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INITIAL BOUNDS FOR ANALYTIC FUNCTION CLASSES
CHARACTERIZED BY CERTAIN SPECIAL FUNCTIONS AND BELL
NUMBERS

Over the last few years, Geometric Function Theory (GFT) as one of the most prime branch of
complex analysis has gained a considerable and an impressive attention from many researchers,
largely because it deals with the study of the geometric properties of analytic functions and their
numerous applications in various fields of mathematics such as in special functions, probability
distributions, and fractional calculus. The investigations in this paper are on two new classes of
analytic functions defined in the unit disk &€ = {z € C : |z| < 1} and denoted by xS,(b, K)
and x7,(b, K). Function f in the classes satisfy the conditions f(0) = f’(0) — 1 = 0, hence can
be of series type f(z) = z + az2? + az2® + -+, z € €. The definition of the two new classes
of analytic functions embed some well-known special functions such as the Galué-type Struve
function, modified error function and a starlike function whose coefficients are Bell’s numbers
while some involving mathematical principles are the ¢-derivative, inequalities, convolution and
subordination. The main results from these classes are however, the upper estimates of some initial
bounds such as |a,| (n = 2,3,4) and the Fekete-Szegd functional |az — ¢a3| (¢ € C) of functions
fexS;(b,K) and f e xTq(b,K).

Key words: analytic function, Schwarz function, Galué-type Struve function, modified error
function, Bell’s numbers, coefficient estimate, Fekete-Szegd problem, subordination, convolution,
g-derivative.
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Keiibip apHaiibl dyHKIUAJIAPMEH >K9HE CAHJAPMEH CUTATTAJIATHIH aHAJTUTUKAJIBIK,
byHKIHIIAp KJIACTAPbIHbIH, 6acTanKbl HIEKAPAJIAPBI

Courbl GipHere Kbliia reoMeTpusaiablk GyHkiusiap reopuscol (I'OT) kemensi Tanuayubiy eq
06acThl caJaChIHBIH, Oipi peTiH/e KOITereH 3epTTEYINiep TapallblHAH alTapJIbIKTall KOHE dcep-
JIi Hasapra ue OOJIblI, OUTKEHI OJI AHAJUTUKAJBIK (DYHKIUSJIAP/IbIH IeOMETPUSIJIBIK, KACUeTTEPIH
3epTTEYMeH ailHAJIBICAIbl YKOHE apHaihl (DYHKIMSLIAP, BIKTUMAJIIBIK, YIECTIpIMIED KoHe DOJIeK
ecenTey CUAKTHI MATEeMATHKAHBIH OPTYPJIl CaJaJIapbIlHIAFbl KOIITEreH KOJIIAHOAIapIbl 3€PTTEYMEH
aitnasibicapl. Bys makanaga € = {z € C : |z| < 1} 6ipuik menbepinye aHBIKTAJFAH aHAJIATHKA-
JBIK (DYHKIUSITAPIBIH €Ki YKaHa KIACBIH KapacThipaapl xkoHe XSq(b, IC) xone x7q(b, K) apKpiisl
Genrineneni. f dyuxmuscer f(0) = f/(0) — 1 = 0 mapTTapblH KaHAFATTAHJBIPA/IBI, COHJIBIKTAH
f(z) = 24a22°+azz+- -, z € €. karap/apy TuIi TYpinje 60J1ybl MyMKiH. AHAJTUTHKAJIBIK QYHK-
IUSIIAP/IBIH €Ki YKaHA KJIACBIHBIH aHbIKTaMasapbl Lamys tunti CTpyBe DyHKIMSACHIH, ©3repTiareH
Kare GyHKIUACHH, Kodbdurnuentrepi Besr canmapsi, an keiibip MaTeMaTHKAJIBIK, TPAHIIAIITEP]
Q-TYBIH/IBI OOJIBIIT TAOBLIATHIH KYJIABI3 (DYHKITUSCHIH, TEHCI3AIKTEP/Il, KOHBY/IbCUS YKOHE OAFBIHY
60s1bII TAOBLIATHIH Oesrisi apHailbl QYHKITUSAIAPIBI KAMTUIHI.

© 2023 Al-Farabi Kazakh National University
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Jerenmen, 6yJ1 KJlacTap IblH HEri3T1 HOTHUXKeJIepl Keibip OacTalKpl IeKapaJjiap/IblH KOFapFbl Oara-
Jaynapsl GOJbIN TabbLIALEl, AFHU |an| (n = 2,3,4) xoue f € xS,(b,K) xome f € xT,(b,K)
dbynxmuatapsaby Pexere-Cere bynxnmonanst |az — ¢a3| (¢ € C).

