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ANALYTICAL SOLUTION OF INITIAL VALUE PROBLEM FOR
ORDINARY DIFFERENTIAL EQUATION WITH SINGULAR
PERTURBATION AND PIECEWISE CONSTANT ARGUMENT

The study of differential equations with piecewise constant arguments has been treated widely in
the literature. This type of equation, in which techniques of differential and difference equations
are combined, models, among others, some biological phenomena , the stabilization of hybrid
control systems with feedback discrete controller or damped oscillators.The first studies in this
field have been given in 1984, after this, some papers related with stability, oscillation properties
and existence of periodic outcomes have been treated by several authors.The manuscript is crafted
as follows: Section 2 outlines the primary methodologies adopted throughout the inquiry.Section
3 is dedicated to obtaining the exclusive outcome to the issue. We formulate a series of difference
y(0:)
y'(6:)
outcome. This generalized approach allows for a broader understanding of how to tackle such
differential equations across various scenarios. These equations now form a recognized branch of
the field of differential equations, and they are frequently used in biological and economic models.
Undoubtedly, their applications will continue to increase in the future.

Key words: harmonic oscillator, initial functions, initial value problem.

equations overseeing the vector ) , i = 1,p which portray the constituents of the
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Os-Papabu arbiagarbl Kazak yarTeik yHuBepcureri, Kazakcran, Aiimarsl K.
*e-mail: artykbaeva.zhanar@gmail.com
CuHTYIspJIbl aybITKYbI YK0HE DOJIKTi-TypaKTbl apryMeHTTi 6ap Kapamaiibim
auddepeHTnaIabIK, TeHAeY YIIiH 0acTanKbl MOH ecebiHiH aHAIUTUKAJBIK, IHeImiMi

MaxkaJsiaia KaJnblIaHTaH TYP/eri OeKTI TypakThl apryMeHTTi Kirml mapameTpiii xait guddepen-
IUAJIIBIK TEHIEY VIMiH O6acTamKbl MoH ecebi KapacThIphLIran. BesiKTi TypakThl apryMeHTTI Kirri
mapameTpJai 6ipTekTi emec auddepeHInaIabK TeHaeyTe cofikec OipTekTi 66iKTI TypaKThl apry-
MEHTTi CHHTYJISIPJIBI aybITKbIFaH JuddepeHITnaIbIK, TEHIEYTiH iprei menrimaep kyiteci Kypbli-

o 0; )
bt [lemmiMuin KypaMbIHIAFbI < 5,(( 92)) , © = 1,p BEKTOPBIH aHBIKTANUTHIH albIPBIMIIBIK TEH-
1

Jeysep xkyieci anbiabl. OChl KYPBIIFAH albIPBIMIIBIK, TEHIEYIep XKyHeciHiy memiMi aHbIKTaJJIbL.
Penyxrmus Tociiin KOMMAHBIN, KOHBLIFAH O6/TIKTI TYpaKThl apTyMEHTTI Kilri mapaMeTpJii 6acTamKb
MOH ecebiHiH IMeNnTiMiniH aHATUTUKAIBIK, (hOpMYyJIachl aabiH bl [HleniMHiH aHATUTHKATIBIK HOpMY-
JIaChI TYPAaJIbl TEOPEMa, KOPBITBLIBII MIBIFAPbLIILI. KapacThlpblLIFaH XKaJllblJIaHFaH Typeri 0eJiKTi
TYPAKThI CHHTYJISIDJIBI aYBITKBIFAH OACTAIIKBI MOH eCceDiHiH, aepbec Karaaiiapia ChI3bIKThI TapMO-
HUKAJIBIK OCIUJIISITOD OOJIBITT TaObLIaIb.

Tyitin ce3mep: 0OJKTI-KOHCTAHTAIbI aPTYMEHT, TAPMOHUKAJBIK, OCIIHJIISATOP, OacTamKel HyHK-
nusap, 6acTankbl MOH ecedi.
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AnanuTuydeckoe pelleHue 3aJa9M HAYAJIbLHOTO 3HAYEHUs [Jisi OObIKHOBEHHOTO
nuddepeHnInanbHOTO YPABHEHUS ¢ CUHTYJISIPHBIM BO3MYIIEHUEM U KyCOYHO-IIOCTOSHHBIM
apryMeHToM

