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SPECTRUM OF THE CESARO-HARDY OPERATOR IN LORENTZ
L,,(0,1) SPACES

The aim of this paper is to investigate the spectrum of the Cesdro-Hardy operator in Lorentz L, ,
spaces over (0,1). In this paper we extended Leibowitz’s results for L, space to Lorentz spaces.
Note that L, space is a special case of Lorentz spaces when indexes p and ¢ coincide. Interestingly,
we obtained the same results as for L, space. The point spectrum is obtained by solving an
Euler differential equation of first order. We used the operator F¢ to find the resolvent set of
the Cesaro-Hardy operator. This operator was defined in Boyd’s work in [1]. Boundedness of the
operator Pr on L, was proved in the same paper. But its boundedness on L, , was proved in this
paper by using L, , norm of the dilation operator. Here, we also used the Boyd’s theorem, which
describes boundedness of operators on rearrangement invariant spaces. We verified conditions of
Boyd’s theorem. It allows us to obtain a bounded inverse of the operator AI — C for some complex
numbers .

Keywords: Cesaro-Hardy operator, spectrum, point spectrum, Lorentz L,, spaces,
rearrangement invariant spaces.

K.C Tynenos, I'T 3ayp*
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*e-mail: z.gulnur.t@gmail.com
Jlopenn Ly 4(0,1) keHicTikTepinge anbikTagran Yeszapo-Xapau onepaTopbIHbIH CIEKTPi

By makasansig Mmakcarsl Yezapo-Xapau oneparopsinbi (0, 1) apasbirbiaia anbiKTagras Jloperi
L,.q xenicrikTepinjeri crekprin seprrey OoJbln TabbLIabl. By makanazga 6i3 Jleitboyunrin Ly,
KeHicTiri ymrin asran HoTm:Kesepin Jlopenr kericrikTepine keHeiTTik. Jleber L, kenicriri p men
q mHIekcTepi TeH GosrraH Keszeri Jlopenn keHicTiKTepiniH mepbec Karmgaiibl eKeHIH afiTa KeTKEH
»KeH. Bisfmin xosm »XeTkisren moTmKeMi3 L, KeHicTiri ymmH anbiHFaH HoTHKeMeH Oipreilt OOmbI.
Hyxkremix criekrp Ditstepin 6ipinii perti quddepeHIualiIbK TeHIeYiH ety apKbLIbl TaObLIIb.
Yezapo-Xap/y onepaTOPLIHLIH PE30JILBEHT YKULIHBIH aHBIKTaY YIIH Py OnepaTOpbIH KOJIIaH/IBIK,.
Byt oneparop Boitureiy |1 xxymbIcbiHIa aHbIKTaIaFaH. { KOMIJIEKC CAHBIHBIH Kefbip MoHepiH e
P: oneparopsinbly Ly, Kenicririnze menesreHairia fie o/ col MaKasIaIaH Kepyre 6osraasl. Aaiiga
Gyu1 oneparopibiy, Ly, o KeHicTikrepine meneiren/iri ocsl Makaaaga goaegenai. Om ymin 6i3 £
KEHEeHTy OIepaTOpBIHbIH Ly, ; KeHiCTIKTepiH o3-03iHe OeifHesrereH Kessieri HOPMACHIH KOJIAHIBIK.
ConbiMeH KaTap, DoiIThiH ollepaTop/iapiblH, WHBAPUAHTTHI KaliTa perTey KeHICTIKTepiHjeri
[I€HEJIPEH IIMH CHMIATTAWTHIH TEeOPEeMAChIH KOJIAHALIK. DBi3 Boiin TeopeMachbiHbIH IIapTTAPhIH
TeKCePiK, OyJI 6i3re A\ KOMILIEKC CAaHBIHBIH Keitbip Monaepi yimia Al — C' onepaTopbIHbIH, IIEHeINeH
Kepi omepaTopblH TabyFa MYMKIHIIK Oepesi.
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esnpio mamHON cTATbHU SBJISIETCS MCCJIEIOBAaHUE CIEKTpa omeparopa dezapo-Xapau B IPOCTPAH-
crBax Jlopenma L, , na unrepsase (0,1). B aroit crarbe Ml pacmmpunu pesynsraret Jleitbosuma
JIst mpoctpaHcTBa L, Ha npocrpaHcTBa Jlopenma. OTmernm, 9TO mpPOCTPaHCTBO L, sIBIsieTCs
YACTHBIM CJIyYaeM IIPOCTPaHCTB JIopeHIa, Korjga UHIEKCHl P U ¢ COBIAIAIOT. UTO MHTEPECHO, MbI
HOJTYIHJIH Te YKe Pe3yJIbTAThI, IYTO U JJIsl TPOCTPAHCTBA L. ToUedHBI CIIEKTD TOJIydaeTCs Iy TeM
pereanst 1 PEPEHITUATBHOIO YpaBHEHUs Diljiepa MepBoro mopsiaka. s HaxX0oXKIeHusT pe30Jib-
BEHTHOI'O MHOKECTBa olreparopa esapo-Xap/iu Mbl UCIOIL30BaJU olepaTop F:. DroT oneparop
Ob1 onpenesie B pabore Botima B [1]. B aroit xe paore Boiima nokazaHa OrpaHUYeHHOCTH
oneparopa P: na L, i HEKOTOPBIX 3HAYEHUH KOMILIEKCHOro uucia &. Ho ero orpanmyennocts
Ha L, , OblIa Jl0Ka3aHa B 3TOH CTaTbe C IOMOINBIO L, , HOPDMBEI OI€paTOpa pacCTsKeHHsd F.
3ech MBI TakKe HUCIOJb30BaJM TeopeMmy Doiifia, ONMMCHIBAIOIIYI0 OIPDAHMYEHHOCTH OI€PATOPOB
B MHBAPMAHTHBIX E€PECTAHOBOYHBIX IPOCTPAaHCTBax. MbI mpoBepmin ycjaoBus TeopeMbl Boiina.
On 1no3Bosisier HaM IOJYYUTh ONPAHUYEHHbIH oOparHbIil omeparop (Al — C)f1 J1JIsI HEKOTOPBIX
3HAYEHNN KOMILIEKCHOTO YUCIA .

