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MODIFICATION OF THE PARAMETRIZATION METHOD FOR SOLVING
A BOUNDARY VALUE PROBLEM FOR LOADED DEPCAG

The functional differential equation plays important role in mathematical modeling of biological
problems. In the present research work, we investigate a boundary value problem (BVP) for a
functional differential equation. This equation includes loaded terms and a term with generalized
piecewise constant argument. We apply a modified version of the Dzhumabaev parameterization
method. The method’s goal is to lead the original problem into an equivalent multi-point BVP for
ordinary differential equations with parameters, which is composed of a problem with initial and
additional conditions. The multi-point BVP is leaded to a system of linear algebraic equations
in parameters, which are introduced as the values of the desired solution at the dividing points.
The found parameters are plugged into auxiliary Cauchy problems on the partition subintervals,
whose solutions are the restrictions of the solution to the original problem. The obtained results
are verified by a numerical example. Numerical analysis showed high efficiency of the constructed
modified version of the Dzhumabaev parameterization method.

Key words: load, piecewise-constant argument, two-point boundary value problem,
parametrization method, numerical solution.
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KaamnbuiaHrFaH Typeri 6eJiKTi-TypaKThl apryMeHTi 6ap >KYKTeJret auddepeHInangblk
TeHJey YIIiH HIeTTIK ecerTi IelnyaiH mapaMerpJiey dIaiciHiH MoauduKamusich

D yHKITUOHAIBIK-TN (D DEPEHITHATIBIK, TEH/IEY OMOJIOTUSIBIK, €CENITEP/ i MATEMATUKAJIBIK, MOJIE/Th-
Jeyie MaHbI3/IbI peJI aTKapaabl. Ochl XKyMbICTa (DYHKIIMOHAJIBIK-TU(dEePEHIMATIBIK, TEeHJIeY YIITiH
mertik ecen (IITE) kapacroipbliaibl. Byst TeHjey XKyKTeareH Mymiejaep MeH YKaJIIbUIAHFAH TYDIe-
ri GeMKTI-TypaKThl apryMeHTi 6ap KOCBUIFBIINTAH TYpaabl. 2KyMabaeBThIH mapaMeTpey oIiCiHiy,
MOIM(UKAIUSIIAHFAH HYCKACHI KOJIIaHbLIaIbl. OIICTiH, MaKCaThl - OeplIreH ecenTi 6aCTalKbl XKOHE
KOCBIMIIIA IIaPTTAPIaH TYPAThIH S9KBUBAJIEHTTI mapaMerpiiepi 6ap xkoit quddepeHnuaabk, TeHIe-
yiiep xkyiteci yuiin ken nykresi IIIE kenripinyi 6osbim Tabeuiaasr. Ken mnykreni ITE 6esty mykTe-
JIepiHJe 13/1e/TiH ]l MeNMHIH, MOHI peTiHJe eHri3lieTiH mapaMerpjepi 6ap ChI3BIKTHIK AJIredpaJIbIK,
TeHzeyIep Kylecine kenripineni. Tabbuiran mapamerpsep 66IIKTEYIIH MK MHTEPBAJIIAPBIHIAFBI
KocwiMITia Kormm ecenrepine KOMBLIAABI, OJAPIBIH MIeniMaepi 0acTamKbl METTIK eCenTiH MemnmimM-
JIepiHIH, CBIFBLIYBI OOJBINT TaObLTAABI. AJIBIHFAH HOTUIKEJIED CAHJIBIK, MbICAJIMeH Tekcepinemi. Can-
JBIK Taagay 2KyMabaeBThIH ITapaMeTpJiey 9IIiCiHIH KypacThIPbLITaH MOTU(MPUKAIIASICHIHBIH, 2KOFaPbI
TUIMIIITIH KOPCETTi.

