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A ROBUST NUMERICAL METHOD FOR SINGULARLY PERTURBED
SOBOLEV PERIODIC PROBLEMS ON B-MESH

This article examines periodic Sobolev reports with a singular deviation, which causes significant
difficulties in numerical approximation due to the presence of sharp or boundary layers. A stable
quantitative method for the effective solution of such problems in the Bakhvalov lattice, a special
grid for the deviant action of the solution, is proposed. Singularly perturbed periodic Sobolev
problems create significant difficulties in numerical approximation due to the presence of sharp
layers or boundary layers. Our proposed reliable numerical method for efficiently solving such
problems on the Bakhvalov grid, a specialized grid, is designed to account for the singular behavior
of the solution. First, an asymptotic analysis of the exact solution is performed. Then a finite
difference scheme is created by applying quadrature interpolation rules to an adaptive network.
The stability and convergence of the presented algorithm in a discrete maximum norm is analyzed.
The results show that the proposed approach provides an accurate approximation of the solution
for singular problems while maintaining computational efficiency.

Key words: Difference scheme, error estimate, periodic boundary value problem, singular
perturbation, Sobolev differential equation.
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B-ropaarel cunrysisipiasl aybITKbiFan CoboJieB mepuo/aThl IIpobieMaiapbl YIMiH TYPaKThI
caHJbIK d/1ici

Byn makamamna CoboeBTIH CHHTYIISPIIBIK, ayBITKYBI Oap Mep3iMIi ecernrepi KapacThIPbLIAILI, OYII
OTKIp HEMece IeKapaJsblK, KabaTTapabia 00IybIHA OANIAHBICTHI CAHIBIK, 2KYBIKTAYIa ATaPJIBIKTA
KUBIHJBIKTAD TYJAbIPaIibl. BaxBajioB TOpbIHIa MYHIAN Maceseaepai THIM/II ey AiH TYPaKThl CaH-
JIBIK, OJIiCi, IIENIMHIH aybITKY opeKeTi YIIiH apHaiibl Top ycbiHbLIFaH. CobOJIEBTIH epekIle alry-
JIaHFaH Mep3iM/ii MiHeTTepl OTKIp KabaTTap/IblH HEMece MeKapaJiblK, KabaTTap IbiH 00JTybiHa Oaii-
JIAHBICTBHI CAHJBIK, YKYBIKTAyJa alTapJIbIKTal KUBIHIBIKTAp TYFBhI3a/Ibl. baxBaa TOPBIHIA, MaMaH-
JAHIBIPBIFAH TOP/A OCHIHIAN Moceseaepal TUIM/I Imenty YImH 0i3 YChIHATHIH CEHIMJl CAHIBIK,
OJIiC IIENIMHIH, CHHIYJISAPJIBIK MiHE3-KYJIKBIH €CellKe aJlyFa apHaJfaH. AJIbIMEH HaKThI HIEIIiMIe
ACUMIITOTUKAJIBIK, Tajaay kacauaabl. CollaH KeiiiH aJIallTUBTI ¥KeJjiire KBaJpaTypaJblK, HHTEPIIO-
JISITAS epeXKeJiepiH KOJJAaHy apKbLIbl aKbIPJIbl aflbIPMAIIBLIBIK, CXEMAChl KACAJIa Ibl. YChIHBIIFAH
aJTOPUTMHIH, TYPaKTBLIBIFBI MEH KOHBEPTEHITUSICHI JUCKPETTI MaKCUMAaJIbI HOPMaJa TaIIaHa IbI.
Horuxkenep ycuHbUIFAH TOCIT ecenTey THIMIUITIH caKTail OTBIPBII, CHHTYJISIPJIBIK, €CelTep YIIMiH
MIENTMHIH, J9JT XKYBIKTaybIH KAMTAMAaChI3 €TETIHIH KOpCeTe/Ii.

