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ON GREEN’S FUNCTION OF SECOND DARBOUX PROBLEM
FOR HYPERBOLIC EQUATION

A definition and justify a method for constructing the Green’s function of the second Darboux
problem for a two-dimensional linear hyperbolic equation of the second order in a characteristic
triangle is given. In contrast to the (well-developed) theory of the Green’s function for self-
adjoint elliptic problems, this theory has not yet been developed. And for the case of asymmetric
boundary value problems such studies have not been carried out. It is shown that the Green’s
function for a hyperbolic equation of the general form can be constructed using the Riemann-
Green function for some auxiliary hyperbolic equation. The notion of the Green’s function is
more completely developed for Sturm-Liouville problems for an ordinary differential equation,
for Dirichlet boundary value problems for Poisson equation, for initial boundary value problems
for a heat equation. For many particular cases, the Greens’ function has been constructed
explicitly. However, many more problems require their consideration. In this paper, the problem
of constructing the Green’s function of the second Darboux problem for a hyperbolic equation
was investigated. The Green’s function for the hyperbolic problems differs significantly from the

Green’s function of problems for equations of elliptic and parabolic types.
Key words: Hyperbolic equation, initial-boundary value problem, second Darboux problem,

boundary condition, Green function, a characteristic triangle, Riemann—Green function.
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TNITEPBOJIAJIBIK TEH/JIEY YIIIITH EKIHIIII JAPBY
ECEBIHIH 'PUH ®YHKIINACHI

CunarraMaJblK, YIIOYPBIIITa KAPACTHIPhLIATHIH €KIiHII perTTi €Ki eJIeMIi ChI3BIKTBIK, IUiepbo-
JIAJIBIK, TeH ey yimiH ['puH QyHKIUSICHIH Kypy 9/icTeMeci aHbIKTAJIbI YKoHe Herizesi. O3-e3ine
TYHIHIEC JLIMITUKAIBIK, ecentep yimiu ['pun DyHKIUACHIHBIH, (KAKChl JAMBIFAH) TEOPUICHIHAH
afBIPMAIBIIBIFDI, CAMATTAMAJIBIK IIEKAPAJIBIK €CernTep YIIH Oyl Teopusi oJii KeTiK o3ipseH-
Gerenjiiringe. Al CHMMETPHUSIBIK, €MeC IEeKAPAJIBbIK, eCelTep YKarJalblHIa MYHJIAl 3eprreysep
Kyprizinmeren. 2ZKaambsl Typjeri runepoosianabik TeHaeyre apHajgran ['pun GyHKIUICHIH Keidip
(apHalibl KOJIMEH KYPBUIFaH) KOMEKIN rurnepbosaabik, TeHaey yinin Puman-I'pus yHKImsIChIH
KOJIJTaHA OTBIPBIN KYpyFa OOJATBIHABIFBI KopceTliai. ['puH (pyHKIUSICHIHBIH TOJIBIFBIPAK, TYKbI-
pbIMamMachl Kapamaiibivm auddepennnanapik, Tegaey yima [Ilrypm-JluyBuab ecemrepi yimis,
IIyaccon Ttengeyi ymrin Jupuxie meTki ecenrepi VI, XKbLTYOTKI3TIMITIK TEHAEY] VITIH OaCTAITKEI
ImeKapaJsIblK, ecenTep YIMH Kacaarad. Kenreren nepbec karmaitiaapaa ['puH OyHKINAACH aliKbIH
Typlle KypblLaraH. Ajaiiia, 6acka 1a KOIITereH ecerrep OJiap/bl KapacThIPY/Ibl Tajall eTei. By
MaKaJIaJ1a ruepbosIaiblk TeH ey yimH exinmni Jlapdy ecebini I'pun yHKIMICHIH Kypy Moceseci
3eprTesi. [ 'nmepbosaiblk ecenTep VIMiH KypbuiraH ['puH (QYHKIUSCH SJITUNTAKAJIBIK YKOHE
mapabosIaJIbIK, ecenrep YImH Kypburrad ['puH GyHKIUIChIHAH aflTapJIBIKTAl ePEKITeIeHE/I].

