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GENERALIZED FORMULA FOR ESTIMATING THE OSCILLATION
FREQUENCY RESPONSE OF A CANTILEVER BAR WITH POINT
MASSES

This paper presents a study of natural oscillations of a cantilever bar with five point masses with
variable geometric and stiffness parameters (distances between locations of the masses, coefficients
of variability of the bending stiffness of the bar sections). Using the exact method of forces based
on the Mohr formula, there have been obtained expressions in general form for calculating the main
unit coefficients of the secular equation, which makes it possible to perform calculations and to
determine the oscillation frequency response of natural oscillations with a wide range of changes in
the initial parameters of the physical and geometric state of cantilever bars. A numerical example
has been given to illustrate the proposed theoretical approaches. The results have been compared
with the results based on calculating a similar cantilever bar with one (reduced by masses) degree of
freedom. A graphical dependence of the oscillation frequency response value on changing the value
of the bending stiffness along the length of the cantilever bar gas been obtained. The theoretical
provisions and applied results presented in the work will be widely used both in the practical
design of bar systems and in scientific research in the field of mechanics of a deformable solid body.

Key words: cantilever bar, point masses, variable bending stiffness, main unit coefficients,
oscillations frequency response for natural oscillations, graphical dependence of the oscillation
frequency response, reduced mass, calculation reliability, calculation nomogram.
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HYKTEJIIK MACCAJIAPBI BAP KOHCOJIB/II ©3EKTIH HEII3I'I YKAFJIAMNBIH
BATAJIAVITA APHAJITAH XAJITIBIJTIAHFYAH ®OPMVJIA

By makamaa aitHbIMAJIBI T€OMETPHUSIIBIK, KOHE KATAHbIK, TapaMeTpJiepi MeH Oec HYKTesl Macca-
JIapbl 6ap KOHCOJIb ©3€TiHIH 631HIK TepbesicTepine 3epTTey *KYprisiim (Maccagsap/bH OPHAIACY bI
apaChIHJIAFbl KAIIBIKTHIK, 03eKTep OOIIMIEPIHIH Nily KATaHALIFLIHLIH 63repy KoaddurmenTrepi).
Mopa dbopmyiackiHa HETi3IeATeH KYIITEPIiH HAKThI 9JIiCi FACBIPJIBIK, TEHJIEY/IiH Heri3ri OipJiik Ko-
s burmenTTepin ecenTey YIMiH OPHEKTIH 2KAJIIbI TYPiHAE aJIbIHAILI, Oy KOHCOJIbIIK ©3€KTEPIiH,
dpusnKa-reoMeTpUSIIBIK, KYHIHIH 6aCTAKEI TapaMeTp/IepiHin ©3repyiiH KeH TUATTa30HbIHIA TaOUFT
TepOesTicTep/IiH Heri3ri yKar ailblH aHbIKTayFa ecenTeysIep XKyprizyre MyMKiH/IK Oepesi.
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Y ChIHBLIFAH TEOPUSIIBIK, TOCUIIEP CypeTTey YIMH CAHIbIK MbIca KeaTipiaren. Ecenrey mormxke-
JIepiH CcaJIbICTBIPY YIIH epKiHiK xopexkeci Gipre TeH yKcac KOHCOJbJL ©3eKTi (Macca GOWbIHIIA
Gepliren) ecernrey Herizinge xKyprizizui. KoHcosb i e3exkTiy iy KaTaHIbIEbI MEH 03€K GOIBIHBIH
Y3bIH/IBIFBIHBIH, ©3TepyiHe 0aiIaHbICThI IPaMUKAJIBIK, TOYEJJITIK aJIbIHIbI. 2K yMbICTa KeaTipiareHn
TEOPUSIJIBIK, €peXKesiep MeH KOJIIaHOa bl HOTHXKEJIEP/Il ©3€KTIK KYiiesep/ii MpakTUKAJIBIK, XKobajiay
Ke3iHze XKoHe AedopMaIusiIAHATHIH KATTHI JIEHEe MEXAHUKACHI CAJIACHIHIAFBI FHLIBIMUA 3€PTTEYJIED-

Je Jie KeHiHeH KOJIIAHBLIAIbI.
AJIbIHFAH TEOPUSIBIK, YKOHE MPAKTUKAJBIK, HOTUXKEJEp FUMaparrap MeH OpPTYPJl WHXKEHepJIiK

KYPBLIBICTAPIarbl TYTAC APKAJBIKTAp KYPBIIBIMBIH »K00asay Ke3iHae KOMIaHbLIa ajla I bl.