Tyitin ce3mep: AllbIpMaIIBLIBIK CXeMaChl, KaTeHl OaraJiay, IepHOATHI [EKAPAJIBbIK €Cell, CUHIY-
JIIPJIBIK, Oy3bLIbic, Cob0sIeBTIH, IuddepeHIaIIbIK TeHIEY.
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B jrarHOI cTaThe paccMaTpUBAOTCs lepuondeckue ordersbl CoboJIeBa ¢ CUHIYJISIPHBIM OTKJIOHEHU-
€M, UTO BBI3bIBAET 3HAYUTE/IbHBIE TPYIHOCTH B YUC/JIE€HHOM NPUOJINKEHUN U3-38 HAJUYIUS OCTPBIX
WIN TTOTPAHUYIHBIX CJIOEB. [IpejioskeH yCTONIMBBIA KOJIUIECTBEHHBIN MeTOH 3hMEKTUBHOIO pe-
[IEHUs TAKUX 33/1a9 B pelreTke baxBajioBa, CHeruajbHas CeTKa JJIsi OTKJIOHSIONIETrOCsH TeHCTBUS
perienust. CUHDYISIPHO BO3MYIIEHHbBIE Iepuojmdeckue 3amadn CobosieBa cO31aI0T 3HATUTEIHHBIE
TPYHOCTH P YUCJEHHON AMIPOKCUMAIINN M3-33 HAJIMYNS PE3KHUX CJIOEB UJIH MOIPAHUIHBIX CJIO-
eB. Ilpeytaraemblii HaMU HaJIEXKHBIA YUCIEHHBI MeTOJ st 9 (MEKTUBHOIO PENIeHUs] TaKUX 3a-
nad Ha BaxBaIoBCKOIl ceTKe, CIenuaIn3npOBaHHON CeTKe, IPeIHA3HAYEH JJIsl yIeTa CHHTYJISPHOTO
noBejieHns pertenns. CHagaa TPOBOIUTCH ACUMIITOTHIECKAN AHAIN3 TOYHOTO DENIEHUs. 3aTeM
COBAETCST KOHETHO-PA3HOCTHASI CXeMa, Iy TeM [IPUMEHEHHUsI KBaIPATyPHBIX [TPABUJI HHTEPITIOJISITUI
K aJIAIITUBHON CceTH. AHAJIM3UPYETCST YCTOWINBOCTh U CXOJIMMOCTD IIPEJICTABIEHHOIO aJrOPUTMa B
JIMCKPETHON MaKCUMaJbHOI HOpMe. Pe3y/ibraThl IIOKa3bIBAIOT, YTO MIPEJIOZKEHHBIN IT0IX0/1 00bectie-
9UBAET TOYHOE NPUOJINKEHNE PEIeHNs JIJIsi CUHTYJISPHBIX 33189 IPU COXPAHEHUN BBIYHCJIATE b
HOI 9P HEKTUBHOCTH.

KimroueBbie ciaoBa: PasnocrHasi cxema, OIEHKA MOTPEITHOCTH, MEPUOMIecKas KpaeBasl 3a/a4a,
CHHTYJISIpHOE BO3MyIienue, nuddepenruaabnoe ypasaenne Cobosena.

1 Introduction

In this study, we consider the following singularly perturbed initial-periodic boundary value
problem in the domain D = Q x [0,T]; Q2 = [0,1], 2 = (0,1), D =Q x (0,77 :

Lu = Ly[uy| + Lou = f(z,t), (x,t) € D,

u(x,O) = @(x% ZAES 57

u(x,0) =Y(x), v€Q

u(0,t) = u(l,t), te (0,7,

u(0,1) = ue(l,t), t € (0,7T],

where

Ly [ug]) = —eugen + a(x)ug,

Lolu(x,t)] = —eug, + b(x, t)u(z,t),

and 0 < ¢ < 1 perturbation parameter; the functions a, b, f and ¢ are sufficiently smooth,
[-periodic, and a(z) > o > 0, b* > b(x,t) > 0.
This study presents numerical solutions for partial differential equations with a second
derivative with respect to time in the highest order term and small parameters in that term.
These equations are commonly found in mathematical physics and fluid mechanics and are
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used in various fields such as transmission lines, electron plasma waves, and ion-acoustic
waves in plasmas [14].