B crarbe ucciemyercs 3amada HaYAJBHOIO 3HAYECHUS JJIsi OOBIKHOBEHHOTO (D (DEPEHITHATBHOTO
YPaBHEHUS C BO3MYIIEHUEM MAJIOTO IapaMeTpa U KyCOYHO-TIOCTOSHHBIM apryMEHTOM B 00ODIIEH-
HOM BHZ€. B COOTBETCTBHUU € 3TUM ypaBHEHHEM MBI pa3pabaTbiBaeM CHCTEMY (PYHIAMEHTAJIbHBIX
pelrenuit Jijis OHOPOIHOTO CHHIYJISIPDHO BO3MYIIEHHOTO TuddOepeHInaIbHOT0 YpaBHEHUsI, KOTO-
poe 3aBUCUT OT KYCOYHO-IIOCTOSIHHOI'O apryMeHTa. BBIBBAGI\/I CUCTEMY Pa3HOCTHBIX ypaBHeHI/II‘/'I7

y(0:)

OIHACBHIBAIONIYIO BEKTOD < Y (6)) ), i = 1,p KOMIIOHEHTOB pEIeHNs. YCTAHOBJIEHO DeIleHne
i

[TOJIYYEHHOM CHCTEMBI PA3HOCTHBIX ypaBHeHU. VICIomb3yst peLyKITMOHHBIN TTOIX0/T, MBI TIOJIY TN
AHAJIMTHIECKYIO (OPMYJIYy JJIsi PelieHusl 3a/Jadd HAYAJIBHOIO 3HAYEHHS I OOBIKHOBEHHOTO
b depeHnuaIbHOrO ypaBHeHUs C KYCOYHO- IIOCTOSIHHBIM apryMeHTOM B OOOOIIEHHOM BHJIE,
BKJIIOYAOINILYI0 MaJjblii mapameTp. Dbljia BbIBeeHa U JIOKA3aHA TeOpEMa, yCTaHABJIMBAIOIIAS
AHAJIUTUIECKYI0 DOPMyIy isi perreHusi. KOHKPETHBI mpuMep 3aJa9M HAYAJIbLHOTO 3HAUYCHUS
B paMKaxX CHHIYJISIPHO BO3MYIIEHHOTO OOBIKHOBEHHOTO JudepeHIMaIbHOrO yPaBHEHUS, 3a-
BUCAIIEN0 OT KYCOYHO- ITOCTOSTHHOTO apryMeHTa B 0000meHnHoit (popMe ¢ MaJibiM ITapamMeTpoM,
COOTBETCTBYET 3aJ[ate JIMHEIHOrO rapMOHUYECKOTO OCIIHILISITOPA.

KitroueBbie cjioBa: rapMOHUYECKUN OCIUILIATOD, HadaabHbIE (PYHKITU, 3a/1a9a HAYAJIBHOIO 3HA~
YEeHUS.

1 Introduction

We consider the Cauchy problem for a linear differential equation with a singular perturbed
piecewise constant argument:

ey (t) + Aty (t) + B(t)y(t) + C()y (B(1)) = F (1) (1)

y(O,é) = do, y/(O, 6) = dl, (2)

where € > 0 is a small parameter, dy, d; are given constants.

Ift €[0;,0i11),1=1,p,0 <60 <0y <...<8,<T apiecewise constant function is
defined as [(t) = 6.

Let the following conditions hold true:

(C1) The roles A(t), B(t),C(t) and F(t) are continuously differentiable in the span 0 <
t<T.

(C2) A(t) >0,0<t<T.

Differential equations with piecewise constant argument (EPCA) were proposed for
investigations in [1,2] by founders of the theory, K. Cook, S. Busenberg, J. Wiener, and
S. Shah. They are named as differential EPCA. In the last three decades, many interesting
results have been obtained, and applications have been realized in this theory. Existence and
uniqueness of solutions, oscillations and stability, integral manifolds and periodic solutions,
and many other questions of the theory have been intensively discussed. The founders
proposed that the method of investigation of these equations is based on a reduction
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to discrete systems. That is, only values of solutions at moments, which are integers or
multiples of integers, were discussed. Moreover, systems must be linear with respect to the
values of solutions, if the argument is not deviated. It reduces the theoretical depth of the
investigations as well as the number of real-world problems, which can be modeled by using
these equations. Through the application of reduction techniques, we derive an analytical
formula for solving the IVP for this ODE with a piecewise constant argument and small
parameter.

2 Supplementary Resources

This section presents the fundamental system of solutions and discusses the initial functions,
along with demonstrating their crucial properties relevant to our research.

