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A CASE OF IMPULSIVE SINGULARITY
The paper considers an impulsive system with singularities. Different types of problems with

singular perturbations have been discussed in many books. In Bainov and Kovachev’s book
[4]several articles cited therein consider impulse systems with small parameter involving only
differential equations. The parameter is not in the impulsive equation of the systems. In our
present the small parameter is inserted into the impulse equation. This is the principal novelty
of our study. Furthermore, for the impulsive function, we found a condition that prevents the
impulsive function to blow up as the parameter tends to zero. So we have significantly extended
the singularity concept for discontinuous dynamics.
The singularity of the impulsive part of the system can be treated in the manner of perturbation

theory methods. This article is a continuation of [1] work. In our present research, we apply the
method of the paper [1]. Our goal is to construct an approximation with higher accuracy and to
obtain the complete asymptotic expansion. We construct a uniform asymptotic approximation of
the solution that is valid in the entire close interval by using the method of boundary functions [22].
An illustrative example using numerical simulations is given to support the theoretical results.
Key words: Impulsive systems, Differential equations with singular impulses, the Vasil’eva
theorem, the method of boundary functions.

М. Ахмет1, Н. Авилтай 2∗ , М.Қ. Дауылбаев 2,3, Р. Сейлова 4,5

1 Орта-Шығыс техникалық университетi, Анкара қ., Түркия
2 әл-Фараби атындағы Қазақ ұлттық университетi, Алматы қ., Қазақстан

3 Математика және математикалық моделдеу институты , Алматы қ., Қазақстан
4 Ақтөбе өңiрлiк университетi, Ақтөбе қ., Қазақстан

5 ҚР БҒМ ҒК Ақпараттық және есептеуiш технологиялар институты, Алматы қ., Қазақстан
∗e-mail: avyltay.nauryzbay@gmail.com
Импульстi сингулярлық жағдай

Бұл жұмыста сингулярлы импульстiк жүйе қарастырылады. Көптеген кiтаптарда әр түрлi
сингулярлы ауытқыған есептер талқыланған. Байнов пен Ковачевтiң кiтабында [4] және ол
кiтаптағы сiлтеме жасалынған мақалаларда импульстi сингулярлы дифференциалдық тең-
деулер жүйесi қарастырылған. Бiрақ ол жұмыстарда кiшi параметр импульстiк теңдеулерде
емес, тек дифференциалдық теңдеулерiнде қатысады. Ал бұл жұмыста импульстi теңдеугеде
кiшi параметр енгiзiлдi. Бұл зерттеудiң негiзгi жаңалығы болып табылады. Сонымен қатар
импульстiк функция үшiн кiшi параметрi нөлге ұмтылған кезде импульстiк функцияның
шексiздiкке кетуiн болдырмайтын қосымша шарт табылды. Осылайша, үзiлiссiз динамика
үшiн сингулярлық ұғымы айтарлықтай кеңейтiлдi.
Жүйенiң импульстiк бөлiгiндегi сингулярлықты ауытқу теориясының әдiстерiн қолдану

арқылы қарастыруға болады. Бұл мақала [1] жұмыстың жалғасы болып табылады. Осы
зерттеудеде [1] жұмыста сипатталған әдiс қолданылады. Жұмыстың мақсаты- жуықтауды
жоғары дәлдiкпен құру және толық асимптотикалық жiктелудi алу. Жұмыста шешiмнiң
бiрқалыпты асимптотикалық жуықтауы шекаралық функциялар әдiсiн [22] қолдана отырып,
толық кесiндiде анықталды. Теориялық нәтиженi растау үшiн графикалық көрнекiлiкпен
нақты мысал келтiрiлдi.
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Случай импульсивной сингулярности