Previous research has looked at problems similar to the one we are investigating in regular
classical difference schemes. In this study, we are focusing on the singular-perturbed version
of the problem, where small parameters affect the coefficient of the higher-order derivative.
One unique aspect of this issue is that when 7 is small, the solution changes quickly around
boundary points in x and the derivatives of the solution become unbounded. As a result,
the traditional difference scheme is not effective with a uniform mesh, as the approximate
solution deviates from the exact solution as the steps in the schema decrease [12]. In this
study, a three-level difference scheme is introduced for the problem under investigation. This
scheme was developed utilizing linear basis functions, interpolation quadrature formulas
with integral terms, and the weight function as outlined by Duru and Gunes (2022). The
stability and convergence criteria of the proposed difference scheme were analyzed, and the
convergence speed was assessed for each scenario.The research also delves into the existence,
uniqueness, and smoothness of the exact solutions to similar problems. Moreover, numerous
mathematicians have investigated the presence, distinctiveness, and regularity of the precise
solution to such issues [17]. Our main objective is to develop a reliable and stable finite
difference scheme for addressing problems 7, incorporating interpolating quadrature
rules and linear basis functions in the construction process.

2 Asymptotic Estimates

Lemma 1 The following estimation is true for the solution u(x,t) of the problems f
s

akJrsu _
HW < C{e 2 [[Iflleay + llell + el + 1]l +ellll] +
+s(s = D"l + "1}, k5 =0,1,2. (6)
Proof. Multiplying both sides of the differential equation (1)) as a scaler with %, we
have
) t
du cyt —1/7.% 2 2y ek (t—s)
ol S Wt [ {aT O llull” + [1£17)e T ) ds, (7)
0
where U, = o [e]|/||” + (a(2)v, &) + ]| |7], e = a7 (1 + ).
In (7)), using the following inequality for the arbitrary function 9(t) € C*
1 1 /
—0%(t) — —9%(0 </19’ 2d 8
S (0) — 7(0) < [ 19/(s) s 0

0
and by taking ¢ € (0,t) instead of ¢ by integrating we get
¢
Jull < s [l + <1 + 101+ £l9/1°] + Ca [ (o) + 146D P] .

0
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From integral inequality

2 2 2 2 2 2
[l < € (10 + ol + ell )+ 1) + elle’|1P)

This is proof of Lemma 1 for the case k = s = 0. Lemma 1 is true for the case k = 1, s = 0.
From this inequality and , the estimate @ is

2
d
< {10y + NI + el + 1917 + el 9)°}

Thus, the lemma is proved for the cases k =s=1and k=0, s = 1.
2

0
Now, if both sides of equation (1)) are multiplied by ZY as the scalar, the following

2
+ée

2

0%u
otox

u
ot

@
ox

£

: o . or?
inequality is obtained
63u 2 82u 2 8U 2 2 2
- — < — .
€ 8t28x + o at2 — C 3 ax + HUH + ||fH

0
From the results for ||u|| and H—UH, Lemma 1 is proved for the cases k = 2, s =0, and

ox
k=2 s=1.
84
Similarly, the other cases are proved by multiplying the differential equation by (‘32—;152
x
as a scalar.

3 The Finite Difference Scheme

In this section the finite difference scheme is constructed by using interpolating quadrature
rules We use the interpolation quadrature rules when constructing the difference scheme
[2].Now we give the node points of Bakhvalov mesh.

3.1 Bakhvalov Mesh

In this subsection, adaptive mesh points are presented. For these points, the mesh generation
function that Bakhvalov 1969, mentioned in his paper is used.
Let w denote the mesh on D, where w = wy X w;

Q}N:{.ﬁfz:Zh, 221,2,,N—1, hlle—.’lfz_l},

T
wT:{tj:jT, j=12,...,M; T:M},w}:wjvu{x:(),l}, w, =w, U{t =0}.