Tyitia ce3gep: Anamurukansik dyukius, [IIsapi dyuaknuscer, Tamxys tunri CrpyBe dyHKIMS-
col, MojmUKaIUsIIaHFaH KaTe DYHKIUsCH, besur cangapsl, Koaddurumentri H6ara, @exere-Cere
ecebi, barpIHy, YHIpTKi, (-TyBIH/IbI.

E.A. Oyekan'*, A.O. Lasode?, T.A. Olatunji?
'Vuusepcurer mayku u texmomoruit Omyceryna Arary, Hurepus, r. OxuTumyn
2Vuusepcurer Winopuna, Hurepus, r. Vtopun
3Vnusepcurer Bosnrona, Benuko6puranus, r. Bosron
*e-mail: ea.oyekan@oaustech.edu.ng

HaganbHble rpaHUIbl KJIACCOB aHATUTUYIECKUX (DYHKIINM, XapaKTepU3yIOIUX OMpeaeIEHHBIX
CIIeIUaJIbHBIX (PYHKITUI 1 HOMEPOB

3a 1mociie[HIe HECKOJIBKO JieT reoMerpuyeckast Teopusi dyuknumit (I'TP) xak oxHa u3 Hanbosee
Ba’KHBIX OTPAC/Iell KOMILIEKCHOTO aHAJIN3a IPUBJIEK/IA 3HAYNTEIbHOE U BIIEUAT/ISIONEe BHUMaHUE
MHOTUX UCCJIEOBATEIIEH, TIIABHBIM 00pPAa30M ITOTOMY, YTO OHA 3aHUMAETCS U3y IeHUEM NeOMeTpUIe-
CKUX CBOUCTB AHAJMTHICCKUX (DYHKIUNA U UX MHOTOYUCJIEHHBIE TIPIJIOXKEHNsT B PA3IMIHBIX 00718~
CTSIX MaTEeMATUKHU, TAKAX KaK CIeIUAJbHbIE (DYHKINU, PACIPEIeJeHIs BePOsITHOCTE! U IpOOHOE
ncuncjenne. B TaHHOI cTaThe UCC/IeNYIOTCs Ba HOBBIX KJIacCa aHAJIUTHIeCKUX (DYHKITUIA, orpe/ie-
nennbix B equanaioM kpyre £ = {z € C : |z| < 1} u oboznavaercsa xSy (b, ) u xT4(b, K). Oyukims
f B kinaccax yuosiaersopser cienyiomum yeaosuam f(0) = f/(0) — 1 = 0, cienoBaresabHO, MOKET
UMETh THUII Psaga f(z) = z+ a222 + a323 + .-, z € £. B omnpejenennst IByX HOBBIX KJIACCOB
AHAJIMTHIECKUX (DYHKINH BKJIIOYEHBI HEKOTOPBIE XOPOIIO U3BECTHBIE CIelrajbHble (DyHKINN, Ta-
kue Kak dyHknus Crpyse tuna Laays, moauduimpoBanHas (DyHKIUs OMNOOK 1 3B€37000pa3Hast
dyHuKIUs, KO3 PUIIEeHTAMI KOTOPOil SIBJISIOTCs uncia besa, a HEKOTOPBIMU MaTeMaTHIeCKAMU
NPUHITUIIAME SBJIAIOTCS (-IIPOU3BOJIHAS, HEPABEHCTBA, CBepTKa u mogunHenue. OHAKO OCHOBHbI-
MU PE3YJIbTaTAMHU ITUX KJIACCOB SIBJISIIOTCS BEPXHUE OIEHKY HEKOTOPBIX HAYAJIHHBIX TPAHMUIL, TAKUX
Kak |a,| (n = 2,3,4) u dyukunonan ®exere-Cere a3 — ¢pal| (¢ € C) bynxmuit f € xS,(b,K) un
f € XTq(b,K).

Kurouessbie cioBa: Ananuruueckas dyakius, dyaknus [Bapia, dyukius Crpyse tumna [asys,
MomucunupoBannas GyHKINs OMMUOOK, yncyia Besia, kKoaddurumentrast orerka, 3amada Dexere-
Ceré, moIauHenne, CBEPTKA, (-IIPOU3BOIHAS.