2.1 A fundamental system of solutions

According to equation , the homogeneous differential equation has the form

ey”(t) + A(t)y'(t) + B(t)y(t) = 0 (3)

Lemma 1 Under that stipulations (C1) and (C2) hold, the system of fundamental solutions
for the homogeneous equation can be explicitly expressed in the form denoted by

Y (t,e) =yl (1) + O(e), j = 0,1
| " | (4)
Y (t,e) = Les Jo AW (A1) - yao(t) + O(e)) , j = 0,1

in the interval 0; <t <0, i=0,p, where yp(t) = exp (— ; ﬁg; d:(:) and
yao(t) = %7 i=0,p, 6o=0, 01 =T.

Proof. First of all, we will consider the [0,6;) interval. The system of fundamental
solutions of the homogeneous equation ((3)) is searched as follows:

yl(t, 8) = ylo(t> + Eyn (t) + €2y12(t) 4+ ...
Ya(t,€) = e o AW (4o (1) 4 eyor (£) + e2yaa(t) + ...,

where y;(t), i = 1,2, k=0,1,2,... are unknown coefficients.
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To determine these coefficients, we take the first and second derivatives of the functions

(5)):
yi(ta 8) = ?/10(75) + 5931(75) + 52912(75) +..

yé (tv 5) =

m|)—l

2l A@H (— A(t)ya0(t) + & (yho (1)
—A(t)yx (1) + 0 (%)),
yi(t,e) = yio(t) + eyfy () + e2yia(t) + .
v (t,€) = Zrems Jo A (A2 (1)yao (1) + £ (AX(1)yr (1)

—“2A(t) (1) — A(E)yao(t)) + O (€2)).

Substituting formulas , @ into equation 7 equating the coefficients in front of
the small parameter € to the same degree, we get problems defining unknown coefficients

Y10(t), yao(t):
A(t)yho(t) + B(t)y1o(t) = 0, y10(0) = 1. (7)

t B(x)
The solution to the IVP is determined as yy0(t) = e o ﬁmd

{ ALYsho0) + 4 On) =0. -

Y20(0)
The solution to the IVP (8) is determined as ya0(t) = A(( ))
Continuing this process, we will prove in the interval 6; <t < ;1,4 = 1, p. Lemma |1} is
proved.

2.2 The initial functions
Definition 1
8I(l <t7 S, 5) + A(t)Kl/<t7 S, g) + B(t)Kl(ta S, 8) = 07 [ = 17 27 (9>

K9 (s,s,6) =615, 1=1,2,7=0,1 (10)

the functions K(t,s,e),;l = 1,2, defined for 0; < s < t < 6;11, 1 = 0,...,p, represent
solutions to the problem described by equations @D and , and are referred to as initial
functions. And

Wy (t,5,¢)
Wi(s,e) ’
Here, 0,1 ; represents the Kronecker delta symbol. Wi(t, s, €) is a second-order determinant in

which the l—th row of the Wronskian W (s, ) is replaced by the set of fundamental solutions
represented by .

K9t s,e) = 1=1,2¢g=0,1. (11)
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Lemma 2 Assuming stipulations (C1) and (C2) hold. Then the initial functions
Kl(q)(t,s,s), l=1,2, ¢q=0,1 have the following asymptotic behavior when ¢ — 0 on
0; <t <0i11,i=0,p

(@) _ 00 | 1-g (CA®) 20 (Dyl(s) 1 [t A(x)de
Ky(ts,e) = Y005 + el ma i sty e e

L0 (5 4oe2=ap—t [t A(z)dac) 7

(12)
KO (t,5,6) = e[ 00 CAOm(0) L [} A(w)da

A(s)y10(s) e?-A(s)y20(s)

1

0 (2 + et HA@E) ] g = 0,1,

Proof. First of all,we consider the interval [0, 6;). By leveraging the fundamental solutions
(4]), we derive the asymptotic behavior of W (s, ¢):

(5.) ‘ yiols) + O(e)e=E i 4@ (3o0(5) + O(e))
Wis,e) =
Yio(s) + O(e) ke Jo 4@ (— A(s)yan(s) + O(e))

= Lol A (— A(s)yio(s)yao(s) + O(e)) (13)
—e HI A (4 (5)gao(s) + O())

= Lemt T A@E (— A(s)yro(5)yao(s) + O(e)) £ 0.
We calculate the asymptotics of the determinant Wl(q) (t,s,¢),q=0,1

Y9 (1) + O(e) L e = Jo A (— A())yan(t) + O(e))
W9t s,e) = | o |
Yio(s) + O(Eﬁe_gfo A@de (— A(s)yao(s) + O(e))

(14)

= Lem A (— Ayl (yao(s) + OC))

— Lem Bl AW (—A()) 2y (8)ya0 () + O(€)) .