Let the mesh function v be defined on wy. The notations are as the following

v — Vi1 — U; V- — Vi — Vi1 v Vi1 — U; v Uy — Vg
T ) T — ) T = ) TE — .
hit1 hi h; h
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Let the function g(t) be defined on mesh w,. Then the formulas are the following:

G g 1= 20,4 g5
_9n 79 g = 9i — 9i-1 gy = Jit1 g; gi-1 (Samarskii, 2001).
T T T

gt

Bakhvalov mesh points (Boglaev 1984; Boglaev, 2006) are as the following
l

( 4 N
—oflaln<1— (1—5>NZ>, I1=0,1,..., T z; €[0,0¢], if 09 < ’E
—Oéilghl(l— (1_6 4€>NZ>7 Z':0717"‘7 Z7 T; € [070-1]1 if UIZZ;
. N N 3N 2(09 — 0
T; = o1+ (Z_ <Z>>h(1)a 1 = Z+1, ,T, x; € [0'1,0‘2]’ h(l) :%7
. 3N
4(2——) 3N
02—a151n<1—(1—5><—N4 ), i:T—i—l,...,N, x; € |09, ];
1 4 . 3N 31
\ Uz—oflgln<1—<1—e 4€)<_N4 >>7 z:T+1,...,N, x; € [o9, 1], 02 = 7
where

[
01 = min {4_1’ —a_lelna} ,00 =1 — 07.

The approach of generating difference method is through the integral identity:

ti+1 Tit1 Tj+1

e [% pilade + 1 [ Laluloi(ods | (o)t =

tj—1 Ti—1 Tj—1
ti+1 Tj+1

— ! / ht / Fla, tygi(x)da | | x;(t)dt. (9)

tj—1 Tj—1

(x —x1)

gogl)(ﬂi) = B T € [zi1, 74,
i(x) = 0 (z) = (xi;;a:’ T € (X, Tiga),
i1
0, T ¢ (Tio1, Tit1),
and
t—1t;_
) = ( - 1)7 t € [tj-1,t5],
(t) = tiy1 —t
X; (%) X§2)<t> = M, t € [ty tip],

.
0, t & (tj-1,tj41).
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Applying interpolating quadrature rules in [1], we find:

! =1, (u%m) + Oy(ud) + Rj- = f7,

7

where

J _ J J Jy )
él(uw) = —euy,. .+ aug, lo(ul) = —eugsz,; + blul.

Here the remainder terms are denoted by

where
RO =R RO = Rg* + R — Ry,
tj+1
R — / Rix,(t)dt, Rf = R(t) + Ry(t) — Rj(t),
tjfl
and
tj+1 e ( ) ti+1
U\x;,
RO — ;-1 / dn {T”} / Ti(t —n)x;(t)dt —Ti(t; —n) |,
tj—1 ¢ n
tit1 82 ( ) tj+1
_ UL,
ti—1 ’ n
tj+1 an( ) ti+1
Ty,
Ry = ! / dn {Tﬁ} /Tl(t_n)xj(t)dt—Tl(tj =),
ti—1 * n

and in R; we have

Ri(0) =" [ la) - a(e)) 5 a)da
R5,(t) = h_l/Lg[u]gpi(a:)dx—(—sumg,i—i—b(xi,t)u(xi,t)) ,
Ry(t) =" [ 15(0.0) = fai O)pila)do.

Then, it follows that

fu = —guz 4 aiu% — EUzg,; + bgug + R = fga (Z‘,t) cw. <1O>

T,
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For the initial condition , the following relation is written:

t1 Ti+1
ﬁi_lT_l/ / (Lu — f)oi(x)xP (t)dadt =0, z; € w.
to xi—1

From here, we get

T T T
—gu?m + aiu? +r=0¢, ¢=—czm +a+ §5<Pf§c — 55?901' + §f1-0

with the remainder term

r=—c(r®) +r0,

that
[ o (@1 | [
Ty,
= [an( T | [t =i 0a - 1 - |
to * n
t1
0 = [ R 0
to
t1 82 ( ) t1
U\ Ty,
+ / dnb(xi,n)Tn / Ty(t — n)x (H)dt — Tu(t; — n)
to n
[l | |
Zi,
~ [an ™| [Tt — o e - Tty ).
to n

where the basis function x(t) is given by

1 —1

(2) _
_ o (1) = — t€ (o, t1),
xolt) { 0. £ e (to, ).

