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DISCONTINUOUS COMPARTMENTAL PERIODIC
POISSON STABLE FUNCTIONS

Among recurrent functions the most sophisticated are Poisson stable functions. For discontinuous
functions, there are very few results, for the stability. Discontinuous compartmental Poisson stable
functions are in the focus of this research. As the discontinuity points of the functions, a special time
sequences, Poisson sequences, are considered. It the first time, the discontinuous functions of two
compartments, periodic and Poisson stable, are investigated. To combine periodicity and Poisson
stability, in the case of continuous functions, a convergence sequence with a special kappa property
was used [1,2]. For discontinuous functions, this property is not enough, because we also should
consider the discontinuity points of the function. For this reason, we need a new concept known
as Poisson couple, that is, a couple of a sequence of discontinuity points and convergence sequence
that has the kappa property. Moreover, we meet the challenges for the stability by considering
functions on diagonals in the space of arguments. Examples of Poisson stable functions are given
to illustrate the theoretical results. The method and results can be effectively used in the study of
different types of functional differential equations, impulsive differential equations and differential
equations generalized piecewise constant argument, as well as their application.

Key words: B—topology, discontinuous Poisson stable function, compartmental functions,
Poisson sequence, Poisson couple.
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Y3imicti kennkommonenTTi mepuoaTsl Ilyaccon GoibIHIIIA OPHBIKTHI (DYHKITUSIAD

Pekyppentik dyukrmusmapaes, iminge [lyaccon OoitbiHITa OPHBIKTHI (DYHKIUSIAD €H Kypesi
OOJIBITT TaOBLIAABI. Y31IicTi (byHKIUIap VIMiH OPHBIKTHIIBIKKA KATHICTHI HOTHXKEJIEp oTe a3. by
3epTTeyaiH 6acThl OAFBITHI Y3LTICTI KONMIOMIIOHEHTTI TepuoATH! Ilyaccom GOHbIHITIA OPHBIKTEI (DY HK-
nusiiap 60Jbin TabbLIaabl. OyHKIUIAPIBIH Y31Iic HYKTesepl peTiHie apHailbl YaKbITTHIK, Ti30€K,
srun [lyaccon Tizberi kapacTeipbuiaabl. [lyaccon OOMBIHINIA OPHBIKTHI YKOHE EPUOATHI €Ki Kypa-
VIIBICHL Oap y3igicTi QyHKIUAIap ajaram per 3eprresyie. [lyaccon GOUBIHITIA OPHBIKTHIIBIK, TIEH
[IEPUOITTHIIBIKTHI OIPIKTIPY yIItiH y3imiceis dyHKnusiap Karaaiibla a apHaiibl Kanna Kacueri 0ap
JKMHAKTBLIBIK, Ti30eri Kommanburan 6onats [1,2]. Yaimeri dynknusmap yurie 6y Kacuer xKer-
Kimikci3, efiTkeni byHKIMHBIH y3li1ic HyKTeIepin Je eckepyimis kepek. Ocbl cebenti 6i3re Karma
KaCHeTKe Me >KWHAKTBLIBIK, Ti30eri MeH y3iiic HyKTedipiH Tizbekrepinen KypaJsran Ilyaccon xky-
OBl el aTaJaThiH YKaHA YFBIM KakeT. COHBIMEH KaTap, apryMeHTTep KEHICTIriHJeri J1uaroHaJib-
mapaarbl QYyHKIUIAPIbI KAPACTBIPY aPKbLIbI OPHBIKTHIIBIK, MOCeIe/Iepin mernemi3. Teopusiibik,
HoTHKeIepi Kopcety yiria [lyaccorn OoOfbIHITIA OPHBIKTH (DYHKIUSIAP/IBIH, MBICAIIAPHI KeITipi-
red. OJiC IeH HOTUKeJep/li UMITYJIbCTIK JuddepeHuaiiblK TeHIey/Iep, KaJlblIaHraH OeJiKTi
TYPaKThI apryMeHTTi judepeHImaliiblk TeHIey/Iep KoHe (YyHKINOHAJIBIK, TruhdepeHInaIbIK,
TEHJIEYJIEP/IiH OPTYPJIl TYPJIEPiH, COHIail-aK 0JIap/IbIH, KOJJAHBICHIH 3€PTTEY/Ie TUIMII MaliIaaaHyra
6oJTaIbI.