KuroueBsbie cioBa: oneparop Yeszapo-Xap/iu, ClIeKTp, TOYEIHBIN CIEKTP, IPocTpaHcTBa JlopeHra
L, 4, TepecTaHOBOYHbIC HHBAPHAHTHBIC TPOCTPAHCTBA.

1 Introduction

Let 1 <p < 00, 1 < ¢ < oo. Define Cesdro-Hardy operator C' on the space L, ,(0;1) by

CFt) ::%/Of(s)ds, te(0.1) (1)

Boundedness of C acting on L, 4(0, 00) can be shown directly by Hardy’s inequality |2, Lemma
IT 3.9]. Let us show its bondedness on L, ,(0,1). Indeed, if f € L,,(0,00) and f(t) = f(¢)

(0<t<l), f(t)=0 (1 <t < o0),then

~ p ~
Ctli,qa01) = ICFllLyq000) < FHJCHL,,,Q(O,OO) = I fllz,.q0.01)-

It follows from the general theory of bounded linear operators on Banach spaces that the
spectrum of C' is non-empty set. The aim of this paper is to determine the spectrum and
the point spectrum of the Ceséro-Hardy operator in L, ,(0, 1) spaces. The spectrum and the
point spectrum of the Cesaro-Hardy operator in Ly(0, 00) and Ly(0, 1) was shown by Brown,
Halmos and Shields in [3]. Boyd extended their results to L,(0,00) (1 < p < o0) [1]. Later,
Leibowitz investigated the spectrum and the point spectrum of the Cesdro-Hardy operator
in Lebesgue L, (1 < p < o0o) spaces over (0,1) [4]. The spectrum and the point spectrum of
the Cesédro-Hardy operator in C'(0,00), C*°(0,00) and L, j0.(0, 00) were studied in [5]. About
the spectrum and the point spectrum of the Cesdro-Hardy operator in the ultradifferentiable
function spaces can be found from [6]. Boyd described the spectrum of the Cesdaro-Hardy
operator in rearrangement invariant spaces in [1], but its proof was not found. Therefore, we
proved the spectrum of the Cesdro-Hardy operator in Lorentz L, ,(0, 1) spaces ourselves and
decided to publish our results.

2 Preliminaries

In this section we present some notions and notations from the general theory of linear
bounded operators on Banach spaces.
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Definition 1 Let T be a bounded linear operator mapping a Banach space X into itself. The
spectrum of T' (will be denoted by o(T)) is the set of all X € C for which the operator \I —T
does not have an tnverse that is a bounded linear operator.