Tyitin cezaep: ['unepbomanabik TeH ey, OacTamKbI-ITeKapaJIbiK, ecer, ekinrr Japdy ecebi, 1meka-
paJbIK mapT, I'puH QyHKIMACH, XapaKTepPUCTUKAIBIK, YIIOypshiir, Puvan—1'pun dyHKInACH.

© 2022 Al-Farabi Kazakh National University


https://orcid.org/0000-0001-7976-4027

4 On Green’s function of second Darboux problem ...

B. O. JlepbucaJjibr
VHCTUTYT MATEMATHKEA U MATEMATHYIECKOTO MOJeIUpoBanusd, I. AnMarsl, Kazaxcran
e-mail: derbissaly@math.kz
O ®VHKIIUU 'PUHA BTOPOW 3AJIAYN JTAPBY
AJISA TUTTEPBOJIMYECKOT'O YPABHEHUA

JlaHo ompejesienne u 0OOCHOBaHA METOJUKA I[IOCTPOeHUsl (MYHKIWH ['puHa i BTOPOH 3ajadu
Jap0y Jutsi IBYMEPHOTO JITHEHHOTO TUIIEPOOJIUIECKOIO YPABHEHUsI BTOPOTO MOPSIKA, PACCMaTPU-
BAaEeMOr0 B XapaKTEPUCTUIECKOM TPEyrojbHuKe. B ormame or (X0pomo pa3paboTaHHOi) Teopuu
dbyukmuun ['puna jisi  cAMOCONPSIXKEHHBIX JUINITHUYECKAX 3324, IS XapaKTePUCTUIECKUX
FPAHUYHBIX 33/0a9 Ta TEOPHs ellle He HoAPOoOHO paspaboTaHa. A [Jisl cilydasl HECUMMETPUIECKIX
IPAHUYHBIX 3aJla4 TaKUX HMCCJIEIOBAHUN He MpOBOJAUIOCH. IlokasaHo, uro dyHKIus ['puHa st
rUnepboIMIECKOr0 ypaBHeHUsT O0IIEero BUIa MOYXKET ObITh ITOCTPOEHA C UCIIOJIB30BaHUEM (DYHKITIHI
Pumana-I'puna g HEKOTOPOro (CIEIUMAILHBIM 00PAa30M  IIOCTPOEHHOr0) BCIIOMOIATEIHHOTO
rurepbomyeckoro ypasHenusi. Hambosee mosiHo mnonsitme dyukimn ['puna paspaboraHo s
zagad [rypma-JInyBuiisa nis oObIKHOBEHHOTO A depeHnnaabHOoro ypaBHeHUs, JIsi KPAeBbIX
zasaq Jupuxie s ypasuenus [lyaccona, [t Ha9aIbHO-KPAEBBIX 3aJ1a¢ JIJIsl YPABHEHUS TEILIO-
MPOBOIHOCTHU. JJisi MHOTMX YaCTHBIX CiiyuaeB (DyHKIWs |'puHa ObLia MOCTpOEHA B SIBHOM BUJIE.
Opnako, erie MHOrHE 3aja4u TPeOYIOT CBOEro paccMOTpeHus. B Hacroseil craTbe ucciegoBana
3ajada O TOCTpoeHmu yHKIMH ['puHa st BTOpoit 3amaum [lapby mist rumepOoImIecKoro
ypaBuenus. Oyuxmusa ['pura 1711 rumepboInIeckKnx 3a1a9 CyIMEeCTBEHHO OTINTIAETCI OT PYHKITAI
I'puna 3a1a4 jyist ypaBHEHUHN JUTUITHYECKOTO W APAOOIUIECKOrO THUIIA.

KioueBble ciioBa: ['miepbosmdeckoe ypaBHEHMe, HadaJIbHO-KpaeBas 3ajiada, BTOpas 3ajada
JlapOy, rpanuvHoe ycioBue, MyHKIMs ['pruHa, XapaKTepUCTUIeCKUil TPeyroJbHUK, GyHKIus Pu-
maHa—['puna.