Tvyiiia ce3aep: xkykKrey, OOMKTITYPAKThI apryMEHT, €Ki HYKTeJIi IeTTIK ecel, TapaMeTpJiey 9Iici,
CAH/JIBIK, TIIETITiM.
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Moaudukaius MeToqa MapaMeTPU3alui PeHIeHns KPAaeBoil 3a1a49u JIJIsi Harpy»KeHHbBIX
auddepeHITAIbHBIX yPABHEHUH C KYyCOYHO-IIOCTOSTHHBIM apryMeHTOM ODOOIIEHHOro TUIia

OyHKITMOHATHHO- M EPEHITNATBHOE yPABHEHNE UI'PAET BaXKHYI0 POJIb B MATEMATHIECKOM MO~
JIUpoBaHUM OHOJIOrUYecKuX 3ajad. B Hacrosimeil pabore ucciemyercs Kpaeas 3agada (K3) mis
dYHKIMOHATBHO-TU(D D epeHIInaIbHOr0 ypaBHenus. B 3170 ypaBHeHne BXOIAT HATPYXKEHHbBIE tjIe-
Hbl ¥ YIE€H C ODODOIIEHHBIM KYCOYHO-IIOCTOSIHHBIM aprymMeHToM. lIpuMmeHuM MOaudUIMpOBaAHHbBIM
BapuaHT MeToja napamerpusanun Jxxkymabaesa. Llesb MeTo/1a - IpUBECTH UCXOTHYIO 3881y K K-
BUBAJIEHTHOI MHOrOTO4YeuHOM K3 17151 00BbIKHOBEHHBIX MubdepeHITnaTIBHBIX yPABHEHMI C ITapaMeT-
pamu, CoCTosAIIeH U3 33129 C HAYAJbHBIMA U JIOTIOJHATEIbHBIME yeaoBusgmu. Muororoueunas K3
MIPUBOJIUTCS K CUCTEME JIMHEHHBIX ajre0panvdecknx ypaBHEHUI ¢ mapaMeTpaMu, KOTOPbIe BBOJISIT-
csl KaK 3HAYEHUsI ICKOMOTO PelleHusl B TOUKax Jesienns. Halijiennble mapaMerpbl OICTABIISIOTCS
BO BCIIOMOTraTe/IbHbIe 3a1a9n KoIu Ha MoJuHTepBajiaXx pa30OueHns, PeIleHns KOTOPBIX sIBJISTFOTCS
Cy>KEHUsIMU PeIeHns UCXOMHO# 3ajaun. llosrydeHHble pe3ysibTaThl IPOBEPSIIOTCS HA UUCICHHOM
npuMepe. UucaeHHbI aHAIN3 TOKA3a/I BBICOKYIO 3P (MEKTUBHOCTD TOCTPOECHHON MOIN(MDUIIMPOBAH-
HOIT Bepcum MeToj1a mapamMerpusaruu /2KymabaeBa.

KimroueBbie cioBa: HArpy3ka, KyCOUHO-TIOCTOSTHHBIN apryMeHT, JIByXTOUeTHAas KpaeBasl 3a/ia4a,
MeTOJ] [TapaMeTPU3allui, YUCJIEHHOE PEIleHNe.

1 Introduction and preliminaries

The theory’s creators, K. Cook, J. Wiener and S. Busenberg, suggested using differential
equations with the piecewise constant argument for investigations in [1], [2]. Within the
final four decades, numerous interesting results have been found, and applications have
been realized in this theory. Numerous additional theoretical issues, such as existence and
uniqueness of solutions, oscillations and stability, integral manifolds and periodic solutions, as
well as many more, have been thoroughly discussed. Information about differential equations
with piecewise constant argument of generalized type (DEPCAG) can be found in books [3],
[4] and papers [5], [6].

This article’s basic objective is to broaden the modification of Dzhumabaev
parametrization method [7], [§] to the boundary value problem for the system of loaded
DEPCAG. For this purpose, we have developed computational method solving a boundary-
value problem for the system of loaded DEPCAG.

Loaded differential equations (LDE) were investigated in [9], [10] and the references
therewith. Numerous problems for LDE and methods for solving problems for LDE are
considered in [11]- [16].

We consider the following system of loaded DEPCAG

CCZZ_:: = Ao(t)x + K(t)fl?(’}/(t)) + Z Mz(t)x(ez—l) + f(t)v YIS Rn? te (07 T)? (1)

subject to the two-point boundary condition

Box(0) + Cox(T) =d, de€ R", (2)



18 Modification of the parametrization method ...

where Ag(t), K(t), M;(t), (i = 1,m + 1), are of dimensions (nxn) and are continuous on [0, 77,
and the n-vector-function f(¢) are piecewise continuous on [0, 7’| with possible discontinuities
of the first kind at the points ¢t = 6;, (j = 1,m); By and Cy are (n X n) constant matrices,
]| = max |a;].

The argument 7(t) is a step function defined as y(t) = &1 if t € [0;_1,6;), i =1,m+ 1;
Gi_l < gi—l < Qz for all 2 = 1,m+1; where 0 = 00 <t <..< Qm < 0m+1 =T.