Tyitin ce3mep: B—romnosorus, Ilyaccon Goiibiaia OpHBIKTE (DyHKINS, KOIKOMIIOHEHTTI DyHK-
nusnap, [lyaccon Tiz6eri, Ilyaccon »KyObr.

© 2022 Al-Farabi Kazakh National University


https://orcid.org/0000-0003-3206-3877
https://orcid.org/0000-0002-5572-2305
https://orcid.org/0000-0002-2985-286X

44 Discontinuous compartmental periodic Poisson stable ...

3. Hyraesal'?", M. Tuey6eprenosal?, M. Axmer3
L Akriobunckuit pernonanbubii yausepcuter um. K. 2Ky6anosa, Kazaxcran, r. AxTo6e
2WNucTuTyT HHOOPMAIMOHHEIX I BEIMUCIATEILHEIX Texnosornil, Kazaxcran, r. AMaTs
3 Cpenne-socrounslit Texnmyecknii yausepcurer, Typrus, . Ankapa

*e-mail: zahira2009.85@mail.ru
PaspbiBHbIe MHOTOKOMIIAHEHTHBIE TepUoanYecKue ycroiidusbie no Ilyaccony dbyHKImn

Cpesin pekyppeHTHBIX (DYHKIUI Hambosee CJIOXKHBIMHU SIBJIAIOTCS ycroitumsbie 1o Ilyaccony
dyukmym. it pa3pbIBHBIX (DYHKINN CYIIECTBYET O9€Hb MAJIO PE3YIBTATOB, 1€ PACCMATPUBAETCS
YKa3aHHasl yCTONYUBOCTb. B IleHTpe BHUMAaHUsI HACTOSIIIErO UCC/IEIOBAHNS HAXOIATCS Pa3PhIBHBIE
MHOTOKOMIIOHEHTHBIE Tepuojuveckue ycroitamsbie 1o Ilyaccony ¢dymkimun. B kadecrBe ToOdek
pa3pbiBa 3TuUX (YHKIWI PACCMATPUBAIOTCS CIEIUAJbHBIE TocaeIoBarespHocT  [lyaccona.
Buiepsroie nccieryrorcst pa3pbIBHBIE (DYHKIIUU C JIBYMsT KOMIIOHEHTAMH, TIEPUOIUNIECKUMHI U YCTON-
quBbiME 110 [lyaccony. YToObl 00bEeIMHUTD MEPUOIUTHOCTL U yCcToWamBOCTL 1o Ilyaccony st
HEIPEPBIBHBIX (DYHKIUI ObLIa UCIIOJb30BaHA [IOCJIEI0BATEIBHOCTD CXOIUMOCTH CO CIIEIUaIbHBIM
kanma-ceoiicreoM [1,2]. Jlust paspeiBHBIX (YHKIUI 9TOro CBOHCTBA HEJOCTATOYHO, TAK KAK MbI
JOJIKHBI YIATBIBATH TOYKHM pPa3pbiBa. 11o 9To#l mpuyumHe HAM HYXKHO HOBOE IMOHSITHE, M3BECTHOE
kak mapa Ilyaccona, cocrosimasi u3 MOCJIE€I0OBATEIHHOCTH TOYEK PA3PbIBA U MOCJIEI0BATEIHHOCTH
CXOTUMOCTH, 008 TatoMel Kamma-cBoiictBoM. MbI perraem mpobsemMbl yeroitanBocTu 1o Ilyaccony,
paccmarpuBasi (DYHKIMU Ha JAUArOHAJSX B IMPOCTPAHCTBE aprymenToB. s wmiurocTpanun
TEOPETUIECKUX PEe3yJIbTaTOB MPUBEJIEHbI pUMephbl ycroituuBbix 1o Ilyaccony dynxkmmii. Meros
U pe3yJbTaTbl MOTYyT OBITH 3(h@MOEKTUBHO UCIOJb30BAHBI IIPU WU3yYEHUH PA3IUIHBIX THUIIOB
AMITYJIbCHBIX MU EPEHITNANTBHBIX ypaBHEHNH, MuddepeHITnaIbHbIX YPABHEHUN ¢ 0OOOIIEHHBIM
KYCOYHO-IIOCTOSTHHBIM apryMeHTOM U (DyHKIMOHATHHO- (M MEPEHITNATBHBIX YPABHEHUIT, a TaKkKe
JIJTSl UX TIPUMEHEHUSI.