We calculate the asymptotics of the determinant Wg(q) (t,s,€),q=0,1
Y10(s) + 0(5)‘3_é Jo Alw)da (y20(s) + O(¢))
Wi (t,5,) =
Y2 (t) + O(e) Lem e fo AWz (— A(t))aya(t) + O(e))

(15)

= L=t b A@d (A1) oy10(s)yao(t) + O(e))

1

et 4@ (48 (1) (s) + O(e))
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Substituting the formulas — into we obtain .

Similarly, we also prove for the interval 6; <t < 6,,, i=1,p . By we show the
asymptotic behavior of W (s, ¢):

yi0(s) + O(e)e = 904 (4o (5) + O(e))
W(s,e) =

Yio(s) + O(e) Le # 0 AD (_ A(5)yno(s) + O(e))
= LA A8y (s)yan(s) + O(e)) (16)
—e F AW (4 () yno(s) + O(e))

- %e_éfesi AL A(8)y10(8)y20(s) + O(e)) # 0.

We calculate the asymptotics of the determinant Wl(Q) (t,s,¢),q=0,1:

WOt 5.0) YO (1) + O(e) Ze o A0 (A1) )ayog (1) + O(e))
(t,s,e) =

Yio(s) + O(e) e = oA A(s)ya0(s) + O(e))

(17)
= Lo HRAE (_A(s)y@ (t)n(s) + O(c))
e A (A1) )y t) + O))
We calculate the asymptotics of the determinant WQ(q) (t,s,€),q=0,1:
yio(s) + O(e)e™ = 1 % (yy(5) + O(e))
Wy(t,s,¢) =
Y16 (1) + O(2) e = I A (= A1) o (1) + O(2))
(18)

= Lot AW (A )ayy (s)yalt) + O(e))

e HIAE (401 yao(s) + O(9) )

Putting the formulas- into we obtain .Lemma is proven.
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3 Main results and methods

3.1 Derivation of analytical solutions

Problem ([I)—(2) has the following form for ¢ € [0, 6;):

ey’ (t) + At)y'(t) + B(t)y(t) = F(t) — C(t)do,
y(oa 5) = dy, (19)
y/(ov 8) =d;

The solution to problem ([19)) is provided by the following analytical expression:

y(t,e) = doKy(t,0,€) + di Ka(t,0,8) + L [ Ko(t,s,€) (F(s) — C(s)dy) ds,

(20)
y'(t,e) = do K (t,0,¢e) + d1 K5(t,0,¢) + %fg Ki(t,s,e) (F(s) — C(s)dp) ds,
where Kl(q) (t,s,e), 1=1,2, ¢g=0,1 are initial functions.
The Cauchy problem ([I)-(2) has the following form for ¢ € [0;,6,11), ¢ =1,p :
ey’ (t) + A()y'(t) + B(t)y(t) = F(t) — C(t)y(6:), (21)
y(t’ 5)|t:9i = y(ei)7
(22)

Yt €)limg, = ' (00).

Theorem 1 Assuming stipulations (C1) and (C2) are gratified, the Cauchy problem
defined by equations and (22) possesses a wunique solution over the interval
t€0;,0:41), i=1,p , which is able to be formulated in the shape:

g<t7 6) = Q(tv elag)g(el) + ﬁ(t 91'7 8)’ S [027 92'-4—1) ) 1= ma (23)
where

y(t,e)
@(t7 5) = )
y'(t,€)

Ql(t,ei,c‘:) Qz(t,ei,E)
Q(t,0i,¢) = : (24)
Qll(tu 91'75) Ql2<t7‘917€>

R U(t70i7€)
U(t79i7€> = )
U,(t, Qi, 6)

where the roles gq)(t,ﬁi,e), Qgﬁ (t,0;,¢), UD(t,0;¢), ¢=0,1 and §(6;) are defined by
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Q7 (¢ 0 6) = Ky(1,0,,¢) = L [y K5"(t,5,€)C(s)ds, q=0,1,
ng)(tu 9i7€> = Kéq)(ta 9i7€)7 q= 07 ]-7 (25>

U (t,6;,0) = L [, Ky(t,s,€)F(s)ds, q=0,1,

i—1 i—1

H@ j41:05,8) 9(0,2) + > T]Q (0j41.05,2) U (61,611, ¢) )
=1 j=I

+ U ((91, 91',1, 5) .

