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A CASE OF IMPULSIVE SINGULARITY

The paper considers an impulsive system with singularities. Different types of problems with
singular perturbations have been discussed in many books. In Bainov and Kovachev’s book
[4]several articles cited therein consider impulse systems with small parameter involving only
differential equations. The parameter is not in the impulsive equation of the systems. In our
present the small parameter is inserted into the impulse equation. This is the principal novelty
of our study. Furthermore, for the impulsive function, we found a condition that prevents the
impulsive function to blow up as the parameter tends to zero. So we have significantly extended

the singularity concept for discontinuous dynamics.
The singularity of the impulsive part of the system can be treated in the manner of perturbation

theory methods. This article is a continuation of 1| work. In our present research, we apply the
method of the paper [1]. Our goal is to construct an approximation with higher accuracy and to
obtain the complete asymptotic expansion. We construct a uniform asymptotic approximation of
the solution that is valid in the entire close interval by using the method of boundary functions [22].
An illustrative example using numerical simulations is given to support the theoretical results.
Key words: Impulsive systems, Differential equations with singular impulses, the Vasil’eva
theorem, the method of boundary functions.
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NmirysibeTi CUHTYIISIPJIBIK, YKargaii

Bya skyMbIcTa CHHTYISPIIBI UMITYJIBCTIK 2KYiie KapacThIpbLIagnl. Kemnreren kitanrapaa op TypJi
CHHI'YJISDJIbl aybITKBIFAH ecenrep Tajkplianrad. baiinos nen Kosadesriy kitaboinga [4] xone o
KiTamTarbl CijiTeMe KacasbIHFaH MaKajaJap/ia UMIIYIbCTI CUHTYJIAPIIbI udepeHITHAIBIK TEH-
Jeyaep XKyiieci KapacTeIpblairan. Bipak o1 2KyMmbIcTapaa Killli mapaMeTp UMITYJIbCTIK TeHeYIep/Ie
eMec, Tek JuddepeHIaIIbIK TeHIeYIepiHIe KaTbIcaabl. AJl OyJI 2KyMBICTa UMILYJIBCTI TEHJIeyreIe
Kimi napamerp eHriziigi. By 3eprreynin Herisri KaHAJIBIFBL OOJIBIT TabbLIabI. COHBIMEH KATap
AMITYJIBCTIK (DYHKIUS VIOH Kill mapaMeTpi HOIre YMTBUIFAH Ke3/1€ UMILYIbCTIK (DYHKIUSHBIH,
MEeKCi3IiKKe KeTyiH OOJIbIpMafiThiH KOChIMINa mapT Tabbuiabl. Ocbuiaiiiia, y3imicci3 quHaMUKa
YIIIH CUHTYJISIPJIBIK, YFBIMBI alTapJIbIKTAll KeHeHTiIIi.

ZKyitenin, uMIyIbCTiK OOMITIHIErT CUHTYIAPIBIKTBI ayBbITKY TEOPHUSCHLIHBIH O/IiCTEPIH KOIIAHY
apKBUIBI KapacThipyra Oosazpl. Bysn maxamna [1] xKyMmbicTbiH Kasarachl 60kl Tabbuiabl. Ockl
seprreyzene [1] Kymbicta cunarrasFaH ojic KOIJAHBUIAABI. 2K YMBICTBIH MaKCAThI- XKYbIKTaY/ bl
2KOFaphl JIJJIKIEH KYPY 2KOHE TOJIBIK, ACHMITOTUKAJBIK, YKIKTeTymal axy. zKyMbpIcTa IIentiMHiH
GiIPKAJIBIITHL ACUMITOTUKAJIBIK, 2KYBIKTAY bl IEKAPAJIBIK, (DyHKIMsIAD 9iCiH |22] Kosiiana OThIpbIIL,
TOJIBIK, KECIHi/Ie aHBIKTAIIbI. 1eOpUs/IbIK HOTHKEHI pacTay VIMH rpaduKaablk KOPHEKITIKIIeH
HaKThl MbICAJI KeJITipiiii.