Definition 2 |7, Definition 1.13] Let T : X — X be a bounded linear operator. Define
opn(T) ={AN € C: X[ =T is not injective < Ker (A —C) # {0}};

oo(T) = {/\ €C: M —T isinjective with ITm (M —T) = X, but Im (M —T) # X} :

o (T) = {)\ € C: N[ =T isinjective, but Im (N —T) # X}.

op(T), 0.(T) and o.(T) are called respectively the point spectrum, the continuous spectrum
and the residual spectrum of T in X. Clearly o,(T), 0.(T) and o,(T') are disjoint and

o(T) =0 (T)Uoc (T)Uo.(T).

Definition 3 The resolvent set p(T) of T in X is defined to be C\a(T) or in other words,
the resolvent set of T' is the set of all A € C for which the operator \I — T have an inverse
that s a bounded linear operator.

Definition 4 /8, Definition 2.1] The function uys : [0, 00] — [0, 00] of function f defined by
) = pla R 0] > A}, (A= 0)
1s called the distribution function of f.

Definition 5 [§, Definition 2.2/ The decreasing rearrangement of f is the function f* :
[0, 00) — [0, 00] defined by

ff=mf{A>0:pur(N\) <t}, (t>0).

Definition 6 Let 0 < p < o0, 0 < g < 0o. Then the Lorentz L, ,(0,1) space is the set of all
Lebesgue measurable functions f such that || f||z, ,0,1) < oo, where

; Loy 1 dt % :
T Of<tpf (t)) a ifl<p<oo, 1<q< oo,
p,q 1

suptr f*(t) if0<p<oo, g=oc.
>0

The Lorentz L, , space is the generalization of the Lebesgue L, space. If we take p = ¢,
L, 4 coincides with L, and

12y = 1 llzys (F € Lp)-

The space Lo 4, for finite g, is trivial, since it contains only the zero-function [g].
The linear map P is defined by

Pef() = [ 57 pGst) as 2)

The operator P is bounded on L, (1 <p < o0) if and only if Re (§) < ’%1 [1, Lemma 1].
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Definition 7 |2, Definition II 4.1] Let (Q, 3, 1) be a totally o-finite measure space and let
MT(Q) denote the class of non-negative measurable functions on Q.

Let p : MT(Q) — [0,00] satisfy the following five conditions for all f, g, f, € MT(Q),
all measurable sets E € ¥ with u(E) < oo and all constants a > 0

1. p(f) =0« f=0 ae.,
p(f +g) < p(f) +plg), plaf) = ap(f)

2. 0<g< fae = plg) <plf)
3. 0< fut fae= plfa) 1 p(f)
4. W(E) < o0 = p(xp) < o

5. W(E) < oo = [, fdu < Cep(f)

for some constant Cg, 0 < Cg < 00, depending on E and p, but independent of f.

Then p is said to be rearrangement invariant if p(f) = p(g) for every equimeasurable
functions f and g in M*(Q). In this case, the Banach function space Y = Y (p) generated
by p is said to be a rearrangement invariant space.

Throughout this paper we study the case when 2 = (0, 1).

The Lorentz L, ,(0,1) space is an example of rearrangement invariant spaces |2].

Let Y be a rearrangement invariant space. The dilation operator F,: Y — Y for 0 < s <
oo is defined by

(Esf) (t) = f(st). (3)

Let h(s;Y) denote the norm of (3)) as a mapping from Y into itself [9].
The operator norm of E, from L,,(0,1) to L,,(0,1) is h(s;L,4(0,1)) = s 7. The
h(s; Lpoo(0,1)) norm for ¢ = oo is also equal to 577 [2, Theorem IV 4.3|.

3 Spectrum of the Cesaro-Hardy operator in L, ,(0,1)

In this section, we find the spectrum of the Cesaro-Hardy operator in Lorentz L, ,(0, 1) space.
The following theorem is the main result of this section.