1 Introduction
In S C R” let us consider some a linear differential equation
Lu(z) = f(z), z € S, (1)
with homogeneous boundary conditions
Qu(z) =0, z € 8. (2)
If a solution of this problem exists, is unique and can be represented in the integral form
u(r) = / Golz,y)f(y)dy, (3)
s

then the kernel of this integral operator (3), that is, the function Gg(z,y), is called the
Green’s function of problem (1), (2).
It is also said that the Green’s function for each fixed y € S satisfies the equation

LGg(z,y) =6(x —y), x €5, (4)

and the boundary conditions (2). Here d(z — y) is the Dirac delta function. Equation (4)
should be understood in the sense of generalized functions.
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It is known that if the operator of problem (1), (2) has eigenfunctions {u(z)}32, forming
the Riesz basis in Ly(.S), then the solution of the problem can be represented as

Z% (fs vx LQ(S)Uk( ), (5)
k=1

where (-, ) ,(s) is a scalar product in Ly(S), A, are eigenvalues of the operator, {vi(x)}32, is
a biorthogonal system to {uy(x)}?2,. Formula (5) is called the spectral representation of the
solution or the spectral representation of the inverse operator.

Representing the scalar product as an integral, we obtain the integral representation (3)
of the solution of the problem, where

Z —Uk (6)

is the Green’s function of problem (1), (2). In the case when problem (1), (2) is self-adjoint,
the system of its eigenfunctions forms an orthogonal basis. Therefore, we can choose vy (x) =
uk(x). In this case, it is easy to see from (6) that the Green’s function is the symmetric
function: Gg(z,y) = Go(y, x).

For series of characteristic problems for a wave equation and a wave equation with
potential (despite the fact that these problems are solved by the method of separation
of variables) all eigenvalues and eigenfunctions are constructed in the works of T. Sh.
Kal'menov [1], [2] and M. A. Sadybekov [3]- [5]. Therefore, for these problems the Green’s
function can be constructed in the form of series (6). Although the presence of the Green’s
function is guaranteed for any self-adjoint problem, and it can be constructed in the form
of series (6), the use of infinite series for constructing a solution of the problem is not very
convenient. Therefore, the construction of the Green’s function in the form of finite sums is
actual.

We are interested in the integral representation of Green’s function of the second Darboux
problem for a general hyperbolic equation of the second order, since all the properties of
Green’s function of this problem come from the integral representation of Green’s function.

The main difference between this paper and others, that in contrast to the previous works
of other authors ( [6]- [15] and others), we conduct the investigation and construction of the
Green’s function without the assumption of its symmetry. Also, unlike other authors, in this
paper we will give a definition of the Green’s function and a method for constructing it for
the case of general coefficients.

2 Formulation of the problem

Let Q ={(&,n): 0<¢ <1, £ <n<1}. The following hyperbolic equation is considered in
Q:

0%u Jdu

with the initial condition

(g = uy)(§, ) = v(E), 0 <E<T, (8)

+0(¢, 77) + &, mu=f(&n), (€n) e, (7)
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and the boundary condition

u(0,§) =7(§), 0<¢< 1. (9)
We will assume that a, b, a, by, c, f € C (ﬁ), v,7 € Ct([0,1]) and

In [16] it was shown that equality (10) we can always get.
Also, we assume

ag(§,8) = b,y(,€), 0<E< 1. (11)

3 Green’s function of the problem (7)-(9)

Definition 1 Green’s function of the problem (1)-(3) let us call the function G(&,1;&1,m),
which for every fixed (§1,m) € Q, satisfies the homogeneous equation

LenG(Em:6,m) =0, (§n) €Q, at§ # &, nFm, n# &, §#m; (12)

and the next boundary conditions

(Gf - Gn)(gvg;gbnl) = Oa 0 S 5 S 17 (617771) € Q, (13)

G(0,&:61,m) =0,0<E <1, (§&,m) €€ (14)

and on the above characteristic lines, the following conditions must be met: the values of the
derivatives of the Green function in directions parallel to these characteristics must coincide
i adjacent regions; i.e.,

0G(& 4+ 0,18, m)