© 2023 Al-Farabi Kazakh National University


https://orcid.org/0000-0002-2985-286X
https://orcid.org/0000-0002-1094-7818
https://orcid.org/0000-0002-4179-0374
https://orcid.org/0000-0002-4666-8001

4 A case of impulsive singularity

Tvyiiia cesaep: Muynberik »Kyiteep, CUHTY/ISIPIIbI UMILYJIbCTIK JuddepeHIuaIbK, TeHIeyIep,
BacuibeBa TeopeMachl, MeKapaJsiblK, (DYyHKIUSIIAD 9iCI.

M. Axmer!, H. Asmrait 2°, M.K. Jaysuibaes 23, P. Ceiinosa +°

1 CpemHe-BoCTOUHBIH TeXHUYECKHiT yHuBepcuTet, r. Ankapa, Typrms
2 Kazaxckuil HAIMOHAJIBHEI yHuBepcuTeT nM. Anp-Dapabdu, . Anmarsl, Kazaxcran
3 MHCTHTYT MATEeMATHKI U MATEMATHIECKOro Mojaeauposanusd, r. Amvarel, Kazaxcran
4 AKTIOOGMHCKHI PeruoHaILHBIN yHHBepcuTeT, r. Akrobe, Kazaxcran
5 Nucruryr undopManuoHnbX U BhraucanTe subx rexnosnornit KH MOH PK, r. Anvarsr, Kasaxcran
*e-mail: avyltay.nauryzbay@gmail.com
Ciy4aii UMIOyJIbCUBHO CHUHTYJISIPHOCTH

B craTthe paccmarpuBaeTcs UMITyJIbCHAS CUCTEMA C CHHTYJISPHOCTBIO. Pa3jimvHble TUIBI 33,199
C CHHI'YJIIPHBIMH BO3MYIIEHUSAME OOCY2KIAJNCh BO MHOrUX KHurax. B kuure Baitnosa u Kosaue-
Ba [4] 1 HECKOJIBKUX CTATHSIX, MUTUPYEMBIX B KHUTE PACCMATPUBAJIUCH CHHTYJISPHBIE NMITYJIHCHBIE
CHCTEMBI C MAaJIbIM I1apaMeTPOM, IPUCYTCTBYIONIUM TOJIBKO B JMUMO@EpPEeHINAIBHBIX YPABHEHUIX
9THX CHCTEM, HO HE B HMIIYJbCHBIX ypaBHeHUsiX. MBI Ke BBOJMM MaJiblii IIapaMeTp B ypaBHE-
HUE C UMITYJIbCOM. DTO SIBJISIETCS IPUHIIUIINAIHLHOM HOBU3HOI HAIero muccjenoBanus. bosee Toro,
JJIS. UMITYJIBCHON (DYHKIIMU MBI HAIILUIM YCJIOBHAE, KOTOPOE IMPEIOTBPAIIAET KOJIIAIC UMITYJIHLCHON
GYHKIMK IpU yMEHBIIEHUH apaMerpa J0 HyJsd. Takum o0pa3oM, Mbl 3HAYUTE]HHO PACIITAPUII

KOHIIEIIIUIO CUHTY/JISAPHOCTH JJIA Pa3PbIBHON JUHAMUKU.
CHHTYJISIDHOCTD B UMITYJIBCHON YaCTU CHCTEMBI MOXKET OBITH PACCMOTPEHA C TIOMOIIHIO0 METOIOB

TEOpUM BO3MYIIEHHH. DTa CTaThs sIBJISETCS MPOJOJKeHneM paborsl [1]. B Hacrosimem wncciemo-
BAHUU TMPUMEHSIETCS METOJI, OITUCAHHBIN B 3TOi cTarhe. Hamma 1esb - MOCTPpOUTh anmpOKCHMAITIT
BBICOKOT'O TIOPSIJIKA U MOJIYIUTDh OJTHOE aCUMITOTHIECKOE pa3jozkeHne. Mbl HaIIm paBHOMEPHYIO
ACUMIITOTUYECKYIO AIIPOKCUMAIIIIO PEIIeHns] Ha BCeM 3aMKHYTOM pacCMaTpPUBAaEeMOM WHTEpPBaJie
UCHIONIBb3Ysl METOJ rpaHnYHbIX dbyHKunit [22]. Ina moaTBEep:KIeHNsT TEOPETHIECKOTO Pe3yJIbTaTa
IIPUBEJIEH YNUCJIEHHBII IPUMED C MOJIEIMPOBAHUEM.