Kurouesbie cjioBa: B—rorosiorusi, pa3pbiBHas ycroiunBasi 10 [lyaccony (yHKIWsI, MHOIOKOM-
MOHEeHTHBIe (DYHKIWH, [TOC/IeI0BaTeibHOCTh [lyaccona, napa Ilyaccona.

1 Introduction

The creation of a mathematical model for any phenomenon is accomplished by discrete,
continuous or discontinuous functions. Therefore, theory of functions should be followed
by a number of extension methods and numerical representations. Beginning from simple
algebraic operations, they can be also Fourier series and even results of operators’ theory. The
construction and numerical analysis of the discontinuous Poisson stable functions are given
in the paper. A new way to determine discontinuous Poisson stable functions is proposed.
Discontinuous functions with two compartments, periodic and Poisson stable are in the focus
of research. To establish the correspondence between periodicity and Poisson stability, the
special kappa property is utilized [1,2]. For functions that depend on the two variables, the
method of diagonals of arguments is used [3-5]. Poisson stability is investigated based on the
B—topology [6].

Due to the widespread of chaos theory, the properties of periodic or Poisson stable
functions are insufficient to fully describe the behavior of nonlinear dynamical systems. In this
regard, a class of new recurrent functions with the separation property was introduced [7].
Unpredictable functions cause the Poincare chaos. The study of unpredictable solutions
of differential equations has led to the possibility of studying chaos based on the laws of
the qualitative theory of differential equations. In recent years, the existence and stability
of solutions of discrete, linear and quasilinear differential equations with unpredictable
solutions has been studied and significant results have been obtained [8]. Thus, for the
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study of sophisticated processes, compartmental functions are needed. For the first time, a
theoretical connection was established between the recurrent functions in [1]. The functions,
formed by a combination of Poisson stable, quasi-periodic and periodic functions, are called
compartmental functions, and their properties have been studied in articles [1,2]. The
effectiveness of the compartmental method to the unpredictability was given by analysis
of contributions of unpredictability and periodicity [2]. It was just the first step towards the
application of the study, since the next ones will be related to the control of chaos that will be
used for the parameters of the compartments individually. In this paper, we want to extend
the class with discontinuous compartmental functions. That is, we consider discontinuous
compartmental periodic Poisson stable functions.

2 Poisson sequences

This section contains the basic definitions of special time sequences. Correspondingly, we
investigate the properties of these sequences that will be utilized to study discontinuous
compartmental functions.

Definition 1 /9] A bounded sequence p;,i € Z, in R is said to be Poisson stable, provided
that there exists a sequence l,, — 0o, m € N, of positive integers, which satisfies p;i, — [
as m — oo on bounded intervals of integers.

Fix two sequences of real numbers t,,,6;, m € N, i € Z, strictly increasing with respect to
the index and unlimited in both directions, which we call as Poisson sequences throughout
this paper. Moreover, it is expected that there exists a number § > 0 such that 6 < 6;,1 — 6;
for all 7 € Z.

Definition 2 [6/ A sequence T;, i € 7Z, is called with (w,p)—property, provided that there
exist an integer p and a real number w > 0, which satisfy 7,4, — 7 = w for all i € Z.

Definition 3 A couple (t,,,0;) of the sequences t,,,0;, m € N,i € 7, is called Poisson couple,
provided that there exists a sequence l,,, m € N, of integers, which diverges to infinity, such
that

Oiv1,, —tm —0; > 0 as m — o0 (1)

uniformly on each bounded interval of integers i.

To investigate compartmental discontinuous functions, we need sufficient conditions that
connect periodicity with Poisson stability.

Lemma 1 Suppose that the couple (t,,,0;) of sequences t,,,0;, m € N,i € Z, satisfies the
following conditions

(1) t, = mw, where m € N, w € R;
(i1) 0; has the (w,p)— property.