+a(&1,n)G (& + 0,156, m)

on
_96(& —(;)777773517771) F a6, G(E — 0, €0, at n # s 1 2 o (15)
G (m +(;)7,777; §1,m) +a(n, Gl + 0,1 €0, m1)
_ 9G(n —@07;77;51, m aln,n)G(E — 0,m;E1,m), at n £ m, n# & (16)
oG (€, 771;%0? §om) | b(&,m)G(E,m + 0;&1,m)
_ aG(g,ma—go;&,m) + (&, m)G(E,m — 0;61,m), at € # & € # mny; (17)

0G(&,& +0;6,m)
03

+ b(fa 51)G<€7 51 + 07 517 771)
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— 8G<§7 51 - 0) gl) 771)
o3
and the "corner condition”

G(& = 0,m —0;&,m) —G(& +0,m —0;&,m)

+G(€1 + 07 T + 07 517 771) - G(Sl - Oa m + 07 51) 771) =1 (19)
must be satisfied as the regions meet at (§,m) = (&1,m1).

+0(§,6)G(E,& —0;8,m) at £ # & & # m (18)

4 Existence and uniqueness of the Green’s function of the problem (7)-(9)

TA
Q, | € Q,
m
2 Q“
it |
| |
é] 771 ” 5

Figure 1: Splitting the domain §2.

Theorem 1 The function G(&,n;&,m) that satisfies the conditions (12)-(19) exists and is
UNLQUE.

Proof. To show that a function G(&,7;&1,m:1), which satisfies the conditions (12)-(19)
exists and unique, we divide the domain  into several subdomains (see Figure (1)) and
consider the following problems sequentially. Let (£1,7;) be an arbitrary point of the domain
Q.

In the domain 2, = {(£,7) : 0 < £ < &,& <n < &} we consider the problem

LienG =0, (§,n) € Qu; (20)
(Gf - Gn)(ff;flﬂ?l) = 07 0 S S S 51; (21)
G(Oaf;glvnl) = 07 0 S 5 S 517 (517771) S Q2- (22)

The problem (20)-(22) is a second Darboux problem and has a unique solution

G(&m;6,m) =0, (§,n) € . (23)
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In the domain 2y = {(§,n) : 0 <€ < &,& < n <n} let us consider the problem
LG =0, (§n) € Qo

G(0,&;61,m) =0, & <& <, (§1,m) € Q.
From (23) we have the next equality

aG(ga 51 + Oa 617 771)
73

+ b(§7§1>G<§7§1 + 0;5177]1) - 07 0 S 5 S él‘

Integrating (26) by £ we have

3
G(§7§1 + 0351,771) = exp <—/0 B(taﬁ)dt) 01(51,771)7 0<¢<&.

Substituting £ = 0 in (27), using condition (14) we have that C, (&, 1) = 0 and

G(Sagl +07£17n1) = 07 0 S f S gl‘

The problem (24),(25),(28) is a Goursat problem and has a unique solution

G é,m) =0, (&,n) € Q.

(24)

(25)

(26)

(29)

Therefore from (29) in the domain Q3 = {({,n) : 0 <& < &,m < n < 1}, we get the problem

LG =0, (§,1) € Qs;

G(0,&&,m) =0, m <E< T, (§1,m) € Q;

3G(€,771620;§1,771) +0(&m) - G(Em +0:&,m) =0, 0<E <&
Integrating (32) by £ we have

Substituting £ = 0 in (33), using condition (14) we have that Cy(&;,m1) = 0 and

G(&ﬂ?l +0a€17771) - 07 0 S g S 51-

Therefore, the problem (30),(31),(34) is a Goursat problem and has a unique solution

G(&m;61,m) =0, (§,n) € Q3.

