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ON THE BOUNDEDNESS OF A GENERALIZED
FRACTIONAL-MAXIMAL OPERATOR IN LORENTZ SPACES

In this paper considers a generalized fractional-maximal operator, a special case of which is the
classical fractional-maximal function. Conditions for the function Φ, which defines a generalized
fractional-maximal function, and for the weight functions w and v, which determine the weighted
Lorentz spaces Λp(v) and Λq(w) (1 < p ≤ q <∞) under which the generalized maximal-fractional
operator is bounded from one Lorentz space Λp(v) to another Lorentz space Λq(w) are obtained. For
the classical fractional maximal operator and the classical maximal Hardy-Littlewood function such
results were previously known. When proving the main result, we make essential use of an estimate
for a nonincreasing rearrangement of a generalized fractional-maximal operator. In addition, we
introduce a supremal operator for which conditions of boundedness in weighted Lebesgue spaces
are obtained. This result is also essentially used in the proof of the main theorem.
Key words: fractional-maximal function, non-increasing rearrangement, generalized fractional-
maximal operator, weighted Lorentz spaces, supremal operator.
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Жалпыланған бөлшектi-максималды оператордың Лоренц кеңiстiктерiндегi шенелгендiгi

Жұмыста жалпыланған бөлшектi-максималды оператор қарастырылады, оның дербес
жағдайы классикалық бөлшектi-максималды функция болып табылады. Жалпыланған
бөлшектi-максималды функцияны анықтайтын Φ функциясы үшiн және Λp(v) және Λq(w)
(1 < p ≤ q < ∞) салмақты Лоренц кеңiстiктерiн анықтайтын w және v салмақты функ-
циялары үшiн жалпыланған бөлшектi-максималды оператор бiр Лоренц Λp(v) кеңiстiгi-
нен басқа Лоренц Λq(w) кеңiстiгiне шенелген болуының шарттары алынған. Классикалық
бөлшектi-максималды оператор және классикалық Харди-Литлвуд максималды функция-
сы үшiн мұндай нәтижелер бұрын белгiлi болды. Негiзгi нәтиженi дәлелдеу кезiнде жал-
пыланған бөлшектi-максималды оператордың өспейтiн алмастыруының бағалауы маңызды
түрде пайдаланылады. Сонымен қатар, бiз өлшемдi Лебег кеңiстiктерiнде шенелгендiк шар-
ттары алынған супремалды операторды енгiземiз. Бұл нәтиже негiзгi теореманы дәлелдеуде
де қолданылады.
Түйiн сөздер: бөлшектi-максималды функция, өспейтiн алмастыру, жалпыланған
бөлшектi-максималды оператор, салмақты Лоренц кеiстiктерi, максималды оператор.
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В работе рассматривается обобщенный дробно-максимальный оператор, частным случаем ко-
торого является классическая дробно-максимальная функция. Получены условия на функ-
цию Φ, определяющую обобщенную дробно-максимальную функцию, и на весовые функ-
ции w и v определяющие весовые пространства Лоренца Λp(v) и Λq(w) (1 < p ≤ q < ∞),
при которых обобщенный дробно-максимальный оператор является ограниченным из одно-
го пространства Лоренца Λp(v) в другое пространство Лоренца Λq(w). Для классического
дробно-максимального оператора и классической максимальной функции Харди-Литтлвуда
такие результаты ранее были известны. При доказательстве основного результата существен-
но используется оценка невозрастающей перестановки обобщенного дробно-максимального
оператора. Кроме того, в рассмотрение вводится супремальный оператор, для которого по-
лучены условия ограниченности в весовых пространствах Лебега. Этот результат так же
существенно используется при доказательстве основной теоремы.
Ключевые слова: дробно-максимальная функция, неовзрастающая перестановка, обобщен-
ный дробно-максимальный оператор, весовые пространства Лоренца, супремальный опера-
тор.