Then the couple (t,,,0;) is Poisson couple.
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Proof. Because (w,p)— property and it holds for 6, = 6, + w, i € Z. By taking [, = mp
for m € N, one can get 0;.,,, = 0; + mw, i € Z.
We proceed to proof that

9i+lm —tm—el:01+mp—mw—9zzel—i—mw—mw—ﬁlzo
Since the sequence consist of zeros, it follows that

lim (9i+lm - tm - 91> = O,
m—00
as m — 00, on each bounded intervals of integers 7. So, the condition (1) is satisfied. [J

According to the Lemma A1 [1], for a number w > 0 and an arbitrary sequence of positive
real numbers ¢,,,m = 1,2, ..., one can find a subsequence t,,,l = 1,2, ..., and a number 7,
0 < 7, < w, which satisfies t,,, — 7,(mod w) as [ — oc.

Next, we will consider the application of this assertion in the proof of the Poisson stability.
The number 7, is called as the Poisson shift with respect to the w. The set of Poisson shifts
T, consists of an infinite number of terms, that is, it is not empty. Denote infimum of the set
Ty as Ky, and call it as Poisson number with respect to w or shortly the Poisson number.
We say that a sequence t,, admits the kappa property with respect to the number w, if the
Poisson number is equal to 0.

We will use the following assertion [1].

Lemma 2 [1]/ ky, € T,,.

Lemma 3 If the couple (t,,,0;) consist the sequence t,,,m € N, which has the kappa property
with respect to w, and the sequence 6;,i € Z, with the (w,p)— property, then it is Poisson
couple.

Proof. Taking into account that the sequence t,, has the kappa property and using the
(w, p)— property of the sequence 6;, we get that

lim |9i+lm - tm - QZ| =0
m—+00

as m — 0o, on each bounded intervals of integers i. [

Next, consider an example of a sequence that has the kappa property.
Example 1 Consider the sequence t,, is defined as following form t,, = (m;f)w, m € N with
fized numbers n € N and w > 0. If n = 1, then from t,, = 0(mod w), one can see that
there exists a unique Poisson shift T, = 0, so the set T,, = {0} consists of one element.
If n = 2, then we get t,, = §(mod w) for odd numbers m and t,, = 0(mod w) for even
numbers m. Hence, the set of Poisson shifts consists of two elements, that is T,, = {0, 3}.

In a similar way, one can show that for anyn = 1,2,..., the sequence t,, has a non empty
set of Poisson shifts, that is T,, = {0,%, 27“’, cee (”_Tl)w} So, one can see that the Poisson

number is k,, = inf T, = 0, that is, t,, satisfies the kappa property with respect to w.
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3 Compartmental Poisson stable functions

A discontinuous function u(t): R — R, is called conditionally uniform continuous, if for any
number € > 0 there exists a number o > 0 such that |u(t;) — u(t2)| < € whenever the points
t1 and ¢, belong to the same continuity interval and |t; — 5| < o [10].

Denote by G the space of piecewise continuous functions u(t): R — R with countable set
of discontinuity moments of the first kind. The functions are left-continuous and conditionally
uniform continuous. The sets of discontinuity moments are unbounded from both sides and
do not have finite accumulation endpoints. Moreover, the set of discontinuity points is strictly
ordered and enumerated with integers.

Definition 4 An element f(t) of G is called discontinuous periodic, if there exist an integer
p and a real number w > 0, such that the set of its moments of discontinuities 0;, i € Z,
satisfy (w, p)—property and f(t +w) = f(t) fort € R.

The functions ¢(t) and ¢(t) from G, are called e—equivalent on a bounded open interval J,
if the moments of discontinuities of ¢(t) and ¢(¢) in J can be numerated with multiplicity one,
¢ and 67, i =1,2,....1, such that |#? — 67| < e for each i = 1,2,...,1, and |¢(t) — ¥ (t)| < e,
for all t € J, except possibly those between 0? and 9;# ,i=1,2,...,0. If ¢, 1 are e—equivalent
on J, then we say that the functions are in e—neighborhoods of each other on J. The topology
defined on the e— neighborhoods basis is said to be B-topology [6].

Definition 5 An element g(t) of G is called discontinuous Poisson stable, if there exist a
sequence t,, — oo of real numbers such that (t;,,0;) is a Poisson couple and g(t +1t,,) — g(t)
as m — oo on each bounded intervals of real numbers in B-topology.