For the periodical boundary conditions, we use the integral identity as the form

tit1 xy
ﬁ;lel / /(Lu — feo(x)x;(t)dxdt =0, t € w;.

ti—1 xo

From here, we analogously find:

. R | 00 J * _ J
Egyy vy T QUG — Uz v + bgui + 17 = f5, t € wy.

(11)

(12)

(13)
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Here, the remainder term is shown that

T* — —57”*(0) + T*(l)
where
o)
x(0) _ _—1 d TN
' ! / n( at2 )zO
t]'_l
t1
[ = npo(oi - Tt - )|
n
and
ti+1
@ = 71 / () x;(t)dt +r "W — oyt
ti—1

Here, we can write the r;*(") and r»* terms in the last the remainder term as follows

ti+1
B 0%u(0,
r D = N / dnb(mo,n)—a(752 n)
tj—1
t1
/Tl(t —n)x;(t)dt = Ti(t; —n) | ,
n
tit1
* —1z—1 62
rot =1 / dﬁ@fe(n)
tj—1
t1
/Tl(t —n)x;(t)dt = Ti(t; —n) | ,
n
t; tj+1
o= [0 0 - oo,
ti—1 tj—1
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x1

rmw—/uwﬁwm49m,

Zo

x1

7@@z/vww—m%®mm

Zo

and the basis function ¢g(z) is defined by

(2)(1’) (@ —2) o < T < 27,

hy
o) = 905\1/)(1;) = W’ TN_1 < T < Ty,
N
0, v ¢ (2o, 71) U (Tn-1,7N).

Based on the relations , and , we propose the following difference scheme for
the approximating f:

ly = —é?ygﬁi’i + aiy% — yYmaa T Oy = f, (xt) €w (14)

y(@,0) = o(z), =€ wn, (15)

Oy = el +ayl=¢ (16)

y(0,8) =y(l,t), y(hi,t) =y(l+hy,t), tE€w, (17)

Wy =—eyl Nt a0y, N — eyl n T = f3, tew, (18)
where

¢:_€w§i+az¢z+%€§0ii_ 1902—" fzoa Z:17277N7 j:1727aM

4 Error Analysis

Let u be the solution of — and y be the solution of —. The error function z = y—u
is a solution to the following discrete problem:

0(z]) + 6a(2]) = R;. (19)

2(0,t,) =0, 0<i<N, (20)
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20,0) = 2(1,1),  2(h,t) = 2(L+ hwst), T € wr, (21)
0Oz = —e2 4+ ay2l =r (22)
Wy = —5zttm ~NT aoztt N 5zm N0yl =1 tEw,, (23)
» b*+1 72
Lemma 2 Under the conditions: Cor < 1 [ Cy = max 5 ) ), 1 52 > v >0, the
a

following estimates are satisfied for the solution of the problem (19| f
2]l + ellzeall < C(NT2 +77). (24)

See Duru, 2004 for proof.

5 Numerical Results
Let’s write the problem — explicitly:

Ayttt — Gyt Byl = —F, i=1,... N -1

Ayl —Cyl ™ + Byl =—F, i=1,....N—-1; j=2,...,M—1 (25)
AnyN — Oyl + Byyit! = —Fu,
Alyz 1 Clyz 1yi+1:_Fi*7 i=1,...,N—1,

where

A; = —em?h; R

B; = —57_2h thH,

C; = —ch; '772 (hHll + hi_l) —a; 72,

Fy=—f + (bf — 2a;77?) v 4 a2yl e (2r72—1) ym — €T 2?/55901
Af = —er 'R

B} = —er ' '

Cr=—eh v ()l + b Y) —ar ™Y,

F1*:51/1@3—%1/%—5(%—7_1)90m+(%—az‘T_l)b?%’—g P
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Ay = —em 2y ' hyt,