В статье рассматривается импульсная система с сингулярностью. Различные типы задач
с сингулярными возмущениями обсуждались во многих книгах. В книге Байнова и Коваче-
ва [4] и нескольких статьях, цитируемых в книге рассматривались сингулярные импульсные
системы с малым параметром, присутствующим только в дифференциальных уравнениях
этих систем, но не в импульсных уравнениях. Мы же вводим малый параметр в уравне-
ние с импульсом. Это является принципиальной новизной нашего исследования. Более того,
для импульсной функции мы нашли условие, которое предотвращает коллапс импульсной
функции при уменьшении параметра до нуля. Таким образом, мы значительно расширили
концепцию сингулярности для разрывной динамики.
Сингулярность в импульсной части системы может быть рассмотрена с помощью методов

теории возмущений. Эта статья является продолжением работы [1]. В настоящем исследо-
вании применяется метод, описанный в этой статье. Наша цель - построить аппроксимации
высокого порядка и получить полное асимптотическое разложение. Мы нашли равномерную
асимптотическую аппроксимацию решения на всем замкнутом рассматриваемом интервале
используя метод граничных функций [22]. Для подтверждения теоретического результата
приведен численный пример с моделированием.

Ключевые слова: Импульсные системы, дифференциальные уравнения с сингулярными
импульсами, теорема Васильевой, метод граничных функций.

1 Introduction

Singularly perturbed equations are frequently applied as mathematical models describing
processes in physics, chemical kinetics [19], mathematical biology [14,18], fluid dynamics [11]
and they frequently appear when applied engineering and technology problems are being
investigated [11,13,14,16,18]. Since these problems depend on small parameters, the solutions
show non-uniform behavior over time as the parameters tend to zero. Asymptotic methods
of approximation of solutions for singularly perturbed differential equations are currently
actively investigated by many authors. Efficient asymptotic methods are developed for a
fairly broad class of singularly perturbed problems. These methods enable one to construct
uniform approximations with any required accuracy. One of classical asymptotic methods is
the method of boundary functions [23]. One can apply this method for solving a singularly
perturbed problem, if in a part of its domain the condition of the well-known Tikhonov
theorem is valid. The present paper, we shall imply the method for analysis of an impulsive
systems. Impulse effects exist in various evolutionary processes that exhibit abrupt changes in
states [2–4]. Impulse effects are common in many systems in addition to singular perturbations
[8, 9, 20].
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Various types of singular perturbation problems have been described in many books [7,
17,23]. Consider the following model of singularly perturbed differential equation

εż = f(z, y, t),

ẏ = g(z, y, t)
(1)

where ε is a small positive real number. In literature, the results based on the system is
known as Tikhonov Theorem [17, 21]. In [5], authors consider systems with a singularity,
which appears through moments of impacts. More precisely, the impact moments are singular
if they are infinite and there exist accumulation points for the moments. Since there exist an
infinite number of discontinuity moments in a finite time, the possibility of the blow up of
solutions occurs here.

Akhmet and Çağ [1] first time in literature considered differential equations when impulses
are also singular beside the differential equation. They presented the following problem

εż = F (z),

ε∆z|t=θi = I(z, ε),
(2)

with z(0, ε) = z0, where z ∈ Rm, t ∈ [0, T ], F (z) is a continuously differentiable function on
D and I(z, ε) is a continuous function for (z, ε) ∈ D × [0, 1], D is the domain D = {0 ≤ t ≤
T, ‖ z ‖< d}, θi are defined above. If ε = 0 in (2), then 0 = F (z) = I(z; 0). It is a degenerate
system because its order is less than that of (2). Consider an isolated real root z = ϕ with
F (z) = 0 and I(z; 0) = 0. Additionally, for the impulsive function they following condition if
used

lim
(z,ε)→(ϕ,0)

I(z, ε)

ε
= 0 (∗)

which prevents impulsive function to blow up as the parameter ε tends to zero.
The main novelty of the paper [1] is the extension of Tikhonov’s theorem so that the

system (3) has the small parameter of the impulse function and the instant of discontinuity
is different for each dependent variables. The singularity of the impulse part of the system
can be handled using methods of perturbation theory. In our present research, we apply the
ideas of the paper [1].