1 Introduction and Definitions

Geometric Function Theory (GFT) is one of the most fascinating branches of complex analysis
and it has gained a considerable attention from many researchers in pure mathematics.
GFT deals with the study of the geometric properties of analytic functions with numerous
applications in various fields of mathematics such as in the use of special functions, probability
distributions, and fractional calculus.

Let A represent the set of normalized analytic functions of the form

) =2+ an2" (1)

with the conditions f(0) =0 = f'(0) —1 and z € £ := {2z € C: |z] < 1}. Also let S, a subset
of A be the set of analytic and univalent functions in £.

The foundation of coefficient problems in the theory of univalent functions is traceable
to Bieberbach conjecture or coefficient conjecture (see [7]) of 1916 where he conjuncted that
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la,| < n, VYn € N. In |7], Duren emphasized that coefficient problem is the determination of
that part of the (k — 1)-dimensional complex plane, occupied by the points (ag, as, ay, . . ., ax)
for function". In 1985, Branges [5| verified that the conjuncture was actually true and
this affirmation subsequently elevated the theory to one of the growing areas of possible
research. Some well-known subclasses of class S are therefore the classes of starlike, convex,
close-to-convex, close-to-star and spirallike functions. In addition, the coefficient bounds,
generalizations and the coefficient properties of several of the subclasses of class S have also
been sought. In fact, the nature and properties of these subclasses which are largely based
on the geometries of their domains are continuously been studied with no end at sight.
In this paper, represented by V is the set of analytic functions of the form

w(z) = anz" (z€8). (2)

Set V is known as the set of Schwarz functions and it is normalized by the conditions w(0) = 0,
lw(z)] < 1 and 2z € &. Likewise, if hy,hy € A, then hy < hy if hy(z) = ho(w(z)) for
z € &. Should hy be univalent in &£, then hy(2) < ha(z) if and only if hy(0) = h2(0) and
hi(€) C hy(E). The symbol '<’ means subordination. Also, let

hy = z—i—Zanz”,hl = z+anz" € A, then hy x hy := z—f—Z(an X by )2"

n=2 n=2 n=2

where the symbol 'x” means convolution or Hadamard product.
The sequence {n,}5° of numbers

1,1,2,5,15,52,203, 877, 4140, . . .

was introduced by Bell [3,4|. The Bell’s numbers are generated as a result of observing
the number of possible partitions of a set. In view of the Bell’s number, Kumar et al. [15]
established the function

o0

2 n ) )
]C(Z):ee_lz n—z”:1+2+22+623+§z4+, zef. (3)
n:

n=0

and it was proved that function K(z) is starlike with respect to 1. This starlikeness property
prompted the our interest to further investigate this function.
The Galué-type Struve function (GTSF) was introduced in [16] and defined by

o (_C)n z 2n+p+1
WhH = = €f), 4
AWyhee(2) = 2+ nZ:O I(An + p)l(on + & + bi2) (2) (=€) @)

where a € N, z,p,b,c € C, A > 0, £ > 0 and p is an arbitrary parameter. It is evident that
when A = o =1, = 2 and ¢ = 1 in (4), then we have the generalized Struve function
(see [17]) defined by

Hopolz) = i . (—c)" <z)2n+p+1 ee), -

(n—i—%)F(n—i—p%—HTQ) 2

n=0
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where z,p,b,c € C. Using (4), consider the function

b+ 2 —(p+1)
Uppeel2) =2 VAT (G + 757 ) 5 aWf(Ve) (=€), (6)

Using the Pochhammer (or Appell) symbol defined in terms of Euler’s gamma function,
Oyekan [19] presented the relation

(V)n = % =7(y+ D). (y+n—1)
so that from (6) we have
Vp,b,c,g( ) = Zupbcg =z + Z ( . 1) :)a(n_1)>2n (Z S 5) (7)

Using the convolution principle, Oyekan [19] defined the function

A€ )n
Lone(2) = (f % Vppee)(z —Z+Z< H(Vam-1)

>anz” (2 € &), (8)

where p,b,c € C, v = 2—’—1— b;—Q #0,—-1,-2,---, a € Ny \;)¢ > 0 and p is an arbitrary
parameter. Function V in (7) is the normalized form of Galué-type Struve function and is
analytic in C, while (8) is the simplified version.