Proof. To determine outcome of the issue — for t € [0;,0;41), i = 1,p, we change
the variables as s =t —#6;,t =0; = s =0 and as an result we obtain the problem

{ el + AG) G+ Bls)y(s) = F(s) = Cls)y(0h), 27)
y(s:9lomo = 9000, |y =y (6.

As the problem type in closely resembles the IVP described in , the solution to
IVP for all s € [O, 61) is structured as follows:

y(s,e) = (s,0i,8) + ' (0:) Ka(s, 0;,€)

/Kzsp,) F(p) — C(p)y(6:)) dp.
) (28)
y(5,2) = y(O) K (5, 00,€) + 1/ (0) K (5,61, )

/ Ki(s,p,2) (F(p) — C(p)y(6:)) dp

By changing variable from s to ¢ in we derive outcome to the issue — for
t € [0;,0;11),7=1,p in the following form

y(t,e) = (Kl(t O;,¢) — —/ Ks(t,s,6)C(s )ds) y(6;)
+ Ks(t,0;,¢)y / Ky(t,s,e)F(s)ds,
y'(t,e) = (K'(t O;,€) — —/ K} (t,s,e)C(s )ds> y(6;)

(30)
+ Ki(t,0;,¢)y /K’tse (s)ds.
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In light of (24 . and using . we obtain (

y( i
To find the unknown vector ( y(6:) ) = 1,p we put t = ;. into ( and ,
then we obtain the following difference system of equations for ( 5,((%)) ) , 1= Tp:
0it1
Y(bit1,€) = (Kl(giﬂ,@z‘,i‘?) Tz K (041, Sag)C(S)ds) y(0:)
0;
1 Oit1
—I—K2(9i+1,9i,5)y/(0i) + g K2(0i+1,S,E)F(S)dS,
. (31)
1 1
Y (0i1,6) = (K{(eiﬂ,@i,&) Tz K041, Sag)C(S)dS) y(0:)
0;
1 0it1
+ Ky (001, 03, )y (6:) + - K5(0i41,8,€)F(s)ds.
0;

By using the formulas , we reduce the system into the following vector form:

Q(91+1, 8) =N (9i+17 (91', 8) Q(QZ) + p (91-“, 01‘, E) . (32)
In view of we obtain

?;(91'75) = N(Qluez 1,€ ) (91 1) +P<8’L702 1,€ ) (33)
Substituting (33 into (32)), we get

§(0iy1,6) = N (Oiy1,05,¢) - N (05,0;-1,) 9(0i-1) (34)
+ N (ei—i-la 0i7€) - (917 ei—h ) + p (01+17 9176)
Using we have
Z?(ei—bff) =N (Qi—la 0i—2, 5) ?)(91'—2) + 13 (01'—17 91’—275) . (35)

Putting into we obtain

§(0ir1,€) = N (0i11,0i,6) N (0:,0i-1,€) N (0;-1,0;2,¢) §(0;i2)
+ N (0341, 05, ) N (03,0,-1,2) P (0;-1,0,-9,¢) (36)
+ N (0141, 0, €) P (0:,0,-1,€) + P (041, 0;, ) -
Repeating this process till i + 1 we get

01, HN j41,05,) 9(0,¢)
(37)
+ZHN(9j+1,9j,e)P(Hl,el_l,e)—|—]3(9i+1,9i,5).

=1 j=l
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By we obtain . Theorem |1} is proven.

Theorem 2 Assuming conditions (C1) and (C2) hold true, the Cauchy problem defined
by equations (1)) and possesses a unique solution over the interval [0,T], which can be
expressed as follows:

Q(t,0,€)5(0) + U(t,0,¢), te[0,6),
Q(t, E) _ Q(t, 91, 8)@(91) + U(t,‘ﬁ'l', 8), t e [01, 92) y (38)
Q(t,0,,2)5(0,) + U(t,0,,¢), telf,T)].

A

Here, §(t,e), U(t,0;,¢), i =0,...,p are vector functions, and Q(t,0;,¢),;i =0
2 X 2 matriz with elements defined by equations and (25), 4(0) = ( 0 > and §(0;),
i = 1, p is vector functions with the elements which defined by .

4 Conclusion

In this study, we explored the IVP associated with a singularly perturbed ODE that depends
on a piecewise constant argument in a generalized form with a small parameter. Employing
a reduction approach, we derived an analytical solution formula for this IVP.
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