1 Introduction

The classical Hardy-Littlewood maximal operator M := M0 for f ∈ L1
Loc(Rn) is defined by

(Mf)(x) = sup
r>0
|B(x, r)|−1

∫
B(x,r)

|f(y)|dy,

where B(x, r) is open ball from Rn with the center on the point x ∈ Rn and radius r > 0.
The classical fractional maximal operator for α ∈ [0, n) is defined at f ∈ L1

Loc(Rn) by

(Mαf)(x) = sup
r>0

1

rn−α

∫
B(x,r)

|f(y)|dy, (0 ≤ α < n),

when α = 0 we get M0 = M .
Definition 1. Let Φ : (0,∞) → (0,∞). The generalized fractional maximal function

MΦf is defined for the function f ∈ L1
loc(Rn) by

(MΦf)(x) = sup
r>0

Φ(r)

∫
B(x,r)

|f(y)|dy.

The generalized fractional-maximal function in this form was defined in [1-2]. In the case
Φ(r) = rα−n, α ∈ (0;n) we obtain the classical fractional maximal function Mαf .

The boundedness of the classical maximal operator and the classical fractional maximal
operator in the Lebesgue spaces Lp(Rn) (1 ≤ p <∞) are well known [3-6].

The boundedness of the Hardy-Littlewood maximal operator M in the classical Lorentz
Space Λp(v) was considered in [7], the boundedness of the classical fractional-maximal
operator in Lorentz spaces was considered in [8].

Note that various variants of the generalized fractional-maximal function were previously
considered in [9-15]. For such variants of a generalized fractional-maximal function, the
questions of boundedness in Lorentz spaces were considered in [8], [11]. In this article, for
a generalized fractional-maximal function MΦf , we obtain boundedness conditions from the
Lorentz space Λp(v) to another Lorentz space Λq(w).
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2 Preliminaries

Let L0 = L0(Rn) be the set of all Lebesgue measurable functions f : Rn → C; L̇0 = L̇0(Rn)
be the set of functions f ∈ L0, for which the non-increasing rearrangement of the f ∗ is
not identical to infinity. Non-increasing rearrangement f ∗ for the function f defined by the
equality:

f ∗(t) = inf{y ∈ [0;∞) : λf (y) ≤ t}, t ∈ R+ = (0;∞),

where
λf (y) = µn {x ∈ Rn : |f(x)| > y} , y ∈ [0,∞)

is the Lebesgue distribution function.
We denote by L+

0 (0,∞) the set of all nonnegative measurable functions on (0,∞), and by
L+

0 (0,∞; ↓) the set of all nonincreasing functions from L+
0 (0,∞). The symbol χ(a,b) stands

for the characteristic function of an interval (a, b) ⊂ (0,∞). We use the letter C for a
positive constant, independent of appropriate parameters and not necessarily the same at
each occurrence.

The function f ∗∗(t) is defined by the following equality:

f ∗∗(t) =
1

t

t∫
0

f ∗(τ)dτ, t ∈ R+.

It is known that 0 ≤ f ∗ ↓; f ∗(t + 0) = f ∗(t), t ∈ R+; f ∗ is equally measurable with |f |,
i.e.

µ1 {t ∈ R+ : f ∗(t) > y} = µn {x ∈ Rn : |f(x)| > y} ,

here µ - is the Lebesgue measure (in Rn or on R+, respectively, see [5]).
A function Φ : (0;∞) → (0;∞) is said to be quasi-increasing (quasi-decreasing), if for

some C > 0
Φ(t1) ≤ CΦ(t2)

(
Φ(t2) ≤ CΦ(t1)

)
holds whenever 0 < t1 ≤ t2 <∞.