Theorem 1 Let 1 < p < oo and 1 < q < oo and let C' : L, ,(0,1) — L,,(0,1) be the
Cesdro-Hardy operator defined by . Then the spectrum of the operator C' in L, ,(0,1) is

the set . .
O'(C)—{)\G(CZRQ(X) 2%}

/
<2t
-2
And the point spectrum is the set

apt(C):{Aec;Re G) >1%}

or equivalently

U(C):{)\GC:‘)\—%
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or

1, 1
where = + = = 1.
p+p,

Proof. Every rearrangement invariant space Y on (0,1) satisfies Lo, C Y C L; (see |2,
Corollary 11 6.7]). If f € L,,(0,1), then f € L;(0,1).

Let A = 0. Since the function C'f is continuous on (0, 1), the range of the operator C' does
not coincide with the whole space L, ,(0,1). Hence, A = 0 belongs to the spectrum of C.

If A # 0, in this case we consider the equation C'f = Af. By fundamental theorem of
calculus, we observe that f is differentiable. Hence, we obtain

Af(t) + (A =1) f(t) = 0. (4)

The solution of will be f(t) = "% . Our next aim is to find out in which cases of A
the function f(t) =¢ x belongs to L,,0,1).

Let Re(l ’\) < 0, then the function #25e('3*) is non- increasing. Its decreasing
rearrangement will be (the(¥)> = oRe('5) [8, Theorem 2.4].

o = [ (2 (1)) %= [ (o 0)

1
1
= / tplraRes—a gy
0

Therefore, | fllr, 01 < oo whenever \ satisfies {\€C: Re (%) >l
{AeC:Rd%)go}. Or we can write this as {)\E(C. %} N

{AeC:|A—4]>3} Since 1 <p < andz—lj—i—l% = 1, it follows that 1 < p’ < oo, which
means that this set is not empty.

Next, we consider the case when Re ( ) > 0, then the function taRe(*52) i increasing.

We have to find its decreasing rearrangement. Distribution function of #27e('5*) can be
calculated by

p(u) =1 — V(5 we (0,1)
and decreasing rearrangement becomes
(tq36(¥>)* — (1 -0 e (0,1)

Hence,

* L, B
sy = [ 657 (0O = [ 670 =)
T g 1
:/ tr 1 qRe( A) dt+/ t5_1 (1 t)qRe( )dt<oo

2
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The function f(t) = = Ly4(0,1) if and only if Re (
of the operator C'in L, ,(0;1) is the set

1 _1 / /
opt(C):{)\e(C:Re<X>>pT}:{/\EC:‘)\—% <%}.

By |1, Lemma 1|, the operator P: defined by is bounded on L,(0,1) for 1 < p < o0
if and only if Re (§) < ’%1. Since sh(s, L,4(0,1)) — 0 as s — 0+ and h(s,L,,(0,1)) — 0
as s — 00, it follows from [10, Corollary 1] that P is bounded on L, ,(0,1) if and only if

%) > ’%. Thus, the point spectrum

Re (€) < %1.
By Fubini’s theorem, we obtain
EP.Cf=ECPf=(C—F)f. (5)

We can see by that the operator {1+ &2 P for & := % is inverse of A\ —C'on L, ,(0,1).
Thus, the resolvent set of the operator C' in L, (0, 1) becomes

p(C)z{/\EC:Re<§><Z%1}.

As we know from general theory of bounded linear operators on Banach spaces that
spectrum of bounded operators is closed, we observe that the spectrum of the Cesaro-Hardy
operator in L, ,(0,1) is the set

a(C):{AeC:Re<§>z%}.

The result of the theorem can be seen from Figure 1.

ImA
/_;\j}! -
=

Figure 1: Spectrum of the Cesdro-Hardy operator in L, ,(0,1)

O

The following theorem describes the spectrum and the point spectrum of the Cesaro-Hardy
operator in L, (0, 1).
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Theorem 2 Let 1 < p < oo and let C' : L,(0,1) — L,(0,1) be the Cesdro-Hardy
operator. Then the spectrum of C' in L, ~(0,1) is the set

1 -1
and its point spectrum s

00 (C) = {)\ €C: Re G) > ]%} \{0}.

Proof. First, let A = 0. The equation C'f = 0 has only trivial solution, which implies that
KerC = {0}.

However, since the range of C' contains only differentiable functions on (0,1), it follows
that C' is not surjective. Hence, A =0 € o (C) \opt (C).