Kutouesbie ciioBa: VmnyibcHble cucTeMbl, auddepeHnnaibHble YpaBHEHUsI C CHHIYJISPHBIMA
UMITyJIbCAME, TeopeMa BacuiabeBoil, MeTo/1 TpaHuIHbBIX (DYHKIIHIA.

1 Introduction

Singularly perturbed equations are frequently applied as mathematical models describing
processes in physics, chemical kinetics [19], mathematical biology [14L[18], fluid dynamics [11]
and they frequently appear when applied engineering and technology problems are being
investigated |11,{13}/14}/16,/18]. Since these problems depend on small parameters, the solutions
show non-uniform behavior over time as the parameters tend to zero. Asymptotic methods
of approximation of solutions for singularly perturbed differential equations are currently
actively investigated by many authors. Efficient asymptotic methods are developed for a
fairly broad class of singularly perturbed problems. These methods enable one to construct
uniform approximations with any required accuracy. One of classical asymptotic methods is
the method of boundary functions [23|. One can apply this method for solving a singularly
perturbed problem, if in a part of its domain the condition of the well-known Tikhonov
theorem is valid. The present paper, we shall imply the method for analysis of an impulsive
systems. Impulse effects exist in various evolutionary processes that exhibit abrupt changes in
states [2H4]. Impulse effects are common in many systems in addition to singular perturbations

[81[91,20].
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Various types of singular perturbation problems have been described in many books |7,
17,23|. Consider the following model of singularly perturbed differential equation

et = f(z,y,1),
v =9(z,9,1)

(1)

where € is a small positive real number. In literature, the results based on the system is
known as Tikhonov Theorem [17,21]. In [5], authors consider systems with a singularity,
which appears through moments of impacts. More precisely, the impact moments are singular
if they are infinite and there exist accumulation points for the moments. Since there exist an
infinite number of discontinuity moments in a finite time, the possibility of the blow up of
solutions occurs here.

Akhmet and Cag [1] first time in literature considered differential equations when impulses
are also singular beside the differential equation. They presented the following problem

= F

€2 (z)_, @)
eAz|i—g, = I(2,¢),

with z(0,¢) = 29, where z € R™, t € [0,T], F(z) is a continuously differentiable function on
D and I(z,¢) is a continuous function for (z,e) € D x [0,1], D is the domain D = {0 < ¢ <
T,|| z ||< d}, 6; are defined above. If ¢ = 0 in (2)), then 0 = F(z) = I(z;0). It is a degenerate
system because its order is less than that of . Consider an isolated real root z = ¢ with
F(z) =0 and I(z;0) = 0. Additionally, for the impulsive function they following condition if
used

I
lim (2,¢)
(z,8)—(,0) g

=0 (%)

which prevents impulsive function to blow up as the parameter ¢ tends to zero.

The main novelty of the paper [1] is the extension of Tikhonov’s theorem so that the
system has the small parameter of the impulse function and the instant of discontinuity
is different for each dependent variables. The singularity of the impulse part of the system
can be handled using methods of perturbation theory. In our present research, we apply the
ideas of the paper [1].

Our discussion will be centered on the following system:

52:f(z,y,t), y:g<zayat)> (3&)
5AZ|t:9i = ](Za y75)7 Ay|t:77j = ‘](27 y)a (Sb)

where z, F' and I are m-dimensional vector valued functions, y, f and J are n-dimensional
vector valued functions, 0 < 0 < 0, < ... <0, <T,0;,i =1,2,...,p, and 15,5 = 1,2, ...k,
are distinct discontinuity moments in (0, 7).