Our discussion will be centered on the following system:

εż = f(z, y, t), ẏ = g(z, y, t), (3a)
ε∆z|t=θi = I(z, y, ε), ∆y|t=ηj = J(z, y), (3b)

where z, F and I are m-dimensional vector valued functions, y, f and J are n-dimensional
vector valued functions, 0 < θ1 < θ2 < ... < θp < T, θi, i = 1, 2, ..., p, and ηj, j = 1, 2, ..., k,
are distinct discontinuity moments in (0, T ).

Impulsive system consists of differential equations (3a) and impulsive equations (3b). In
the book [7] and papers [8, 9] impulsive systems are considered. But only the differential
equation in [7] is singularly perturbed. Akhmet and Çağ were the first who inserted a small
parameter into the impulsive part of the singular equation. In the paper [1], the authors
investigated the behavior of solutions of a singularly perturbed system and considered two
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cases of singularity with single and multi-layers that depend on the condition (∗∗). Akhmet
and Çağ showed that the transition to the limit for y(t, ε) is uniform in the entire interval
of 0 ≤ t ≤ T , while the transition to the limit for z(t, ε) isn’t uniform in the entire interval
of 0 ≤ t ≤ T , but only in the subintervals δ ≤ t ≤ θi, i = 1, 2, ..., p for δ > 0, outside the
boundary layers.

This article is a continuation of [1] work. We consider the case of differential equations
with singular impulses. We construct a uniform asymptotic approximation of the solution
that is valid in the whole interval 0 ≤ t ≤ T using the method of boundary functions.
However, the theorems of the article [1] do not give the order of accuracy of the asymptotic
approximation y(t) for the solution y(t, ε) in 0 ≤ t ≤ T and that of z(t) for z(t, ε)
outside the boundary layer. Our goal is to construct an approximation with higher accuracy
and, if possible, the complete asymptotic expansion for the solution of the problem (4),
(5). The method for constructing asymptotic expansions of the type (10) for solutions
of a number of singularly perturbed systems is called the method of boundary functions.
Additionally, the following conditions are required

lim
(z,y,ε)→(ϕ,y,0)

I(z, y, ε)

ε
= I0 6= 0 (∗∗)

for the impulsive function, where y = y(θi) are the values for each impulse moment at the
points t = θi, i = 1, 2, ..., p .

2 Main Result

In this study, we consider the homogeneous linear differential system where impulses are
singularly perturbed. The following system is our focus of discussion

ε
dz

dt
= az + by, ε∆z|t=θi = z +

b

a
y + εz + 2εy,

dy

dt
= cz + dy, ∆y|t=θi = z + y,

(4)

with initial condition

z(0, ε) = z0, y(0, ε) = y0. (5)

where ε is small positive real number, a < 0, b, c, d− constants, b 6= 2a,
∣∣∣∣a b
c d

∣∣∣∣ 6= 0, 0 < θ1 <

θ2 < ... < θp < T, θi, i = 1, 2, ..., p, are distinct discontinuity moments in (0, T ).
In system (4), we take ε = 0, to obtain

0 = az + by,
dy

dt
= cz + dy,

∆y|t=θi = z + y.
(6)

We find the root z = ϕ = − b
a
y and substitute it into (6) with the initial value (5) to

obtain
dy

dt
=
ad− cb

a
y, ∆y|t=θi = (1− b

a
)y,

y(0) = y0.
(7)
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Solving this problem, we find

y(θi) = y0(2− b

a
)i−1(exp(

ad− cb
a

))θi (8)

and eventually

z(θi) = −by
0

a
(2− b

a
)i−1(exp(

ad− cb
a

))θi . (9)

Now let us check the condition (∗∗). Then one can verify that condition (∗∗) is correct, since

lim
(z,y,ε)→(ϕ,y,0)

z +
b

a
y + εz + 2εy

ε
= lim

(z,y,ε)→(ϕ,y,0)
(2− b

a
)y(θi) = y0(2− b

a
)i(exp(

ad− cb
a

))θi 6= 0.