A function z(t) is called a solution to problem (/1f) and (2)) if:

(i) the x(t) is continuous on [0, T;

(ii) the z(t) is differentiable on [0, 7] with the possible exception of the 6;, j = 0, m, where
the one-sided derivatives exist;

(iii) the x(t) satisfies on each interval (6;_1,6;), i = 1,m + 1; at the 6;, Eq. (1) is
satisfied by the right-hand derivatives of z(t);

(iv) the x(t) satisfies the boundary condition ([2)).

2 Materials and methods

We employ the approach proposed in [17] to solve the boundary-value problem for the system
of loaded DEPCAG and . This approach is based on the algorithms of the modified
version of the Dzhumabaev parameterization method and numerical methods for solving
Cauchy problems.

m+1
By using loading points, the interval [0, 7] is split into subintervals: [0,7) = | [#s—1,0s).
s=1

C([0,7),6,R™™*+1) be the space of functions systems z[t] = (z1(t), 22(t), ..., Tmi1(t)),
where z; : [05_1,05s) — R™ are continuous and have finite left-hand side limits . liem Oxs(t),
—_— —0s—
s=1,m+ 1 with norm ||z[-]| = max sup |z(t)|.
s=1,m+1tc(0s5-1,05)

Denote by z,(t) a restriction of function z(t) on r-th interval [0,_1,0,.), i.e.
x.(t) = x(t) for t€[0,-1,0,), r=1,m+ 1.
Then the function system z[t] = (21(t), z2(t), ..., 2me1(t)) € C([0,T],6, R*™D), and

its elements z,(t), r = 1, m + 1, satisfy the following boundary value problem for system of
loaded DEPCAG

d . m+1 o
dl?; = Ao(t)l’r—i‘K(t)xr(&«_l)—FZ Ml(t)xz(ﬁz_l)—i—f(t), te [0,«_1, QT), r = 1, m + 1, (3)
=1
Byz1(0) + Cy t_l}%n_o Tmi1(t) = d, (4)
t—1>19ISn—O xs(t) = xs+1(95)7 s=1m. (5>

Introduce parameters A\, = x,.(6,_1) and u, = z,(& 1) for all r = 1,m + 1. The following
problem with parameters is obtained by substituting v,(t) = x,.(t) — A, on every r-th interval



E.A. Bakirova et al. 19

[97‘717 91”):
d?) m+1
dtr = A0<t)(vr + )\r) + K(t),ur + Z Mz(t)Az + f(t)7 te [97"—17 97‘)7 (6)
i=1
v(6,—-1) =0, r=1m+1, (7)
BoAi 4+ Colsr + Co tli%ﬂio U1 (t) = d, (8)
As+ lim Ovs(t) =Xey1, s=1,m, (9)
fr = vp(&1) + A, r=1,m+1 (10)

A solution to problem (6)—(10) is a triple (A*,p*,v*[t]), with elements A\* =

()‘T’ Mgy )‘7*71-&-1)7 pwo= (/[{’ Ko, - 7/1“;kn+1)’ U*[t] = (Uf(t)’ U;(t)a s 7U:n+1(t))’ where U:(t)
are continuously differentiable on [0,_1,60,), r = 1,m + 1, and satisfying the system ,

conditions — at the A\, =X, =pr, 7 =1, m+ 1.
The original problem , and problem with parameters @f are equivalent.
Let consider ®,(t) a fundamental matrix of the differential equation M Ap(t)x,.(t) on

dt
01,0, r=1,m+ 1.
Consequently, the solution to the Cauchy problem @, may be expressed as follows

¢ m+1

o) = 2,(0) [ 00 [Ar)A+ K+ Y MirIN]dr

+ ®,.(t) / O () f(r)dr, te€lf,_1,0,), r=T,m+1. (11)

Consider the Cauchy problems for ordinary differential equations on the subintervals

d -
d_gL{ - A0<t)y + D(t)7 y(gr—l) = Oa te [91”—1797“]7 r= 1’m + 1’ (12)

where P(t) is a (n x n)-matrix or a n-vector, piecewise continuous on [0,7"] with possible
discontinuities of the first kind at the ¢t = 6;, (j = 1,m). On each r-th interval, denote by
P,(D,t) a unique solution to the Cauchy problem (12). The uniqueness of the solution to the
Cauchy problem yields