Definition 2 ([1]). Let n ∈ N and R ∈ (0;∞]. A function Φ : (0;R) → R+ belongs to
the class Bn(R) if the following conditions hold:

(1) Φ is non-increasing and continuous on (0;R);
(2) there exists C > 0 such that

r∫
0

Φ(ρ)ρn−1dρ ≤ CΦ(r)rn, r ∈ (0, R). (1)

For example,
Φ(ρ) = ρα−n ∈ Bn(∞) (0 < α < n);

Φ(ρ) = ρα−n
(
ln
eR

ρ

)β
∈ Bn(R), if R ∈ R+ and


α = 0, β < 0,

0 < α < n, 0 < β < R,

α = n, β > 0.
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For Φ ∈ Bn(R) the following estimate also holds
r∫

0

Φ(ρ)ρn−1dρ ≥ n−1Φ(r)rn, r ∈ (0, R).

Therefore
r∫

0

Φ(ρ)ρn−1dρ ∼= Φ(r)rn, r ∈ (0, R),

Φ ∈ Bn(R)⇒ {0 ≤ Φ ↓; Φ(r)rn. ↑, r ∈ (0, R)}. (2)

It follows from (2) that for any α ∈ [1;∞) there exists β = β(α, c, n) ∈ [1;∞) (where c is the
constant from (1)) such that{

ρ, r ∈ (0;R);α−1 ≤ ρ

r
≤ α

}
⇒ β−1 ≤ Φ(ρ)

Φ(r)
≤ β.

Note the well-known equivalence result of N.K. Bari and S.B. Stechkin [16]:

(1)⇔ ∃γ ∈ (0;n) such that Φ(r)rγquasi− increasing on (0;R).

3 Main results

For the classical Hardy-Littlewood maximal operatorM := M0, the rearrangement inequality

C1f
∗∗(t) ≤ (Mf)∗(t) ≤ C2f

∗∗(t), t ∈ (0,∞),

holds ([5], Chapter 3, Th 3.8).
Let given p ∈ (1,∞) and non-negative measurable function v on (0,∞), the classical

weighted Lorentz space Λp(v) is the set of all measurable functions f on Rn such that the
quantity

‖f‖Λp(v) =
( ∞∫

0

(f ∗(t))pv(t)dt
) 1

p

is finite [5].
Let a function u be non-negative and measurable on R and let weighted Lebesque spaces

Lp,u(R) be the space of all functions f measurable on R for which

‖f‖Lp,u(R) =
( ∞∫

0

|f(t)|pu(t)dt
) 1

p
<∞.

The following theorem is the main result of this paper.
Theorem 1. Let Φ ∈ Bn(∞), 1 < p ≤ q < ∞, and let ω, v be non-negative and

measurable functions on (0,∞). Then the generalized fractional maximal operator MΦ is
bounded from Λp(v) into Λq(ω) if and only if there exists a positive constant C such that

r(Φ(r)
1
n )
( r∫

0

w(t)dt
) 1

q ≤ C
( r∫

0

v(t)dt
) 1

p
(3)
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and ( ∞∫
r

tq(γ/n−1)w(t)dt
) 1

q
( r∫

0

(
t−1

t∫
0

v(y)dy
)−p′) 1

p′ ≤ C

hold for all r ∈ (0,∞).
Theorem 1 for the classical fractional maximal operator was proved in [8].
The following results are used in the proof of Theorem 1.
The Theorem 2 gives an estimate for a non-increasing rearrangement of a generalized

fractional-maximal function.
Theorem 2.[1] Let Φ ∈ Bn(∞). Then there exist a positive constant C, depending on n

such that
(MΦf)∗(t) ≤ C sup

t<s<∞
sΦ(s1/n)f ∗∗(s), t ∈ (0,∞), (4)

for every f ∈ L1
loc(Rn).