We will seek the asymptotic expansion of the solution z(t, ε), y(t, ε) of problem (4)-(5) in
the form

z(t, ε) = z(t, ε) + ω(i)(τi, ε),

y(t, ε) = y(t, ε) + εν(i)(τi, ε), τi =
t− θi
ε

,
(10)

where

z(t, ε) =
∞∑
k=0

εkzk(t), y(t, ε) =
∞∑
k=0

εkyk(t),

ω(i)(τi, ε) =
∞∑
k=0

εkω
(i)
k (τi), ν(i)(τi, ε) =

∞∑
k=0

εkν
(i)
k (τi).

(11)

The coefficients ω(i)
k (τi) and ν(i)k (τi) in the expansions (11) are called boundary functions

and we impose the additional condition on them:

ω
(i)
k (∞) = 0, ν

(i)
k (∞) = 0 (i = 0, p). (12)

Substituting (10) into (4) and comparing functions of t and τi separately, we obtain two
systems of equations

εz′ = az + by,

y′ = cz + dy,
(13)

and

εω̇(i)(τi, ε) = aω(i)(τi, ε) + ε · bν(i)(τi, ε),
ν̇(i)(τi, ε) = cω(i)(τi, ε) + ε · dν(i)(τi, ε).

(14)

The next step is to expand all functions appearing in (13) and (14) into powers of ε and
compare terms of the same order in ε. As a result, we obtain the systems

ε0 : 0 = az0(t) + by0(t),

y′0(t) = cz0(t) + dy0(t),
(15)
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εk : z′k−1(t) = azk(t) + byk(t),

y′k(t) = czk(t) + dyk(t),
(16)

and

ε0 : ω̇
(i)
0 (τi) = aω

(i)
0 (τi),

ν̇
(i)
0 (τi) = cω

(i)
0 (τi),

(17)

εk : ω̇
(i)
k (τi) = aω

(i)
k (τi) + bν

(i)
k−1(τi),

ν̇
(i)
k (τi) = cω

(i)
k (τi) + dν

(i)
k−1(τi).

(18)

Consider the first interval t ∈ [0, θ1]. In order to determine the terms of expansion (10)
from the obtained equations, it is necessary to set the initial conditions. To accomplish this,
we substitute the series (10) into the initial value (5):

z0(0) + εz1(0) + ...+ ω
(0)
0 (0) + εω

(0)
1 (0) + ... = z0,

y0(0) + εy1(0) + ...+ εν
(0)
0 (0) + ε2ν

(0)
1 (0) + ... = y0.

(19)

We equate the coefficients according to the powers of ε in both parts of the equalities.

ε0 : z0(0) + ω
(0)
0 (0) = z0,

y0(0) = y0,
(20)

εk : zk(0) + ω
(0)
k (0) = 0,

yk(0) + ν
(0)
k−1(0) = 0.

(21)

To determine the approximation of order zero z0(t) and y0(t), we obtain the systems

ε0 :0 = az0(t) + by0(t),

y′0(t) = cz0(t) + dy0(t), y0(0) = y0.

To find ω(0)
0 (τ0), we must solve the equation

ω̇
(0)
0 (τ0) = aω

(0)
0 (τ0)

with this initial condition

ω
(0)
0 (0) = z0 − z0(0).

From the second equation (17) and (12), we obtain

ν
(0)
0 (0) =

c

a
(z0 − z0(0)). (22)
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It remains to solve equation

ν̇
(0)
0 (τ0) = cω

(0)
0 (τ0)

with the initial condition (22).
To determine the coefficients at εk(k ≥ 1), we obtain the systems

εk :z′k−1(t) = azk(t) + byk(t),

y′k(t) = czk(t) + dyk(t), yk(0) = −ν(0)k−1(0).