Definition 6 A function h(t) = f(t) + g(t), where f(t) and g(t) are members of G with
common set of discontinuities, is called discontinuous modulo periodic Poisson stable function,
if f(t) is a discontinuous periodic function and g(t) is a discontinuous Poisson stable function.

Definition 7 A product f(t)g(t), where f(t) and g(t) are members of G with common set
of discontinuities, is called discontinuous factor periodic Poisson stable function, if f(t) is a
discontinuous periodic function and g(t) is a discontinuous Poisson stable function.

Definition 8 A function h(t) : R — R is called discontinuous compartmental periodic
Poisson stable, if h(t) = Q(t,t), where Q(u,v) is a discontinuous function with common set
of discontinuities for u and v, discontinuous periodic in u uniformly with respect to v, and
discontinuous Poisson stable in v uniformly with respect to uw. That is, there exists number
w such that Q(u + w,v) = Q(u,v) and there exists a sequence t,, — oo, which satisfies
Q(u,v +t,) = Q(u,v) as m — oo uniformly on each bounded intervals of v in B-topology.

Remark 1 Since the compartments in Definitions 6-8 have a common set of discontinuities,
it satisfies the (w,p)—property.
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4 Main results

In this part of research we investigate properties of discontinuous compartmental periodic
Poisson stable functions.

Theorem 1 A discontinuous periodic function is Poisson stable.

Proof. Consider discontinuous periodic function f(¢) with discontinuity moments 6;, i €
Z. Together with the sequence 6;, we fix a sequence t,,, m € Z, such that (t,,,6;), is a Poisson
couple in the sense of Definition 3. For a fixed m € Z, consider the function f(t + t,,), if
0; <t <0, where 0; = 0,1, — ty, 1 € Z.

According to Lemma 1, the set of discontinuity moments ¢;,,, i € Z of f(t + t,,) are
coincide with the set 6;, ¢ € Z. We take t,, = mw for n € N, it is easy to prove that the
functions f(t + t,,) — f(t) are identically zeros.

So, the Poisson stability of f(¢) is proved. OJ

Theorem 2 Suppose that a bounded and piecewise continuous function Q(u,v) is w—periodic
inu. Then h(t) = Q(t,t) is discontinuous Poisson stable, with common set of discontinuities
0;, i € Z, for u and v, which admits the (w,p)— property such that

(a) for each e > 0 there exists a number o > 0 which satisfies |Q(t1,t) — Q(ts, )| < €, where
the points t, t +t,, are taken from the same continuity interval and [t; —ts| < o, t € R;

there exists a sequence t,,, t,, — 00 as m — oo and satisfies following conditions
(b) t,, satisfies the kappa property with respect to the period w;

(c) |Q(t,t +t,) —Q(t,t)] — 0 as m — oo on each bounded interval I C R of t in B-
topology.

Proof. Because t,, satisfies kappa property, there exists a subsequence t,,, t, —
Tw(mod w) as | — oo. Suppose that ¢,, — 0(mod w) as m — oo. Let us fix € > 0 and
an interval I = [b,¢] C R. Consequently, for arbitrarily fixed number € > 0, the bounded
interval I, and by condition (a), one can find sufficiently large m such that

1Q(t 4 by, t+ b)) — Qb + )| < €/2 (2)

for all t € R, where the points t, t 4 t,,, are taken from the same continuity interval.

Let 0; and 6!, be the discontinuity moments of the functions Q(¢,t), Q(t,t + t,,) in [
respectively, where 0, = 6,1, — t,,,. Assume that 0; < 6;,, —t,, and consider discontinuity
moments 6;, i = k+ 1,k +2,...,k+r — 1, of the interval [b, ¢] such that

O <b<Opp1 <Opyo <+ <Opgro1 << Oy

Let us fix 4,4 = k,k+ 1,...,k + r, and for fixed i, it follows that Q(¢,t), t € [0;,0;.1) and
Q(t,t+ty), t € 65,0, ). Thus, for sufficiently large m we have non-empty interval (6;, 6,,1).
According to (1) and by condition (c) the following inequalities are valid:

107 — 6i] < e, (3)
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foralli =k, k+1,....,k+r, and

QT +1tm) — Q(ET)] < €/2 (4)

for ¢ c (‘9;, 9,’+1).
Applying (2) and (4), we get that

|h(t+tm) = h(@)] = Q[ + tm, T+ ) — QL )] <
Q(t +tm,t +tm) — Qt,t + )| + QU t+ 1) — Q1) < €/2+¢/2=¢

forall t € (0,0;11), i =k,k+1,...,k+r. Consequently, h(t+t,,) — h(t) uniformly on each
arbitrary bounded time interval in B-topology. [

Theorem 3 Assume that h(t) = f(t)+g(t) is a discontinuous modulo periodic Poisson stable
function. The discontinuity moments 6;, i € Z is common for f(t) and g(t) and satisfies the
(w, p)— property, the sequence t,, satisfies the kappa property with respect to the number w.
Then h(t) is discontinuous Poisson stable.

Theorem 4 Assume that hi(t) = f(t)g(t) is a discontinuous factor periodic Poisson stable
function. The discontinuity moments 0;, i € Z is common for f(t) and g(t) and satisfies the
(w, p)— property, the sequence t,, satisfies the kappa property with respect to the number w.
Then the function hy(t) is discontinuous Poisson stable.

The technique of proofs of the Theorems 3, 4 is similar to that for Theorems 1, 2, and
the B-topology is used.

In the following theorems we consider specific discontinuous compartmental periodic
Poisson stable functions.

Fix a Poisson stable sequence \;,7 € Z, such that there exist a sequence [,,, which diverges
to infinity, |Ai1y,, — Ai| = 0 as m — oo for each ¢ in bounded intervals of integers.

Theorem 5 [2] Let £(t) : (0,d] — R, where d > 0, be a bounded function. Then function
C(t) = N&(t —id), t € (id, (i + 1)d], i € Z, is discontinuous Poisson stable.

Proof. Fix a number i € Z and an interval (v, d) so that (v,d) C ((i — 1)d, (i + s + 1)d] for
s € N. For t,, = l,,d,n = 1,2, ... from interval ¢t € (jd,(j + 1)d],i —1 < j < i+ s, we have
that ¢ + l,d € ((j + lp)d, (j + Ly + 1)d] and &(t — (j + 1,,)d) = &(t — jd).

Let us denote N = sup [£(t)|. For an arbitrary € > 0 and sufficiently large m, it is true

te(0,d

that [Aj, — A < &, 7 — 1] < j < i+ s. We fixed integer number [ in7—1<1[<1i+s. If
t € (Id, (1+1)d], then C(t) = £(t—1d) = A and C(t-+t,) = C(tlnd) = E(t— (1 +1)d) = Mg, -
This is why, for t € (Id, (I 4+ 1)d], | € [i — 1,i + s], we have that

IC(t+tm) = C@)| = [C(t + lnd) — C(B)] =
N, §(E = (4 Ln)d) — NE(E = Tw)] < [Niga,, — M|t = 1d)| <
|>\l+lm — /\Z|N < €.

It follows that [ € [i — 1,7 + s], and, in consequence, |((t + t,,) — ((¢)| <€, t € (,0). Thus,
it have been proved that ((¢) is a Poisson stable function.
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Theorem 6 The functionn(t) = X\;, 6; <t < 0;41,1=0,1,2,..., is a discontinuous Poisson
stable with the sequence of convergence t,,,m = 1,2, ..., if sequences t,, and 0; make a Poisson
couple (tm, 6;).

Proof. Consider the function n(t + t,,) for fixed m € N. If n(t) = \;, 6; <t < 0,11, then
it is possible to show that n(t + t,,) = Ay, for 0; <t < 0;,,, where 0, = 0,4, —tm, i € Z.

Fix an interval [by, ¢1] where ¢; > by, and an arbitrary e > 0 so that 2¢ < 6 on this interval.
Suppose that 6; < 6,,, —t,, and consider discontinuity moments 6;, 1 =k+1,k+2,... k+
r1 — 1, in the interval [by, ¢;] such that

Or < by < Opg1 < Opyo <+ < Opgr 1 <1 < Oppry.