Tyiiin ce3naep: : Komcosbi o3ek, HYKTETIK Macca, aifHbIMAIbI ULy KATAHIbIFBI, HEri3ri GipJik
K03 durmenTTep, 630K TePOETICTIH Heri3ri »Kar aiibl, Heri3ri XKaraaiIbiH, rpadUKaIbIK TOyes-
JIJIIT], KeJITipiireH Macca, ecenTey/IiH CeHIMTIIIr, ecenTey HOMOIpaMMAaCHI.
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OBOBIIEHHA YA ®OPMVJIA AJI4d OITEHKW OCHOBHOI'O TOHA KOHCOJIBHOTI'O
CTEP2KHSYA C TOYEYHBIMU MACCAMU

B nannoii paboTe BBIIOJIHEHO HCCJIEIOBAHUE COOCTBEHHBIX KOJIEOAHWMIT KOHCOJHHOTO CTEPXKHS C
[SITHI0 TOYEIHBIMUA MACCAMH C [T€PEMEHHBIMU T'€OMETPUIECKIME M YKECTKOCTHBIMU ITapaMeTpaMu
(paCCTOHHI/IH MeK/1ly MeCTaMMU PacCIIOJIOzKeHUsA Macc, KOSd)CbI/IH‘I/IeHTaMI/I IIepeMeHHOCTHU I/ISFI/I6HI)IX
JKECTKOCTeNl y9IacTKOB creprkHeii). TouHbIM MeTo/ oM cril Ha ocHoBe dopmysbl Mopa 1mosyJeHsl
B 0O0OIIEM BHJIe BBIPDAXKEHUs [IJIsi BBIYUCICHUS T[JIABHBIX €JIUHUYHBIX KO3(MD@PUIIMEHTOB BEKOBOT'O
YPaBHEHUS, 9TO TMO3BOJISIET TPOU3BOIUTH PACUETHI HA OIIPEIEJIEHNE OCHOBHOTO TOHA COOCTBEHHBIX
KOJIEOAHUI TIPY MTUPOKOM JHANAa30HEe M3MEHEHUsT HCXO/IHBIX TapaMeTPOB (PU3UKO-I€OMETPUIECKOTO
COCTOSTHUST KOHCOJIBHBIX CTepyKHeil. [IpuBejieH IiCIeHHbBIi TPUMep JJIs UJTIOCTPAINH [Ipe iiarae-
MBIX TEOPETUYECKHUX II0X0J/IOB. BBIIIOJIHEHO CpaBHEHME PEe3YJIbTATOB pacdera Ha OCHOBE Pacyera
AHAJIOTUYHOIO KOHCOJIBHOI'O CTEPXKHsI € OAHON (IPUBEIEHHON 0 MAaccaM) CTEIEHBIO CBODOJILI.
[Monydena rpadudeckasi 3aBUCAMOCTb BeJIMYWHBI OCHOBHOTO TOHA OT W3MEHEHUs 3HAYCHUS
U3rUOHON YKECTKOCTU TI0 JJIMHE KOHCOJLHOrO cTep:kHs. l[IpuBenenubie B pabore TeopeTudecKne
[TOJIOZKEHWST W TPUKJIQJIHBIE PE3YJIbTAThl HANRIYT IMHPOKOE IIPUMEHEHHE KaK B IPAKTHIECKOM
[IPOEKTUPOBAHUU CTEPYKHEBBIX CHCTEM, TaK M B HAYYHBIX HCCJIEJIOBAHMSAX B O0JIACTA MEXaHUKU
J1eOPMHUPYEMOTO TBEPJIOTO TEJIA.

Kitouessbie ciaoBa: KoHCOMBHBIN CTEPKEHDb, TOUEIHBIE MACCHI, I€PEMEHHAST M3TMOHAS YKECTKOCTb,
IJIABHBIE €IMHIYHbIE KOIMDPUIMEHTHI, OCHOBHOW TOH COOCTBEHHBIX KOJebamHmil, rpadudeckas 3a-
BUCHUMOCTH OCHOBHOTO TOHA, IPUBEJIEHHAST MACCA, JJOCTOBEPHOCTH pacdeTa, HOMOIPAMMa PAaCIeTa.