Impulsive system consists of differential equations (3a) and impulsive equations (3b). In
the book [7] and papers [8,9] impulsive systems are considered. But only the differential
equation in [7] is singularly perturbed. Akhmet and Cag were the first who inserted a small
parameter into the impulsive part of the singular equation. In the paper [1|, the authors
investigated the behavior of solutions of a singularly perturbed system and considered two
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cases of singularity with single and multi-layers that depend on the condition . Akhmet
and Cag showed that the transition to the limit for y(¢,¢) is uniform in the entire interval
of 0 <t < T, while the transition to the limit for z(¢,¢) isn’t uniform in the entire interval
of 0 <t < T, but only in the subintervals § < ¢t < 6;,7 = 1,2,...,p for § > 0, outside the
boundary layers.

This article is a continuation of [1] work. We consider the case of differential equations
with singular impulses. We construct a uniform asymptotic approximation of the solution
that is valid in the whole interval 0 < ¢ < T using the method of boundary functions.
However, the theorems of the article [1] do not give the order of accuracy of the asymptotic
approximation g(t) for the solution y(t,e) in 0 < ¢t < T and that of Z(t) for z(t,¢)
outside the boundary layer. Our goal is to construct an approximation with higher accuracy
and, if possible, the complete asymptotic expansion for the solution of the problem (4)),
(5). The method for constructing asymptotic expansions of the type for solutions
of a number of singularly perturbed systems is called the method of boundary functions.
Additionally, the following conditions are required

: I(z,y,¢)
lim — 2 =] 0 Kk
(2,9,6)=(,5,0) € 07 ( )

for the impulsive function, where y = 7(6;) are the values for each impulse moment at the
points t =60;,,1=1,2,...,p .

2 Main Result

In this study, we consider the homogeneous linear differential system where impulses are
singularly perturbed. The following system is our focus of discussion

d b
P az + by, eAzlimg, = 2+ -y + ez + 2¢ey,

d
d_?; =cz+dy, Aylims, =2+,
with initial condition
2(0,e) = 2% y(0,e) =", (5)

where ¢ is small positive real number, a < 0, b, ¢, d — constants, b # 2a,

a b
. d‘#0,0<91<

0y <..<6,<T,0;i=12,..,p, are distinct discontinuity moments in (0,7").
In system , we take € = 0, to obtain

d
0 = az + b, d—i/ = (Z + d,

AYlip, =Z +7.

(6)

b
We find the root Z = ¢ = ——% and substitute it into (EI} with the initial value to
a

obtain

dy ad—cb_ _ b,
% = a Y, Ay|t:9i = (1 - a)y7 (7>
(0) = 4",
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Solving this problem, we find

50) = 42— ) e )
and eventually
20 = (2 2 ep(“ D)) )

Now let us check the condition . Then one can verify that condition is correct, since

b
z+—y+€z+25y b b . ad —
lim a = lim  (2—-)7(6;) = y°(2—=)"(exp(
a

(2,9,6)=(#,5,0) € (2,9,6)=(,5,0) a

Ly £ 0.

We will seek the asymptotic expansion of the solution z(¢,¢),y(¢, ) of problem ({)-(5) in
the form

z(t,e) =Z(t,e) + W (1i,€),

. t— 6, (10)
y(t7€) = y(tag) + 5V(Z) (7—175)7 T, = 5

where

5) = Z Ekzk(t)a y(t> 5) = Z €kyk(t)
N1, e ZE w ) N1, € Za l/k (73).

The coefficients w,(f)(n) and 1/,8) (7;) in the expansions are called boundary functions

and we impose the additional condition on them:

wi(00) =0, v (00) =0 (i =0,p). (12)

(11)

Substituting into (4) and comparing functions of ¢ and 7; separately, we obtain two
systems of equations

ez = az + by,
o (13)
Y =cz+dy,
and
(@) (o — aw® (. (@) (.
ew' (1, e) = aw'’ (1,¢) +e - b\ (1, €),
(12:8) = aw(r ) (79 ”

v(7;,6) = cw'(mi,6) + e - dv (13, €).