In the domain Q4 = {(§,7) : 0 <& < &,& <n <mn} we get the problem
LignG =0, (&n) € Qy;

(Ge — Gp)(&,6:&,m) =0, & < &<

(30)
(31)

(32)

(36)

(37)
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From (29) we have

OG(& + 0,16, m)
on

+ a(fh??)G(fl + 0777;517771) = 07 61 S n S - (38)

Integrating (38) by n we get

7
G(& + 0,78, m) = exp (_/g a(£17t>dt> Cs(&,m), & <n < m. (39)

Substituting n = & in (39), using condition (14) we have that C5(&;,71) = 0 and
G(£1 + 07 77;517771) = 07 51 < n < m- (40)

This problem (36),(37),(40) is a second Darboux problem and has a unique solution

G(£7 77;517 T]l) = 07 (57 T]) S Q4' (41)

Therefore, from (35), (41) in the domain Q5 = {({,7) : & < & < m,m < n < 1} our
problem is a Goursat problem

LG =0, (§n) € Qs; (42)
o6& +§7,777;€1, ) +a(&,mG(& +0,m;&,m) =0, m <n <1 (43)
LI B (e, m)G(E -+ 05610m) = 0, 6 € < (44
G(& +0,m +0;8,m) =1. (45)

The problem (41)-(45) has a unique solution, and it is easy to see that its solution coincides
with the Riemann-Green function, that is,

G(&m;&,m) = R(Em;&,m), (§,m) € Os. (46)

Therefore from (46) in the domain Qg = {({,n) : m < £ < 1,€ < n < 1} we get the
problem

LigyG =0, (&) € Q; (47)
(Gf - Gn)(ff;flﬂh) = 07 m S 6 S 17 (48)
0G(nm 4+ 0,n; &,

(771 ann 51 nl) + 5(7717 U)G(Ul + Oa 3 517 771)

OR(n1, m; &1,
_ OR(m ann Sum) + b, )R, m;6,m), m < n <& (49)

The problem (47)-(49) is a second Darboux problem and has a unique solution.
Thus, we have shown that for any (£1,71) € Q and (£,7n) € Q the Green’s function that
satisfies the conditions (12)-(19) exists and unique. The theorem is proved.
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5 Construction of the Green’s function of the problem (7)-(9)

As can be seen from the proof of Theorem (1), the Green’s function G(&,7;&,71) = 0 in the
domains €1, Oy, 3, 4. And in the domain 5 it coincides with the Riemann function (46).

Let us find a representation of the Green’s function in the domain 5. To construct the
Green’s functions, we will continue the coefficients of equation (47) in Qf = {({,n) : m <
€ <1, m <n <&} such a way that the following conditions

_ agg, ’ (5777) S QG7
Mam_{mx»<¢me%,
_ b(§7 77)7 (ga 77) € QG;
B@m_{mm& (e.n) € .
_ 0(57 77)7 (57 77) € QG)
C@”“‘me»<ameﬂz

are met. Actually, show that coefficients of (47) have the following symmetry:

A(&,m) = B(n,€), C(&,n) =C0,¢), (1) € Q. (50)

From (50) we have

amf%(mﬂeﬂn:{ﬁm% Em) € _ pe
b(&m), (&) €95, |am,€), (&n) €, o

If we have chosen (£,7n) from Qg, then (1, ) will be from €.
From (4) and (5) we get

A(€,§) = B(£,§), Ael€,6) = By(€,§), m <& <1

If the coefficients a,b,a¢,by;,c € C(Q) then in virtue of (50) coefficients
A(&m), B(&n), C(&n) in the domain Qg = Qe UQ = {(&n) :m <E <1, m <n <1}

have the following smoothness

A, &) = {

A, B, A¢,B,,CeC (QZG) . (51)

Let (&1, m1) be an arbitrary point of the domain 2. In order to construct the Green function
in the domain (g, consider the problem:

aQGl 8G1 0G1 . o .
G (m +0,n;61,m)

877 + 5(771;77)G1(771 +0777;€17771)

OR(n1,m: &1,
_ 9R(m 873751 m) + (1, n) R, m;6,m), m < < &; (53)
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OG1(&,m + 0;&,m)
o3

_ aR(ég}? S0 | o m)R(Emyi ). m < € < 61 (54)

The problem (52)-(54) is a Goursat problem. Its solution exists and unique. We are interested
in the representation of the function G(&,n; &1, m)-

+ a’(fa nl)Gl(gv T + 07 517 7]1)

Lemma 1 If the function G1(§,m;&1,m) is the solution to the problem (52)-(54), then for
any (§,m) € Q6 we have G1(&,n; &, m) = Gi(n,§;&,m).