1 Introduction

In the process of designing high-rise buildings (multi-storey structures) and tower-type
structures (various support structures), in order to calculate them for pulsation from the
dynamic effect of wind load, it is necessary to know the magnitude of the oscillation frequency
response of free (natural) oscillations.

For this, various exact and approximate analytical and numerical methods are used.

In this paper, an approximate analytical method is proposed for calculating the oscillation
frequency response of cantilever bars with step-variable bending stiffness along its length with
point masses, which makes it possible to estimate the magnitude of the oscillation frequency
response with sufficient engineering accuracy.



0. Khabidolda et al. 27

A certain number of works were dealing with the topic proposed by the authors of this
article: for example, in work [1| the oscillatory processes of a statically determinate bar
system with one degree of freedom are considered by the Runge-Kutta method in the MatCad
program; there was compared the effect of the inelastic resistance of the material coefficient
on the displacement of the concentrated mass.

Calculation for harmonic oscillations is also described in the works by Aizenberg Ya.N.,
Gvozdev A.A., Birbraer A.P., Shulman S.G., Rabinovich I.M., Barshtein M.F., Korenev B.G.,
Timoshenko S.P. and many others [2-8|.

Study [9] considers special properties of the bending shapes of bars of constant bending
stiffness to determine the value of the fundamental tone.

In work [10], nonlinear free oscillations of coating structures are considered based on
studying the characteristic quadratic equation obtained by the matrix method.

In paper [11], a mixed form of the finite element method was used to calculate bar systems
for free oscillations.

Papers [12, 13| consider the numerical implementation of the finite element method in
calculations for free and forced oscillations; the matrices of stiffness, masses, examples of
calculating beam systems of the Bernoulli-Euler and Timoshenko type are given, a new
concept of "dynamic matrix"is introduced.

The purpose and objective of this work is to study the stress-strain state of cantilever
bars with several point masses for natural oscillations with determining the oscillation
frequency response in a wide range of changes of geometric and physical and mechanical
parameters of the system under study.

In this case, the problem of obtaining an analytical expression for calculating the main
unit coefficients of the secular equation in general form has been solved, which makes it
possible to operate mathematically with geometric dimensions and bending stiffness when
calculating various cantilever bars.

One of the objectives of the study is to illustrate the generalized formula obtained by the
authors using the example of calculating the oscillation frequency response of a cantilever
bar.

A graphic dependence (nomogram) of the oscillation frequency response of natural
oscillations has also been obtained with changing the bending stiffness along the length
of the bar.

2 Theoretical provisions and calculation methods

Coeflicients kq, ko, k3, k4,determining the variability of the step-variable bending stiffness
along the height of the bar at five levels (floors) of the structure;

Coefficients ay, as, as, as determining the differences in the size of sections (floors) along
the height of the cantilever rod;

Coeflicients by, bo, bs, by determining the differences in the values of concentrated masses.

By changing the values of the above coefficients over a wide range, it is possible to study
free oscillations, that is, to determine the value of the oscillation frequency response of the
five-step-variable bending stiffness of the cantilever bar with different lengths, and the bending
stiffness of its five steps (floors) with different values of five concentrated point masses located
at the joints of steps (floors) along the height of the structure.
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Let us calculate the values of the main coefficients 6;;(: = 1, 2, 3, 4, 5)according to the
Vereshchagin rule, multiplying the corresponding single diagrams of the moments (Figure 1,
b, ¢, d, e, f). Then, in generalized form, we obtain:
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Figure 1: Towards the calculation of the cantilever bar for free oscillations: a) — the calculated
scheme; b) — diagram Ms5; ¢) — diagram My; d) — diagram M3; e) — diagram M, f) — diagram
M,

6@'1’

2 (0T - (3T = 7 [ (0.330,)] +

[O 5a;_1a;_2(2a;_1 + a;_o) + 0.1667(a;_2)*(3a;_1 + 2a;_2)] +

[O 5(a;_o + a;1)a;_3(2a;_9 + a;_1) + a;_3 + 0.1667(a;_3)*3 [(a;_o + a;_1) + 2a;_3]] +
- [O 5(ai—2 + a1+ a;—3) [2(a;—2 + a;—1 + a;—3) + a;—4] +

+0.1667(ai_4)23 [(ai_g +a;—1 + a,-_g) + 2&,'_4]] +

+[0.5(aj—2 + aj—1 + aj—3 + a;—4) [2(ai—2 + aj—1 + aj—3 + a;—y4) + 1] +

+0.1667 [3(a;—2 + a;—1 + a;—3 + a;_q) + 2]] .