A special function that occurs in probability, statistics, material science, and partial
differential equation is the error function. The error function is use in quantum mechanics
to eliminate the probability of observing a particle in a specified region. The error function

erf(z \/_/ ?dt = J_Z 2n+) (z€€) (9)

was reported in [1] and for additional information see [6,8]. In particular, Ramachandra et
al. [25] made a slight modification to (9) and came up with the function

Erf(2) —z+z zn(_ll));_l) o (2€8) (10)

where the function Er f (2) was used to define a class of analytic functions and solved some
coefficient problems.
Using the convolution concept, and in view of (8) and (10), we can deduce the function

G = (G5 B =24 Y e e

The quantum derivative (q-derlvatlve or Jackson’s derivative) operator (see [9]) for
function f in (1) is defined by

D,f(0)=f(0)=1 (2=0) ifit exists, )
D,f(z) = L&) — 4 ni[ nlganz"~t (2 #0), (12)
D2f(2) = Dy(Dyf(2) = 3 [ngln — Uganz"2

n=2 J
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such that the g-number n is defined by

0 for n=20
1 for n=1
nly=< 14+4¢q for n=2 (13)

n—1
1-¢" _
H—T;)q" for neR

and liﬁl[n]q = n. The g-derivative is the g-analogue of the classical derivative of functions
q
where it plays a significant role in defining many g-operators in various areas of g-analysis.

For some historical details, properties, applications, and some results on some subclasses of
analytic functions involving ¢-differentiation see [2,9,11-14].

Definition 1.1 Let ¢ € (0,1), b € C\ {0}, v # 0,—1,-2,---, ¢ € C and let K(2) be as
defined in (3). The function G is said to belong to class xS,(b, ), if

1 (2D,G(2)
and it is said to belong to the class xT,(b, ), if
1 (2D,(D,G(2)

In this work we gave the estimates on the initial coefficients and on the Fekete-Szego
functionals for two classes of analytic functions.

2 Applicable Lemmas

Let w € V in (2), then the following lemmas hold true.

Lemma 2.1 ( [26]) Let w(z) € V, then |w,| < 1 Vn € N. Equality occurs for functions
w(z) = 2" (¥ € [0,2m)).

Lemma 2.2 ( [10]) Let w € V, then for ¢ € C,
[ws + gwi| < max{1;[¢]}.

Equality holds for functions w(z) = z or w(z) = 2%

3 Main Results

Theorem 3.1 Let ¢ € (0,1), b € C\ {0}, v # 0,—-1,-2,---, ¢ € C and let K(2) be as
defined in (3). If G belongs to the class xS,(b,K), then

12()A(7)alb]

las| <
cq
40 o|b b
|(Z3’ < (/;)W\(’V)Q ’ |max{1, q+ }’
c2q(1+q)

o < S L (1) (1 2]
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and for ¢ € C,

_ pa?| < 4022 (V)zalV] {1’ ‘5(u)»(7)zaq2 + 5(1)22 (7)2090 — 188 (11)5, (7)3,9(1 + @)b ‘}

|as 2q(1+q) 5(14)2x(7)204*
where
_@e-D+ B -y, 5P
S (7P P R A (P L o

Proof. Suppose G € xS,(b, ), then there exists a Schwarz function w € V of the form (2)
such that

1/2DG(z) — K(w(=
(TR 1) — (wian,
so that
[D,G(2) = G(2)]G7(2) = DK (w(2)) — 1]. (17)

A careful expansion of (17) shows that

[=DyG(2) = G(2)]G () = ([2]y —

+ {([3]q - 1)ma3 —([2]q - 1)W6L§}22

~ B Dt~ e Digstmms. ot
N (18)

and

bIK(w(z)) — 1] = bwyz + b(wy + w?)2? + b(ws + 2w wy + gw:f)zg' +ee (19)
Equating (18) and (19) gives

(1210 = Vg% = b (20)

Bl =D 507mrm ~ = Digpargy = e + v (21)

(@l =0+ G =) g s 2 e~ Vs

C3

e s m e

5
as = b(ws + 2wy wse + Ew:f) (22)
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Now, from (20) we have

ay = 12(p) A (7)abw: (23)
c([2g— 1)
so that by using (13) we get
12 b
|a2| < (M))\<Z;Oé| ||w1|
and the application of Lemma 2.1 achieves the result.
From (21) we have
4y = 40(41)27 (7)2ab {w . ([Q]q — 1+ b>w2} (24)
(03], - 1 2,-1 )"
so that using (13) gives
4 2|, — 1
|a3| < 0(5)2A<7)2a|b|'w2+ ([ ]q _+b)w%
c?q(1+q) 2], —1
and the application of Lemma 2.2 achieves the result.
From (22) we have
0y — 168052 ()b [w3+ (§_ G [([2]q — 1)+ (Bl - 1)} b([g]q 1+ b))w3
A([4]g —1) 6 ([2l,-1) ([2lg—D(Bl,—1) 2], -1 '

by using (16) we get

O (s (Bt (o)

by using (13) w get

168(#)3A(7)3a|b|
Aq(l+q+q?)