We will prove that for sufficiently large m the inequalities |0) — 0;| < € for all 1 = k, k +
L,....k+ry, and [n(t+t,) —n(t)| < e for each t € [by, 1] are valid, except those between 6);
and 6! for each i.

Fixi, i = k,k+1,..., k+r;. We have that n(t) = \;, for ¢t € (6;,60;.1] and n(t+t,,) = Niye,,.,
t € (6;,0;,,]. Hence, for sufficiently large m the interval (6;,6;,1) is non-empty. From (1) it
implies that |0} — 6;| < € is valid. Moreover, for sufficiently large m,

n(t +tn) =n(0)] = Aiv, = Al < e

for t € (0., 0,11). Thus, n(t) is discontinuous Poisson stable function.

5 Examples and Numerical Simulations

Next, we will construct examples of discontinuous Poisson stable functions.
In [1,7], a Poisson stable sequence was constructed as a solution to the logistic map

Xi+1 = vX;(1 = x;5)- (5)

Moreover, it is shown that for each v from the interval [3 4 (2/3)'/2, 4], there exists a Poisson
stable solution z;,j € Z, of (5) so that the sequence belongs to [0,1]. That is, there exist a
sequence l,,, l,, — 0o as m — oo such that |z, — z;| = 0 as m — oo for each j in bounded
intervals of integers.

Example 2 Consider the function (1(t) = z£(t —id), t € (id, (i + 1)d], i = 0,1,2,..., with
&t —id) = 1, and d = 5, such that z; is a Poisson stable solution of (5). Prove that the
function (1 (t) is discontinuous Poisson stable in accordance with Theorem 5.

Fiz an interval (y1,01) and number i such that (y1,01) C (5(i —1),5(i+s+1)] for s € N.
Assume that 1 and 6y are integers. For t,, = 5l,,m=1,2,... and t € (55,5(j +1)],i—1<
J <i+s, we have that t + 5l € (5(5 + 1), 5(5 + Ly + 1)].

For an arbitrary number € > 0 and sufficiently large m, the inequality |24, — 2| < €,
i—1<i<i+s is fulfilled. Fort e (51,5(1+1)], 1 € [i — 1,i+ s]|, we have that

(Gt +tm) = GO = |G+ 5n) = GO < 2141, — 2] <€

From the above it follows that forl € [i —1,i+ 5|, and so |G (t+tm) — ()] = 0, as n — oo
uniformly on the interval t € (7y1,d1). So, the Poisson stability of (1(t) have been proved
(Figure 1).
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Figure 1: The graph of function (i(t), t € (5i,5(i + 1)], ¢ = 0,1,2,.... The vertical lines
connecting the pieces of the graph are drawn for better visibility.

Example 3 Consider a function mi(t) = z, 0; < t < 0p41, where 6; = (60 + (—1)" — 1),
i€Z,1=0,1,2,..., is unbounded sequence. Let us demonstrate that n,(t) is a discontinuous
Poisson stable.

Fiz a sequence t,,, m € Z, such that (t;,, 0;) is a Poisson couple in the sense of Definition
3. One can verify that the sequence 0; satisfies (1,2)—property. It is known that, if n,(t) = z;,
t € (0;,0i41], 1 € Z, then mi(t + t) = ziqu,, for 0; <t <0, where 0, = 0,4, —tm, i € Z.

Fiz an interval by, co], where co > by, and an arbitrary number € > 0 such that 2¢ < 0
on this interval. Assume that 0; < 60,4, — t,, and consider discontinuity points 0;, i =
L4+ 1,14+2,...,0l+71y— 1, of the interval [by, cs].

Let us fir i, i = 1,1+ 1,...,l+ry, and for fized i we have that n;(t) = z;, fort € (0;,0;41]
and m (t +tm) = Zir,,, t € (05,0, 1]. From (1) |0; — 6;| < € is valid. Moreover it implies that
for sufficiently large n,

It +tm) — ()| = |zige, — 2] <e

fort € (0,0,11). Thus, ni(t) is discontinuous Poisson stable (Figure 2).
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Figure 2: The graph of function 7:(t) = z;, t € (6;,0;41], with 6; = (60 + (—=1)" — 1),
1t = 0,1,2,.... The vertical lines connecting the pieces of the graph are drawn for better
visibility.
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