Inequality (4) is sharp in the sense that for every ϕ ∈ L+
0 (0,∞; ↓) there exists a function

f ∈ L+Rn such that f ∗ = ϕ a.e. on (0,∞) and

(MΦf)∗(t) ≥ C sup
t<s<∞

sΦ(s1/n)f ∗∗(s), t ∈ (0,∞)

where C is a positive constant which depends only on n.
For the case of the class of fractional maximal functionsMγ a similar theorem was proved

in [8].
Theorem 3. [7] Suppose that w(x) and u(x) are nonnegative measurable functions on

(0,∞). If 1 < p ≤ q <∞, then the Hardy-Littlewood maximal operator M is bounded from
Λp(v)A to Λq(w), for all non-negative and non-increasing functions f , if and only if both of
the following conditions hold:

( r∫
0

w(x)dx
) 1

q ≤ A
( r∫

0

v(x)dx
) 1

p
, for all r > 0;

( ∞∫
r

x−qw(x)dx
) 1

q
( r∫

0

(
x−1

x∫
0

v(y)dy
)−p′

v(x)dx
) 1

p′ ≤ B, for all r > 0.

We begin by proving a weighted norm inequality for the operator RΦ defined at ϕ ∈
L+

0 (0,∞; ↓) by
(RΦϕ)(t) = sup

t<τ<∞
τΦ(τ

1
n )ϕ(τ).

Lemma 1. Let n ∈ N, 1 < p ≤ q < ∞, and let ω, v be non-negative and measurable

functions on (0,∞) with v satisfying
x∫
0

v(t)dt < ∞ for every x ∈ (0,∞). Then there is a

positive constant C such that the inequality

‖RΦϕ‖Lq,ω(R+)
≤ C‖ϕ‖Lp,v(R+)

(5)

holds for every ϕ ∈ L+
0 (0,∞; ↓) if and only if (3) holds for all r ∈ (0,∞).
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Proof of Lemma 4.
Necessity. It is clear that RΦχ(0,r)(τ) = Φ(r)r1/nχ(0,r)(t) for any r ∈ (0,∞), t ∈ (0,∞).

The necessity of (3) follows by testing (5) on ϕ = χ(0,r).
By using monotonicity of rΦ(r

1
n ) ↑ for the left-hand side of inequality (5) we have:

( ∞∫
0

[
(RΦϕ)(t)

]q
w(t)dt

) 1
q

=

( ∞∫
0

[
sup

t<τ<∞
τΦ(τ

1
n )χ(0,r)(t)

]q
w(t)dt

) 1
q

=

=

( r∫
0

[
sup
t<τ<r

τΦ(τ
1
n )
]q
w(t)dt

) 1
q

= rΦ(r
1
n )
( r∫

0

w(t)dt
) 1

q
.

For the right-hand side of (5), we get:

‖ϕ‖Lp,v(R+) =
( ∞∫

0

χ(0,r)(t)v(t)dt
) 1

p
=
( r∫

0

v(t)dt
) 1

p
,

that is (3) is satisfied.
Sufficiency. Let (3) be satisfied and let ω 6= 0 on a set of positive measure. Then (3)

entails
∞∫
0

v(t)dt =∞. Consequently, there is an increasing sequence {rk}k∈Z in (0,∞) such

that
rk∫

0

v(t)dt = 2k, k ∈ Z. (6)

It clearly suffices to verify (5) for continuous ϕ having compact support in [0,∞) and ϕ 6≡ 0.
For such ϕ, the set A ⊂ Z given by

A = {k ∈ Z : (RΦϕ)(rk−1) > (RΦϕ)(rk)}

is not empty. Take k ∈ A and define

zk =

{
0 if (RΦϕ)(t) = (RΦϕ)(rk−1), t ∈ (0, rk−1)

min{rj : (RΦϕ)(rj) = (RΦϕ)(rk−1)}, otherwise.

Then we obtain
(RΦϕ)(t) = (RΦϕ)(rk−1), k ∈ A, t ∈ [zk, rk−1).

Moreover, by the definition of A, the supremum appearing in the definition of (RΦϕ)(rk−1)
is attained in [rk−1, rk). Therefore for every k ∈ A and t ∈ [zk, rk), we have

(RΦϕ)(t) ≤ (RΦϕ)(rk−1) = sup
rk−1<τ<rk

τΦ(τ
1
n )ϕ(τ) ≤ rk(Φ(rk)

1
n )ϕ(rk−1). (7)
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Thus by (7) we get( ∞∫
0

[
(RΦϕ)(t)

]q
w(t)dt

) 1
q

=

(∑
k∈A

rk∫
zk

[
(RΦϕ)(t)

]q
w(t)dt

) 1
q

≤

≤
(∑

k∈A

rk(Φ(r
1
n
k ))ϕq(rk−1)

rk∫
0

w(t)dt

) 1
q

≤

≤ C

(∑
k∈A

ϕq(rk−1)
( rk∫

0

v(t)dt
)q/p) 1

q

.