By = —er2h; hy

Cy = —8)‘10_17'_2 (hl_l + hal) —anT 2,

Fy = =3+ (b = 2a07*)yy + aim 2y + (2072 = Dyly v — 7 ylo -

The linear equation system will be solved by the elimination algorithm given below
[16]. For these coefficients, the elimination algorithm is defined as follows

B1 Al F1
=2 =t b=t Ci—aA A0,
&%) 017 Y2 017 52 Cla Q ;é
B; Fi + AiB; Aii ,
TG —ad P T G maar T T G, TN

PN-1 = BN, qn-1 = BN+ TN,
Pi = Qip1Pit1 + Bit1, ¢ = Qip1qiy1 + Yig1, =N —1,dots, 1,

_ Byatanym
Yn = 5
1 —aniiq1 — v+

vi=pi +yng, t=N—1,...,0.

To test the order of uniform convergence of the samples, we define the absolute errors
and the convergence rate as follows

N _ N 2N
¢ = max ‘yi — Yo |
0<i<N

and

In (eV/e2N)

pP= In2

Example 1. Consider the following periodic problem on D = (0,1) x (0, 1]

d*u . Ru O .
e sin(2rz)\ Y * Y © : _ ot sin(2mx) |
© 9202 +(1+4e )0152 €52 +(t+sin(27z))u = e " sin(t) (e +sin(27z)+t+1)
u(x,0) = sin(27z),
%(9& 0) = —sin(27z),
u(0,t) = u(1,1),
ou ou
%(Q?,O) - %(33, 1) = 0.

The obtained results are given in Table 1.

Table 1. Maximum point-wise errors and the order of convergence rate for N = 8 and M = 10.
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7o b1 1 P2 Up) p

-3 0.09348526| 1.7747 | 0.02732148| 1.9396 | 0.00712245| 1.8571
4 0.09675640| 1.7142 | 0.02948816| 1.8696 | 0.00806897| 1.7919
- 0.09331897| 1.7085 | 0.02855243| 1.8846 | 0.00773220| 1.7965
-6 0.09402811| 1.7444 | 0.0280626 | 1.8611 | 0.00772448| 1.8027

Example 2. Consider the problem on D = (0, 1) x (0, 1]

0*u 0%u 0%u

. cos(2mz) < % Y % =
€ 5rh.2 +(1+e ) 52 Ch. + (t + cos(2mx)t)u

= e~ tsin(t) (€™ 4 cos(2mx) +t + 1)

u(z,0) = —sin(mrzx),

ou .

E(:c, 0) = —sin(nz),

u(0,t) = u(1,1),

ou ou

0y - Lz 1) =o.

O 0,0~ 1) = 0

The computed results are summarized in Table 2.

Table 2. Maximum point-wise errors and the order of convergence rate for N=8 and M=10.

€ To D1 ™ D2 T2 b
-3 0.10025268| 1.8574 | 0.02766639| 1.9126 | 0.00734822| 1.8850
—4 0.09669872| 1.8467 | 0.02688412| 1.9344 | 0.00703359| 1.8905
=5
—6

0.09337445| 1.8413 | 0.02605667| 1.9343 | 0.00681726| 1.8878
0.10048995| 1.8736 | 0.02742225 1.9239 | 0.00722681| 1.8987

NN DN DN

6 Discussion and Conclusion

We suggested a new difference scheme to solve singularly perturbed equations. By using
the energy inequalities, the stability of the solution to the continuous problem was shown.
Difference schemes were constructed using interpolation quadrature rules with integral terms
and weight functions as linear basis functions. The remainder term with integral form relieves
the conditions on the solution, such as continuity. The linear basis functions are chosen in
such a way that the method error of the terms with the highest order derivative is zero. Error
analysis is performed in discrete norm and the convergence rate is O(N~2 + 72).

Different numerical methods can be used for the problem we are considering. Exponential
fitted difference schemes and similarly established difference schemes on a piecewise regular
network can be used. Each of these has advantages and disadvantages. The method we used
in this study is advantageous in terms of memory savings and computational cost in the
computer.
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