The next step is to expand all functions appearing in and into powers of ¢ and
compare terms of the same order in €. As a result, we obtain the systems

€210 = azo(t) + by, (1),

T(t) = cEolt) + diol), (13
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16
i (t) = cZi(t) + dg(t), "
and
€% (1) = awi (1), (17)
o (75) = cw (7)),
e 07 = awl (7)) + b (1), (18)

(1) = cw,(:) (1:) + du,(;_)l(n).

Consider the first interval ¢ € [0,6;]. In order to determine the terms of expansion ([10))
from the obtained equations, it is necessary to set the initial conditions. To accomplish this,
we substitute the series into the initial value :

Z0(0) + £21(0) + ... + w{”(0) + ew!”(0) + ... = 2,

(19)
To(0) + 7, (0) + ... +erd?(0) + 20(0) + ... = ¢°.
We equate the coefficients according to the powers of € in both parts of the equalities.
e : 7(0) + wi(0) = 2°, (20)
yO(O = 07
k (0)
e 1 Zx(0) +w,(0) =0,
{0)+4”(0) o

To determine the approximation of order zero Zy(t) and 7,(t), we obtain the systems

€10 = azo(t) + by (),
o(t) = cZo(t) + dyo(t),  To(0) = 4°.

To find wéo) (7o), we must solve the equation
@y (m) = awy’” (7o)
with this initial condition
wi(0) = 2° — %(0).
From the second equation and , we obtain

v (0) = ~(=" = Z(0)). (22)
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It remains to solve equation

7 (o) = cw’” (10)

with the initial condition ([22)).
To determine the coefficients at *(k > 1), we obtain the systems
ez, (t) = azp(t) + by, (t),
_ _ — _ 0
Ti() = (1) + (). 54(0) = —1,7,(0).
Solving the first equation

wfj’) (10) = aw]io)<70) + bu,g(l)l(ro)

with the initial condition
w(0) = —z4(0), (23)

we find w,io) (70). Then, from the second equation , we find the initial conditions

bc —ad [
0 = S0+ = [ s (24)

a

where w,(;)) (0) is expressed by the formula . Using the initial conditions and equation

7 (70) = cw” (o) + v, (o),
we find V,go)(ro).
Now consider the next interval ¢t € (6;,6;11],7 = 1,2,3,...p . For this interval, the initial
values are z(6;+,¢) and y(0;+, ). We substitute the series into the impulsive equation

(4)

Hi — Qi— _ o 0% — 92'—
—1,6)) =7Z(6;,¢) + Wl 1)(—1,8)+
5 5
0; —06,_ _ 0, —0,;_ _ 0, —0,_
B0t ) tem (0, 2 I o) oo, <) reren (0

0; —0;_
-l =

€
0; — 01
o).

We equate the coefficients according to the powers of ¢, taking account of

£(Z(0i+, ) + w?(0,e) — 2(6;, €) — W

2560, ) et
a

78))7

§(b:+2) +ev(0,2) = (63, £) — e

N
= 2(0;, ¢) +w<H>(ZTl

78) + y<el7 8) + gy(iil)(

50 . O = 20(92) + 2@0(6’1), (25)

i - b_ - _ -
ey (0) = 21(0) + T (6:) + Z0(0:) + 200(0:) — Ao,
AYole=o, = Zo(0:) + T (0:),
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i _ b_ _ _ _
e :wl(c)(o) = Zp+1(6;) + aykﬂ(@z’) + Zk(05) + 29,.(0:) — AZg =0,

AGyli=o: = Z1(6:) + 75 (6:) — 1,(0).

(27)

To determine the approximation of order zero Zy(t) and 7,(t), we obtain the systems

€ :0 = azo(t) + by (t),
o(t) = cZo(t) +dyo(t),  Aloli—e, = Zo(6:) + Yo (0s).