To show that the function Gi(n,&;&,m) satisfies the equation (52), in (52) replace £ =
No, N = &2, (N2, &2) € QU and after using the symmetry conditions of coefficients, we get that
G1(n, &; &1,m) satisfies the equation (52).

Also doing the substitution of £ = 7, in (53) and using the symmetry conditions of
coefficients, we get the condition (54). Similarly, by replacing n = & in (54) and using the
symmetry conditions of coefficients, we get the condition (53).

Thus, we have shown that the function Gy(n,&; &, m) is also a solution to the problem
(52)-(54). Since the solution to problem (52)-(54) is unique, then

Gi(&m&m) = Gi(n,&&,m), (£,n) € Qs

Solution of the problem (52)-(54) we search in the following form

Gl(ga n; 617771) = R(f, n; 617771) + 9(5, 7};517771)7 (faﬁ) € 66-

Then we get the following problem

d%g dg g — Qs

geor T AN 5e + BEm 5+ CEmg =0, (&) € s (55)
89(771757;751,771) +b(n, g, m:&,m) =0, m < n < & (56)
89(5’%25“771) +a(&m)g(§ ms&m) =0, m <E< & (57)

It is easy to see that the solution to the problem (55)-(57) has the form

g(&m;&,m) = R, &:6,m), (§,n) € 626-

Lemma 2 Let (§,7n) be an arbitrary point of the domain Q. By internal variables (&1,m1) the
Green’s function of the problem (7)-(9) has the following properties:

L?gl,m)G(fﬂl;flﬂh) =0, (§1,m) €Q, at &1 #E, & # 0, mFE; (58)
(Ge, — G ) (€561, 61) + (a = b)(61,61)G(€,m;61,6) =0, 0 <& < 1 (59)

G(&m0,m) =0, 0<m <1 (60)
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G(g’"éil_ 0m) e m)GEm e — 0.m) = 0, atmy £ 1y i # € (61)
Gl&. ”52’ 1700 ey mGE s € —0) = 0, at & # & (62)
Cn&t =0 e 6 e mene—0)
06
CETEEE0  hen Gl .6+ 0) (63)
G(EnE—0,n—=0) =G +0,n—0)
+G(EmE+0,n+0) —G(En € —0,n+0)=1; (64)
G & E—0) =G 6 +0)—G(€n6—0,8) =0. (65)

Properties (58)-(65) are easy to get out of the construction of the Green’s function of
problem (7)-(9). Under these conditions (58)-(65) it is possible to uniquely restore the Green’s
function of problem (7)-(9).

Using properties (58)-(65) we can use it to write the integral representation of the solution
to problem (7)-(9). To do this, we consider the following integral

// G(f)77;51,771)f(51,771)d51d771
Qen)

0%u ou ou )
= G(&,m; &, — ta— + b— + cu | déydny. 66
//Q<£n> (f RS 771) (351(9771 351 Sidm ( )

Applying Green’s theorem in a plane [17| and using the conditions (8), (9) properties of
Green’s function (58)-(65), from (66) we get the following representation of the solution to
problem (7)-(9) in the domain Q¢ = Q5 U Qg:

u(€m) = 5 (G(E 0,6 +0) = G(E 0,6~ 0) () + SC(E,m;0,m — 0)7(n)

1
2

1 [
+§/o G(fﬂ%ﬁlﬂh)”(fl)dﬁl‘i‘/ G (& m; &, m) f (&, m)d§idn.

Qen)

6 Conclusion

In this paper, an integral representation of the Green function for a general second-order
hyperbolic equation for the second Darboux problem is constructed, since all the properties
of the Green function of this problem follow from the integral representation of the Green
function. It is shown that the main difference between this work and other previous works
by other authors, we conduct research and build a function Green’s solution of this problem
without using the symmetry conditions of the lower coefficients. In addition, unlike other
authors, it is in the article that we will give a definition of the Green function and a method
for constructing it for cases of general coefficients.
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