliary materials

In this section we introduce the Dunkl operator and it’s necessary properties to our research.

2.1 The Dunkl operator and the Dunkl transform

The first-order singular differential-difference operator A,,a > —1/2, given by

Aay(z) = Ly(a) + 221 (y(x) = y(_x>) ., yeC'(R)

d:r;<> T 2

called the Dunkl operator, associated with the reflexion group Z, on R. If a = —1/2, the
Dunkl operator turns into the ordinary differential operator A_;/ = %
For a > —1/2 and X € R the spectral problem associated with Dunkl operator

{Aay@:) — (iINy(x) =0,
y(0) = 1.

has a unique solution y(x) = D, (iz ) called Dunkl kernel given by

A aalin)), 7 €R

Da(ZZE/\) = ja(ZCCA) + m

where

1 A/2)%
JaizA) =T(a+1 Z AT

is the normalized Bessel function of order «.

3ameuanue 1 For a = —%, we have
&y(@) = (Ny(a) =0,
y(0) =1

The solution of this problem is 4
D,1/2(Z‘.’L')\) = 6196)\.

Definition 1 We denote by LP(R, ui,), 1 < p < 400, the space of measurable functions h on
R such that

1
1l = ( / rh<x>|pdua<x>) < too, 1<p<+oo,
R
[hlloe = sup [h(x)] < +oo.
rxER

Here p,, is the measure defined on R by
|x|2a+1

S e — > 1/2.
e “Z27Y

dpa () =
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For h € L*(R, ,) the Dunkl transform is defined by

Fulh)N) = R(N) = /R h(2)Da(—iz))dpa(z), A€ R. (3)

This transform has the following properties ( [5]):
i) For all h € S(R), we have

FalAah)(N) = DFa(B)(N), AER. (4)

ii) For all h € L'(R, p,), the Dunkl transform F, is a continuous function on R satisfying
[Fa(P)llsc < [[]|1,a-

iii) (L'-inversion) For all h € LY(R, uo) with F,(h) € L (R, puy), we have

/ Ful D, (ixA)dpa(N). (5)

iv) F, is a topological isomorphism on S(R) which extends to a topological isomorphism on
S'(R).

v) (Plancherel theorem) The Dunkl transform F,, is an isometric isomorphism of L*(R, p,).
In particular,

|Fa(h)ll2.a = lI2]l2a- (6)
Notation. ( |6, p. 22]) For s € R we denote by
WeRopa) i= (b € SR Bl 0, = [ L+ XPIZ O Pda(d) < o0)

the usual Sobolev space on R.

3 Main results and methods

Theorem 1 Let g € W2%(R, uy), f € C([0,T], W23(R, uo)) and 0 < v < 1. Then there
exists a unique solution of problem f. Moreover, it is given by the expression

tia) = [ [ o) (1= X0 B2 (0) Daliod) D (isA)dita(1)dia ()

i /R /R /o %{TWE 14(T)}(E = 7,9) DaiwA) Do (—iyA)drdpia (y) dpia(N),
where

Ey1(t) = Ely—,irmmmin (@7 a7, A,

m l;
> k! 1 =7
E('Yl ----- Ym41),B8(21 - Zm41) — E : z: 0.1 ’ m—i—Jl (7)
k=0 li-+lobotlms1=F, m! (ﬁ+2 —1 )

1120,....lm+12>0

is the multivariate Mittag-Leffler function [7)].
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Existence of the solution. Now to show that there is a generalised solution to problem
—, we apply the Dunkl transform F, to the equation and the initial condition ([2)).
It gives us

oju(t, \) — i a; 070t N) + N2t \) = F(t, N), (8)
and
a(0,)) = G(\), 9)

for all A € R, where (-, \) is an unknown function. Then by solving the equation under
the initial condition (15)) (see [7]), we get

A1) =GN (1 - MOE, 1 (1)

+ [ 77, () e = (10

Lemma 1 [§/ Let 0 <y < 1. Then
d, .. o1
OB (0} = 07 B, (1), t> 0.

Using Lemma [1| we can rewrite the formula in the form:

at,A) =g\ (1= B, (1)

+ /0 t L Bry ()}t~ 7 N (1)

Consequently, by using the inverse Dunkl transform to , one obtains the solution

of problem —

u(t,z) = / / 9(y) (1= NtEy 11 () DalixA) Da(—iy)dpia(y)dpa(N)
R JR (12>

" /R /R /0 %{TWE 149(T)}H (t = 7,y) Da(ixX) Do (—iyA)drdpa(y)dpia (N).

Here, we prove convergence of the obtained solution ([12) and it’s derivatives
D]u(t,z), A2u(t,z). To prove the convergence of these, we use the estimate for the
multivariate Mittag—Leffler function (7)), obtained in [8], of the form

C

|E('Y_'Yl ..... ’Y_'Ymv"/),lﬁ"y(a’lt’y_’n? s amt'}’—’Ym’ _)\%7)‘ S m

Let us to show absolute convergence the first term of :

GO (1= 0B, 1 (1) < ClaOV|
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Let us to show the convergence of the integral term of :

/0 t i{ﬂEM(T)}f(t N <

B 1 13

<gga§t|f(t [ VE, (L) < (13)
X .

< 02%'»’““ T EL(T) < Cllf( Mlleqor)-

Now using obtained above inequalities and in view of Plancherel theorem we have

[t )30 = I )50 = /IuM Pdpa(N) <

< Cllgllz.a + ClFIZqo1L2@p0)):
This implies u(t, ) € C([0,T]; L*(R, 114)). Similarly we can obtain

IAZut, Y2, = A%, B, = / N8, V) Pdja(N)
< ClglP FCIfIE,

W32 (R pa)

This implies immediately A2u(t,z) € C([0,T]; L*(R, yo)). Finally, we have

IDTut, )50 = DAt )50 = 1) = N0l )50
< CHf(tv ')Hg,a + OH/\2’/LL\(75, ')Hg,a
< Clgll; +C|fIIZ

W32 (R,pa)
This is Dju(t,z) € C([0,T); L*(R, ita)). So we finally proved existence of the generalized
solution of the problem (I)—(2) and it belongs to the class u(t,z) € C*([0,T], L*(R, pq)) N
C([0, 7], W22(R, ).
Now, we are in a position to show the uniqueness of the solutions. Suppose that there are
two solutions u; and uy of the problem . . Denote

C(0,T];WE* (Ropa))”

([0, T (Rpa))’

u(t, ) = uy(t, x) — us(t, x).

Then the function u satisfies the equation
x) — Z a;0/ u(t, ) — A2 ju(t,x) =0, (14)
j=1

with homogeneous condition

u(0,x) = 0. (15)
Then by applying the Dunkl transform F, to the problem f one obtains

DY, a(t,A) + Nt A) = f(t,0), @0, \) = 0.

Then we have the trivial solution, i.e. (¢, A) = 0. Then by acting inverse Dunkl transform to
this trivial solution we see that the solution u of the problem ((14 . is equal to zero. This
means u; = us. It contradicts to the our assumption, so the solutlon of the problem . .
is unique.
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4 Conclusion

In this paper we showed existence and uniqueness of the solution to the f by using
direct and inverse Dunkl transforms and using property of the multivariate Mittag-LefHer
function. Further investigation problems will be application this technique for other type of
equations such as Multi-term time-fractional derivative wave equation for Dunkl operator.
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