Solving the first equation (18)

ω̇
(0)
k (τ0) = aω

(0)
k (τ0) + bν

(0)
k−1(τ0)

with the initial condition

ω
(0)
k (0) = −zk(0), (23)

we find ω(0)
k (τ0). Then, from the second equation (18), (12) we find the initial conditions

ν
(0)
k (0) =

c

a
ω
(0)
k (0) +

bc− ad
a

∫ ∞
0

ν
(0)
k−1(s)ds, (24)

where ω(0)
k (0) is expressed by the formula (23). Using the initial conditions (24) and equation

ν̇
(0)
k (τ0) = cω

(0)
k (τ0) + dν

(0)
k−1(τ0),

we find ν(0)k (τ0).
Now consider the next interval t ∈ (θi, θi+1], i = 1, 2, 3, ...p . For this interval, the initial

values are z(θi+, ε) and y(θi+, ε). We substitute the series (10) into the impulsive equation
(4)

ε(z(θi+, ε) + ω(i)(0, ε)− z(θi, ε)− ω(i−1)(
θi − θi−1

ε
, ε)) = z(θi, ε) + ω(i−1)(

θi − θi−1
ε

, ε)+

+
b

a
(y(θi, ε)+εν

(i−1)(
θi − θi−1

ε
, ε))+ε(z(θi, ε)+ω

(i−1)(
θi − θi−1

ε
, ε))+2ε(y(θi, ε)+εν

(i−1)(
θi − θi−1

ε
, ε)),

y(θi+, ε) + εν(i)(0, ε)− y(θi, ε)− εν(i−1)(
θi − θi−1

ε
, ε) =

= z(θi, ε) + ω(i−1)(
θi − θi−1

ε
, ε) + y(θi, ε) + εν(i−1)(

θi − θi−1
ε

, ε).

We equate the coefficients according to the powers of ε, taking account of (11)

ε0 : 0 = z0(θi) +
b

a
y0(θi), (25)

ε1 :ω
(i)
0 (0) = z1(θi) +

b

a
y1(θi) + z0(θi) + 2y0(θi)−∆z0|t=θi ,

∆y0|t=θi = z0(θi) + y0(θi),
(26)
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εk :ω
(i)
k (0) = zk+1(θi) +

b

a
yk+1(θi) + zk(θi) + 2yk(θi)−∆zk|t=θi ,

∆yk|t=θi = zk(θi) + yk(θi)− ν
(i)
k−1(0).

(27)

To determine the approximation of order zero z0(t) and y0(t), we obtain the systems

ε0 :0 = az0(t) + by0(t),

y′0(t) = cz0(t) + dy0(t), ∆y0|t=θi = z0(θi) + y0(θi).

To find ω(i)
0 (τi), we must solve the equation

ω̇
(i)
0 (τi) = aω

(i)
0 (τi)

with this initial condition

ω
(i)
0 (0) =

1

a
z′0(θi) + z0(θi) + 2y0(θi)−∆z0|t=θi , (28)

where
1

a
z′0(θi) = z1(θi) +

b

a
y1(θi). From the second equation (17) and (12), we obtain

ν
(i)
0 (0) =

c

a
ω
(i)
0 (0), (29)

where ω(i)
0 (0) is expressed by the formula (28). It remains to solve equation

ν̇
(i)
0 (τi) = cω

(i)
0 (τi)

with the initial conditions (29).
To determine the coefficients at εk(k ≥ 1), we obtain the systems

εk :z′k−1(t) = azk(t) + byk(t),

y′k(t) = czk(t) + dyk(t), ∆yk|t=θi = zk(θi) + yk(θi)− ν
(i)
k−1(0).