1

According to generalized formula (1) let’s calculate the main coefficients:
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a) (555(i = 5)

055 = % [k%; (().3333@2)} + 3 [0.5a3a4(2a4 + a3) + 0.1667(az)*(3as + 2a3)] +

+75[0.5(as + as)as [2(as + ay + ag] + 0.1667(a2)*3 [(as + as) + 2as]] +
—f—% [05(&3 + ay + (12) [2(&3 + ay —f- CLQ) + al] + 01667((11)23 [(a3 —|— ay + (12) + 2@1]] +
+ [05(&3 + a4 + ag + al) + [2(@3 + a4 + ag + al) + 1] + 0.1667 [3(&3 + a4 + as + CL1> + 2]]

Sy = 8 [ (0. 3333a3)] + 7 [0-5aza5(2a3 4 az) 4 0.1667(a2)*(3az + 2as)] +
+k1 [05(&3 + CLQ) [2(@3 + ag) + Cbl] + 01667((11)2 [3(&3 + 0/2) + QCLQH +
+ [05(&1 + a9 + (13) [2(@1 + as + ag) + 1] + 0.1667 [3(&1 + ag + a3) + 2“

C) (533(i = 3)

bag = 18 [,} (0. 3333%)] + L [0.5aza1 (205 + ar) + 0.1667(a1)*(3az + 2a1)] + )
- [0.5(as + az) [3(ar + az) + 2] + 0.1667 [3(ar + az) + 2]
d) 620(i = 2)
Gog = [ki (0.3333a } +[0.5(a1)2(2ay + 1) + 0.1667 [3(ay + 2)]] ;
) (511(@ = 1)

l2
611 = 2(0.3333).
0

Let’s calculate the point masses values (Figure 1, a).
my = mo; My = bimo; M3 = bamo; My = bsmo; M5 = bymy;

According to the formula presented in [1], let’s calculate the approximate value of the
oscillation frequency response for free oscillations of the cantilever bar:

1
E = m1(511 + m2(522 + m3(533 + m4(544 -+ m5555 (3)
1

Let’s substitute the values calculated in (1, 2) into expression (3).

Based on the proposed generalized formulas for the cantilever bar (Figure 1, a), let’s
calculate a numerical example with the following initial data (Figure 2, a):

ay =ay =as = ay = 1; mo=43.3kg-s*/cm;

lo =3.5m; by = 1.0254; by = 0.9931; by = 0.8799; by = 0.836;
it = 8.06 - 10%kg/cm; iap = 3if = 24.18 - 10° = 4y;

k1 =0.8; ko =0.6; k3=04; ky=0.2
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Figure 2: Towards the calculation of the cantilever bar (example): a) — the preset scheme; b)
- diagram M35; c) - diagram M,; d) — diagram M3; e) — diagram My; f) — diagram M,

3 Results

Based on the above theoretical calculations, we obtain the following results for which we
calculate the values of the main coefficients 0;;(i = 1, 2, 3, 4, 5) using formulas (2)

1
055 = i (23.82 4+ 83.56 + 150.8676 + 220.371 + 290.57) =
20

1
Ogg = R (768.992 — 290.57) =

20

1
Oy = 7 (478.4221 — 220.371) =
o

522

~ i

511 = —
T

1
(258..05 — 150.87) =

1
(107.18 — 83.363) =

Let’s calculate the point masses values (Figure 2, a):

768.992 - 10%
10
478.422 - 10*
u =16.96 - 107%;
20
258.051 - 10%
e —=9.1475-107%
llo
107.18 - 104
—  =38-107%
ZZQ
23.818 - 104
M = 0.844 - 1074,
llo

=27.26-107%
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P 43.3-10° P
my = j = —ogl 4414 kg - 52/cm; My = ?2 = 44.954 kjgsz/cm;

P. P P,
ms = —% = 43.83 kng/cm; my = ~1 = 3884 kgs2/cm; ms = =2 =399 k:gsz/cm
g g g

Let’s calculate the approximate value of the oscillation frequency response for free
oscillations of the cantilever bar (Figure 2, a) according to formula (3).