To find w((f)(n), we must solve the equation

a6 (r) = ac (7)

with this initial condition

i 1_ _ _ _
w(0) = =Z4(6:) + Zo(6:) + 200(6:) — AZoizs, (28)

a

1 b
where —Z(,(6;) = Z1(0;) + —7,(6;). From the second equation l’ and 1} we obtain
a a
i C (i
vy (0) = ~wp(0), (29)

where w(()i)(O) is expressed by the formula . It remains to solve equation

o (1) = ew (1)

with the initial conditions (29).
To determine the coefficients at *(k > 1), we obtain the systems

b 7 (1) = azZp(t) + by, (t),
To(t) = Elt) + di(t),  AGilims, = Z1(6) +70(6:) — v, (0).
Solving the first equation
(1) = aw (m) + b ()

with the initial condition

7 1_/ — _ _
wi (0) = ~Z(6) + Zk(0:) + 20x(6) — A, (30)

; 1 b
we find w,(;)(n), where =% (6;) = Zi41(0;) + —=Uj41(0;). Then from the second equation 1)
a a
and ((12)), we find the initial conditions

/000 V,(Ql(s)ds, (31)

C

i i bc — ad
v (0) = —w)(0) + ———

a
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where w,(co) (0) is expressed by the formula . Using the initial conditions and equation

o) = ewl (1) + dv | (1),

we find 1/,8)(7',-). Thus, under the assumptions made, the terms of the series
(i)

Zi(t), Zk(8), w” (1), V,Sf)(n),i = 1,p can be determined up to and including k& = n.

Teopema 1 There exist positive constants €y and ¢ such that for e € (0,e0] there exists a
unique solution z(t,e),y(t,€) of problem ({)),(5) on the segment [0,T], which satisfies the
inequality

2(t,e) — Zn(t,e)| < ee"™, 0<t<T,

B - 32
Wt2) = Yalt.2) | < ™, 0<t<T, o
where
Za(t,e) =Y " au(t) + D e (m),
o “i (33)
Y, (t,e) = Z k7. (1) + ¢ Z skylgz) (7).
k=0 k=0
3 Example
Consider the system
¥ 4243 eAz| 5 +ez+ 2
Z=—4z Z|—g, = 2 — = z
y? tfez 4y y7 (34)
y:y_327 Ay|t:91 =z+Y,
with initial conditions
2(0,e) =1, y(0,¢e) =2, (35)

where a = —4 < 0, 0; = 7,7 = 1,2,3. Let us take ¢ = 0 in this problem. Then, the first
3

equation becomes —4z + 3y = 0. We find z = ¢ = Zy and substitute it into 1) with the

initial value (35)), to obtain

5 7
Tl = —— A_ . = —
] i Yli—o, i
7(0) = 2.

11,
Using the formulas and <|§|>, we find y(6;) = Q(Z)ll(exp(—g))gi and Z(0;,) =
3,11,
5(2)2’1(exp(—1))9", respectively. We check the condition

%(—42 +3y) = -4 <0.
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3
Therefore, 7 = p = Zy is uniformly asymptotically stable. Now let’s check the condition

. Then

3
z——y+6z+2€y 11 11 5

. 4 _ 2y —ortty 9NN
(z,yvf%gr(lw@ﬂ) € 4 y(0:) = 2 4 )'(exp( 4)) 7 0.

Then we can determine the terms of the asymptotic in a similar way. The solution z(t,¢) of
system (34)) with an initial value of has multi-layers at t = 0 and t = 6;,+,i = 1,2, 3.
Obviously, in Figure 1, it can be seen that multi-layers occur.

2.5

2

0 0.5 1 1.5 t 2 25 3 3.5 4

Figure 1: Red, blue, and green lines represent the coordinates of system with initial
values z(0,e) = 1 and y(0,e) = 2 for various values of € : 0.1, 0.05, 0.005, respectively.

4 Conclusion

This article is devoted to the study of a new type of singular impulsive differential equation
model. The method of boundary functions is used to construct the desired asymptotic
solutions. We constructed the asymptotic expansion of solutions with an arbitrary degree
of accuracy with respect to a small parameter. An illustrative example using simulations is
given to support the theoretical results.
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In several books 79| considered impulsive systems with small parameter involved only in

the differential equations of the systems but not in their impulsive equations. We introduce a
small parameter into the impulse equation. So we have significantly extended the singularity
concept for discontinuous dynamics.
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