lag| <

n t+([2]q—1+b) 3 2_1_1
w3 +o| — — | |w — wiw
’ o 2], —1 ! o 1
and the application of Lemmas 2.1 and 2.2 achieves the result.

Lastly, from (23) and (24) and for ¢ € C we have

A0(m)ar()2ab [ ([2g =1 +bY o] 144()3(7)e
23, - 1) {+( <[2]q—1>) } "o,

_ 40(ma(v)2ad [ N

- 2@, - 1) [”(”mq—l 512, — 1)2(u

as — gbag =
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L

( ()22 (7)2a([2]g = 1)* + 5b(1)ar (V)20 ([2]g = 1) — 185(#)3(7)16([3]q—1))w2}
5(1)an(7)20([2lg = 1) '

(

as — (ba2

by using (13) we get

2 _ A0(1)2(7)20b |

MO g g) [ o

(5(/0»(7)2&([2](1—1)2+5b() A(V)2a(2lg = 1) — 185(#)3(7)25([3]q—1))w2}
5(1)2x(7)2a([2]g — 1) '

and

lag — ¢a2|

A40(p)2x ( \b!‘

c?q(1 + q)
(5(M)2,\(’Y) a([2lg = 1)% + 5b(1)2x (7)2a([2]g — 1) — 18E (1) (1)2([3], — 1))w2
5(1)2x(7)2a([2]g — 1)? '

and the application of Lemma 2.2 achieves the result.

Theorem 3.2 Let ¢ € (0,1), b € C\ {0}, v # 0,—1,-2,---, ¢ € C and let K(z) be as
defined in (3). If G belongs to the class xT,(b, ), then

aal < 12(p2)A(7)al]
’ c(1+q)
o] < O 144,
and
a5 — €| 40 (Maalb] {1 ‘5(/1)%(7)2@(1 +q)*(1 +b) = 186(1)3(7)2g(1 + q)b ‘}
PSRN T a1+ ) ’ 5(1)2x(7)2a(1 + ) '

Proof. Suppose G € x7,(b,K), then there exists a Schwarz function w € V of the form (2)
such that

+3(pa) =Kt

so that

(+DuG(2))(PyG(2))™" = [K(w(z)) ~ 1]b (25)
from where we get

(PG PG =2 = Pl (26)

+ ([3]qma3 —12] ﬁ%)z +oee (27)
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Equating (3) and (26) implies that

Cc

_[Q]qm% = bw,
and
RO HO
Now from (28) we get
gy = —12(p)A(7)abwn
c[2], '

so that by using (13), taking modulus and applying Lemma 2.1 achieves the result.

From (29) we get

40() 22 (7)2ab

T

{wz +(1+ b)w%] :

and using (13) we get

40(p)2x (7)20b 2
— _ \JenNT/em 1
as = 2a(1 4 q) |:1,U2 + (1+ b)wl}
and
40(p)2x (7)2410] 2
< +(1+0b
|as| a1+ q) wsy + ( Jwy

so that applying Lemma 2.2 achieves the result.
Now from (30) and (31) we get

144(p)3 (v)ab*wi
c?[2]2

_ 402 [ 5(11)2x(7)2a[2)2(1 + b) — 18¢kTb[3], 2
- [ 2T ( 5(1)2 (1) 20 22 ) ]

b[w2+ (1~|—b)wﬂ — ¢

and using (13) we get

40(f2)2x(7)2ab 5(1)2x(7)2a[2]5(1 +b) — 18€k{D[3],\
2q(1+q) [wZ * ( 5(1)2x(7)2a[2]2 )uh}

2
az — Pay =

so that

40(p)22(7) 24|
c2q(1+q)

laz — pa3| <

502 (1)aal23(1 +) — 18K,
w2t ( 5(1)2(7)2a 2] ) il

so that applying Lemma 2.2 achieves the result.

(28)

(29)

(30)

(31)
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