P(D,1) = B, (1) / o \(F)D(r)dr,  telb,1,0,], r=Tm¥l (13)

07"—1
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The following system of linear algebraic equations is get by substituting the right-hand

side of using into conditions (8)-(L0):

Bohi 4+ Codpg1 + CoPria (Ao, T)Ag1 + Co Pt (K, T) o1+
m+1
+Co Y PAM;, T)\i = d — CoPria(f.T), (14)

=1

m+1
Ao+ Pi( Ao, 0) A + Po(K, 0)pts + > PAM;, 0N — A1 = —Pu(f.05), s =T,m, (15)

=1

,U/r - PT(K7 57"71),”7‘ - Pr(Aoaérfl))\r - )\r_

m+1

=Y P(M, &)X = Po(f.6-1), r=Tm+1 (16)
=1

Symbolized by Q(0) - <2n(m + 1) x 2n(m + 1)) matrix corresponding to the system’s left
side - and write the system as

QO ) = F(B), AR g Rulm), (17)

where (A, p) = ()\1, A2y ooy A1y 1y 42, e um+1)/,
F(e) = (d - COPm-i-l(fv T)v _Pl(f7 91)7 _PQ(fv 02)a R _Pm(f> 9771)7 Pl(.fa 50)7 P?(f> 61)7 SRR
Pm+1 (f7 gm)) < RQn(m+1)'

It is simple to establish that the solvability of the boundary value problem and is
equivalent to the solvability of the system . The solution of the system is a pair of

vectors (A, ) = <)\1, A2y ooy Aty J1s fh2s ens Mm+1) e R2Mm+1) congists of the values of the
solutions of the problem (1)) and (2), i.e. A\, = 2(0,_1), ptr = x(&-1), 7 =1,m + 1.

3 The Main results

We offer the following formulation of an algorithm for solving problem and based on
the solving of Cauchy problems.

Step 1. Split up each r-th interval [0,_1,0,], r = 1,m + 1, into N, parts. Determine the
approximate values of coefficients and system’s right side ((17)) of via solutions to the following
Cauchy matrix and vector problems obtained using the fourth-order Runge-Kutta method

with step h, = (0, — 0,_1)/N., v =1,m+ 1:

d B
d_?zi = AO(t)y + AO(t)7 y(e'r—l) - 07 te [97"—17 67’]7 r= 17m + 17

dy

dt :Ag(t)y—i-K(t), y(er—l) :0; te [07“—17‘91"]7 r= 1,m+1,
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d - -
zg:Aﬁw+wmw, y(0,_1) =0, te[6_1.6], i=Lm+1, r=Lm+l,

d -
d_?; = Ao(t)y + f(2), y(0,_1) =0, te0.-1,0,], r=1,m+1.

Step 2. Then we have the approximate system of algebraic equations with respect to
parameters A and u:

Q.(O)(\', ) = F.(0), A eRMmD g RrOmD, (18)

Solve the system (18) and we find (A", ) = (N}, Agy oo oy Ny (5 s o ooy fpyq) € REOPFD),
Note that the elements of \* and p* are the values of the solution to problem and :
Ao =a"(0,—1), ur =x*(&—1), r=1,m+ 1.

Step 3. Solve the following Cauchy problems

dy LR :
a Ao(t)y + K (t)py + ZZI Mi()A; + f(t),
y<9r71> :)\:7 S [07‘71791”)7 r= 17m+17

and determine the values of the solution x*(¢) at the remaining points of the subintervals.
Hence, the offered algorithm provides us with the numerical solution to the problem for
the system of loaded DEPCAG (1)) and (2).
Consider the following example to demonstrate the proposed approach of the numerical
solving of problem and based on the modification of Dzhumabaev parametrization
method.