Next, we consider the case when A # 0. The function f(t) = that satisfies the equation
(Al — C) f = 0 belongs to L, (0,1) if and only if Re (5) > 2 T' Indeed, if Re (152) < 0,
then the function f(t) = £7%e(*3*) is non- increasing, hence (tRe( AX)) = Re(*3%) [8, Theorem
2.4]. Therefore,

1 A

*
11|y e (01) = sup tr (t A ) = sup ¢Re(3)-1,
0<t<1 0<t<1

Let Re (%) > 0, then the function 175 s increasing and its decreasing
. Re(12))" _ Re(1)-1
rearrangement will be (¢7°\°X = (1—¢t)" )",

1) _
11|y e (01) = sup tv (1—t)f e(3)-1 < .
0<it<1

It follows that the point spectrum of C' in L, (0,1) is the set

00 (C) = {A €C: Re G) > ”‘%}\{0}.

And again by [l Lemma 1], the operator P is bounded on L,(0,1) for 1 < p < oo if
and only if Re (§) < 7%1. Since sh(s; Lpoo(0,1)) — 0 as s — 04 and h(s; L, ~(0,1)) — 0
as s — 00, it follows from |10, Corollary 1] that P is bounded on L, (0, 1) if and only if

Re (5) < B
If ¢ .= , it is easy to see by . ) that the operator &I + &2P; is inverse of A — C' on
0,1). ThlS implies that the resolvent set of the operator C' in L, (0, 1) will be

p(C):{)\eC:Re(%)<%}.

Thus, the spectrum of the Cesdro-Hardy operator in L, (0,1) is the set
1 -1
U(C'):{)\GC:Re(X) ZPT}

Remark 1 The case p = ¢ = 0o was investigated in |4, Theorem, p. 29].

oo



K.S Tulenov, G.T. Zaur 49

4 Conclusion

In this paper, we investigated the spectrum of the Cesdro-Hardy operator in Lorentz L,
spaces over a finite interval. We obtained that the spectrum of the operator C' in the space

L,,0,1) for 1 <p < ooand 1l < g < oo is the closed disk with center (%,O) and radius

%/. And the point spectrum of the Ceséro-Hardy operator in L, ,(0, 1) is interior of this disk.
The spectrum of the Cesdro-Hardy operator in the space L, ~(0,1) (1 < p < co) was the
same as for finite ¢. But the point spectrum of the operator C' in L, (0,1) was the set

opt (C) = {)\ €C:Re(3)> ’%1} \{0}. We also determined the resolvent set of the Cesdro-

Hardy operator in the spaces L, ,(0,1) and L, (0,1). Here, we used the operator P and
proved its bondedness on L, ,(0,1). It helped us to show bounded inverse of the operator
A — C for some complex numbers .

5 Acknowledgement

This research was funded by the Ministry of Education and Science of the Republic of
Kazakhstan (Grant No. AP09258335)

References

[1] Boyd, D. W., "Spectrum of Cesdro operato" , Acta Scientiarum Mathematicarum, 29.1-2 (1968): 31.

[2] Bennett C., Sharpley R. C., Interpolation of operators (Academic press, 1988).

[3] Brown A., Halmos P. R., Shields A. L., "Ceséro operators" , Acta Sci. Math.(Szeged), 26.125-137 (1965): 81-82.

[4] Leibowitz G. M., "Spectra of finite range Cesédro operators" , Acta Scientiarum Mathematicarum, 35 (1973): 27-29.

[5] Albanese A. A., Bonet J., Ricker W. J., "On the continuous Cesdro operator in certain function spaces", Positivity, 19.3
(2015): 659-679.

[6] Albanese A. A., "Spectrum of the Cesdro Operator on the Ultradifferentiable Function Spaces £, (R4 )", Complex Analysis
and Operator Theory, 15.1 (2021): 1-14.

[7] Dowson H. R., Spectral theory of linear operators No. 12. (Academic Press, 1978).

[8] Kristiansson E., "Decreasing rearrangement and Lorentz L (p, q) spaces |[master thesis|", Lulea: Department of
Mathematics of the Lulea University of Technology (2002).

[9] Boyd D. W., "The Hilbert transform on rearrangement-invariant spaces", Canadian Journal of Mathematics 19 (1967):
599-616.

[10] Boyd, D. W., "Spaces between a pair of reflexive Lebesgue spaces" , Proceedings of the American Mathematical Society
18.2 (1967): 215-219.



	Introduction
	Preliminaries
	Spectrum of the Cesáro-Hardy operator in Lp,q(0,1)
	Conclusion
	Acknowledgement