1
— = m1011 + Madae + M3dss + Mydsy + M5055 =

2
w
107*(37.25 + 170.83 + 400.93 + 658.73 + 1005.89) = 2273.63 - 10~*

1

wp = 10%-0.020973 = 2.0973 s~! is the oscillation frequency response of the cantilever
bar (Figure 1,a).

To estimate reliability of the result obtained, let’s calculate the (w;) value through the
reduced mass (M) (Figure 3) the coefficient of reduction of the distributed mass to the end

of the cantilever bar [14].

i) H
Mzﬁ%:BZmiH:0.23(m1+m2+m3+m4+m5):47.99

According to formula 7.70 [1]:

1 1
e =10+ 0.000764; w; =2.764 s~
“ 0s5  47.99-27.26-104 ;W) s

5I=17.5m

H=

Figure 3: The bar reduced mass

The w, and w] values calculated by different methods (approaches) are sufficiently close
which proves reliability of the proposed theory of calculating the cantilever bar of step-variable
bending stiffness with point masses located along its length (height).
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Let’s study the effect of changing the scaling relative stiffness iy = 8.06 - 10® kgem on the
oscillation frequency response (w;) of the cantilever bar (Figure 2, a) according to formulas

(4):
768.992 - 10*  219.71 - 10* 136.692 - 10*
555 = . = . ; 544 =,
3.5@0 10 () (5>
73.73 - 10* 30.62 - 10* 60.81 - 104
533 =0 522 = 511 - .
20 (N 20

According to formula (3) let’s calculate taking into account expression (5) with ig =
(1,3,5,7,9,11) - 8.06 - 10® kgem (Table 1).
Table 1 — Values of the oscillation frequency response for free oscillations of the cantilever

bar

107% 4 | 1.0 3.0 5.0 7.0 9.0 11.0

011 6.81x10-4 | 2.27x10-4 | 1.36x10-4 | 0.97x10-4 | 0.76x10-4 | 0.62x10-4

092 30.62x10- | 10.21x10- | 6.12x10-4 | 4.37x10-4 | 3.4x10-4 | 2.78x10-4
4 4

033 73.73x10- | 24.5x10-4 | 14.75x10- | 10.53x10- | 8.19x10-4 | 6.70x10-4
4 4 4

044 136,69x10-| 45.5x10-4 | 23.34x10- | 19.52x10- | 45.19x10- | 12.42x10-
4 4 4 4 4

055 219.71x10-| 73.24x10- | 43.94x10- | 31.39x10- | 24.41x10- | 19.97x10-
4 4 4 4 4 4

wi,c | 5.954 3.44 2.652 2.242 1.977 1.789

According to Table 1, let’s build the graphs of the wy; = f(ip;) (¢ = 1,3,5,7,9,11)
dependence. This graph is presented in Figure 4.

oy st 6

5

(01,i=f(ioti)

7 8

9 10 11

10-8-ip; kg-cm

Figure 4: The oscillation frequency response dependence on the relative stiffness value of the
cantilever bar
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4 Conclusions

Based on the analytical operations, generalized formula (1) has been obtained for an
approximate estimation of the oscillation frequency response with varying parameters of
the section lengths, point mass values, and relative stiffness values of sections of a five-stage
cantilever bar (Figure 1, a).

A numerical example (Figure 2, a) shows reliability of the proposed theoretical provisions;
this is shown by the proximity of the oscillation frequency response values obtained by two
independent methods of calculating w; ~ wj.

The dependence of the oscillation frequency response value the cantilever bar (Figure 2,
a) on changing the value of relative stiffness ig in the range from 1-10®kgem to 11-108 kgem
has been studied, which is reflected graphically (Figure 4).

The dependence wy g = f(ip,;) shown in Figure 4 can be used as a nomogram to determine
the oscillation frequency response of various cantilever bars (Figure 1, a) at arbitrary values
of the main relative stiffness of the lower section of the cantilever bar with step-variable
bending stiffness.
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