Solving the first equation (18)

ω̇
(i)
k (τi) = aω

(i)
k (τi) + bν

(i)
k−1(τi)

with the initial condition

ω
(i)
k (0) =

1

a
z′k(θi) + zk(θi) + 2yk(θi)−∆zk|t=θi , (30)

we find ω(i)
k (τi), where

1

a
z′k(θi) = zk+1(θi) +

b

a
yk+1(θi). Then from the second equation (18)

and (12), we find the initial conditions

ν
(i)
k (0) =

c

a
ω
(i)
k (0) +

bc− ad
a

∫ ∞
0

ν
(i)
k−1(s)ds, (31)
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where ω(0)
k (0) is expressed by the formula (30). Using the initial conditions (31) and equation

ν̇
(i)
k (τi) = cω

(i)
k (τi) + dν

(i)
k−1(τi),

we find ν
(i)
k (τi). Thus, under the assumptions made, the terms of the series (10)

zk(t), zk(t), ω
(i)
k (τi), ν

(i)
k (τi), i = 1, p can be determined up to and including k = n.

Теорема 1 There exist positive constants ε0 and c such that for ε ∈ (0, ε0] there exists a
unique solution z(t, ε), y(t, ε) of problem (4),(5) on the segment [0,T], which satisfies the
inequality

|z(t, ε)− Zn(t, ε)| ≤ cεn+1, 0 ≤ t ≤ T,

|y(t, ε)− Yn(t, ε)| ≤ cεn+1, 0 ≤ t ≤ T,
(32)

where

Zn(t, ε) =
n∑
k=0

εkzk(t) +
n∑
k=0

εkω
(i)
k (τi),

Yn(t, ε) =
n∑
k=0

εkyk(t) + ε
n∑
k=0

εkν
(i)
k (τi).

(33)

3 Example

Consider the system

εż = −4z + 3y, ε∆z|t=θi = z − 3

4
y + εz + 2εy,

ẏ = y − 3z, ∆y|t=θi = z + y,
(34)

with initial conditions

z(0, ε) = 1, y(0, ε) = 2. (35)

where a = −4 < 0, θi = i, i = 1, 2, 3. Let us take ε = 0 in this problem. Then, the first

equation becomes −4z + 3y = 0. We find z = ϕ =
3

4
y and substitute it into (34) with the

initial value (35), to obtain

y′ = −5

4
y, ∆y|t=θi =

7

4
y,

y(0) = 2.

Using the formulas (8) and (9), we find y(θi) = 2(
11

4
)i−1(exp(−5

4
))θi and z(θi) =

3

2
(
11

4
)i−1(exp(−5

4
))θi , respectively. We check the condition

∂

∂z
(−4z + 3y) = −4 < 0.
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Therefore, z = ϕ =
3

4
y is uniformly asymptotically stable. Now let’s check the condition

(∗∗). Then

lim
(z,y,ε)→(ϕ,y,0)

z − 3

4
y + εz + 2εy

ε
=

11

4
y(θi) = 2(

11

4
)i(exp(−5

4
))θi 6= 0.

Then we can determine the terms of the asymptotic in a similar way. The solution z(t, ε) of
system (34) with an initial value of (35) has multi-layers at t = 0 and t = θi+, i = 1, 2, 3.
Obviously, in Figure 1, it can be seen that multi-layers occur.

Figure 1: Red, blue, and green lines represent the coordinates of system (34) with initial
values z(0, ε) = 1 and y(0, ε) = 2 for various values of ε : 0.1, 0.05, 0.005, respectively.

4 Conclusion

This article is devoted to the study of a new type of singular impulsive differential equation
model. The method of boundary functions is used to construct the desired asymptotic
solutions. We constructed the asymptotic expansion of solutions with an arbitrary degree
of accuracy with respect to a small parameter. An illustrative example using simulations is
given to support the theoretical results.
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In several books [7–9] considered impulsive systems with small parameter involved only in
the differential equations of the systems but not in their impulsive equations. We introduce a
small parameter into the impulse equation. So we have significantly extended the singularity
concept for discontinuous dynamics.
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