4 Example

We consider the problem for the system of loaded DEPCAG:

dx t 2 3 t+3

+(; t&%)a%)+(fg i)d&)+f@% re R, te(0,T), (19)

(2 D)o+ (77 4) == (1) 0)
Oy =T =1,

5743 4 2 129 97
5143 _gpf 41842 — 1294 4 91 1
v =G=7 f) <16t5 — 3218 — 513 — 4942 4 o4t — 4) 1€ [O’ 2)’

_ _°2 _ 8 16 16 —
W) =G=7 [ (mﬁ—3m6—w3—%ﬁ+2u—%g’ relp)

N | —

where 6y =0, 6, =

—_
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1 1
Here we have two subintervals: [O, 5), [5, 1) . Applying the scheme of the modification
1
of Dzhumabaev parametrization method, introduce parameters A\ = z1(0), Ay = x2(§>,

1 3
1 = T (Z_l>’ [ = X (4_1) Making the substitution

n(t) = 21(£) — A, te[O,%), va(t) = 22(t) — Mo, te[%,l),

we get the boundary value problem with parameters:

dvy t t t+3 2 t—4 6t 3
E—(zlt?’ 4) (“1+A1>+(2 2 )“1+<t3 3t ))\1+(—6t 1>A2+

543 — gpt 4 1812 — 124 4 % 1
8 16 16 _
* (16755 a6 58— 42y oap—a) 1€ 0.5): @

dvs t 5 t+3 2 t—4 61> 3
E‘(4t3 4) (”24”2”(2 2 >’“‘2+<t3 3t ))\1+(—6t 1>A2+

4743 _ gt 2 _ 105, 4 169 1
+( T3 — 9t 4 18¢2 — 184 4 1K ) te[—,l), (23)

16t° — 320 — 5¢° — 2342 4241 — 2
vg(%) — 0, (24)
(% D (7 2 (7 2) o= ()
A+ tl%lflo v1(t) = Ao, (26)
[ = v <i> + A1, o = Vo (2) + Aa. (27)

1 1
By dividing the subintervals [0, 5), [5, 1), with step h = 0.05 we give the results of the

numerical implementation of algorithm
Using equivalent problem - and solving the relevant system of linear algebraic

equations we get,

A= —0.999996216 \: 0.999995267
171 0.000001946 ) 2 \ —1.749996275 ) ’
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Tabmuma 1: Comparison of exact and numerical solutions to problem ([19)),

t () — (@] fas(t) — T [ ¢ | |2i() — @ @)] |r5() — Ta(1)]
0 0.000003784  0.000001946 0.5 | 0.000004733  0.000003725
0.05 | 0.000003775  0.000001785 0.55 | 0.000003786  0.000004755
0.1 | 0.000003772  0.000001679 0.6 | 0.000002852  0.00000587
0.15 | 0.00000378 0.000001638 0.65 | 0.000001937  0.000007011
0.2 | 0.000003807  0.000001674 | 0.7 | 0.000001054  0.000008079
0.25 | 0.000003858  0.000001796 0.75 | 0.00000023 0.000008925
0.3 | 0.000003941 0.000002011 0.8 | 0.000000489  0.000009324
0.35 | 0.000004063  0.000002324 | 0.85 | 0.000001025  0.000008942
0.4 | 0.00000423 0.000002728 0.9 | 0.000001251 0.000007283
0.45 | 0.000004451 0.000003207 | 0.95 | 0.000000967  0.000003617
0.5 | 0.000004733  0.000003725 1 0.00000014 0.000003144

M1 =\ Z0.937498204 H2 =\ _9.437491075

Then, using the found values A}, A3, pi, 5, we solve the Cauchy problems by the fourth-
order Runge-Kutta method

diy (1t %) < N t* t+3\ [ 0.874996142 N

a \ap 4 )T o 2 —0.937498204

L2 -4 (0.999996216Y 6> 3\ [ 0.999995267 .
3 3t 0.000001946 —6t 1 —1.749996275

OT3 — Ot 4 182 — 29t + 97 ~ —0.999996216 1
8 16 16 — —
* (16t5 316 55— 1902 04" 4 ) B0 =1 g 000001946 ) € 0.5)

dzy ([t %) < n 2 t+3\ ([ 2.12499977 n
a4y 4 )2 9 2 —92.437491075
(2 t—4Y (-0.999996216Y 62 3\ [ 0.999995267 N
B 3t 0.000001946 —6t 1 —1.749996275
4Ty5 gyt 4 18g2 — 1054 4 109 1 | 1
N 5815 96t +138t - 216t+16 . x2<_): 0.999995267 | te[—,l).
1667 — 3216 — 513 — 2542 1 24y — 18 2 —1.749996275 2

and we find numerical solution of the problem (19) and (20).

3 2
Exact solution of the and is * 8t 12 ftﬁlt—i_ 1>.

In Table 1, difference between the exact solutlon x*(tx) and numerical solution Z(t),
k = 0,20, are shown.

» ( 0.874996142 ) . ( 2.12499977 )
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