Consequently by (3), (6) and by monotonicity of ϕ and the inequality q ≥ p we get( ∞∫
0

[
(RΦϕ)(t)

]q
w(t)dt

) 1
q

≤ 41/pC

(∑
k∈A

ϕq(rk−1)
( rk−1∫
rk−2

v(t)dt
)q/p) 1

q

≤

≤ 41/pC

(∑
k∈A

( rk−1∫
rk−2

ϕp(t)v(t)dt
)q/p) 1

q

≤

≤ 41/pC
( ∞∫

0

ϕp(t)v(t)dt
) 1

p
.

Lemma 1 is proved.
Proof of Theorem 1. We need to prove that

‖(MΦf)‖Λq(ω) ≤ C‖f‖Λp(v)

By Theorem 2 and Lemma 1 we give

‖(MΦf)‖Λq(w) =

( ∞∫
0

[
(MΦf)∗(t)

]q
w(t)dt

) 1
q

≤

≤ C

( ∞∫
0

[
sup

t<τ<∞
τΦ(τ 1/n)f ∗∗(τ)

]q
w(t)dt

) 1
q

=

= C

( ∞∫
0

[
(RΦf

∗∗)(t)
]q
w(t)dt

) 1
q

≤ C

( ∞∫
0

[
(f ∗∗)(t)

]p
v(t)dt

) 1
p

=

= C

( ∞∫
0

[1
t

t∫
0

f ∗(t)
]p
v(t)dt

) 1
p

.

Here based on Theorem 3 we have:

‖(MΦf)‖Λq(w) ≤ C

( ∞∫
0

(
f ∗(t)

)p
v(t)dt

) 1
p

= ‖f‖Lp(v)

Theorem 1 is proved.
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4 Conclusion

In this paper, we considered the generalized fractional-maximal operator. For such operator,
necessary and sufficient conditions of boundedness from one weighted Lorentz space to
another weighted Lorentz space are obtained. The found conditions are imposed on the
weight functions that define the Lorentz spaces and on the function that defines the
generalized fractional-maximal operator.

5 Acknowledgement

The research of A.N. Abek, M.Zh. Turgumbayev was supported by the grant Ministry of
Education and Science of the Republic of Kazakhstan (project no: AP14869887).

References

[1] Bokayev N.A., Gogatishvili A., Abek A.N. On estimates of non-increasing rearrangement of generalized fractional maximal
function. Eurasian Math. Journal, 2023, V.14, No. 2, pp. 13 - 26 (in print).

[2] Bokayev N.A., Gogatishvili A., Abek A.N. Cones generated by a generalized fractional maximal function. Bulletin of the
Karaganda university Mathematics series, 2023, V.110, No. 2 (in print).

[3] Stein E.M. Singular integrals and differentiability properties of functions, Moscow:MIR, 1973.

[4] Stein E.M., Weiss G. Introduction to fourier analysis on euclidean spaces. Princeton University Press (New Jersey), 1971.

[5] Bennett C., Sharpley R. Interpolation of operators. Pure and Applied Mathematics 129, Academic Press, Boston, MA,
1988.

[6] Grafakos L. Classical Fourier Analysis (Second edition). Springer, 2008.

[7] Sawyer E. Boundedness of classical operators on classical lorentz spaces. Studia Mathematica, T. XCVI, 1990, pp. 145 -
158.

[8] Cianchi A., Kerman R., Opic B., Pick L. A sharp rearrangement inequality for fractional maximal operator. Studia Math.
138, 2000, pp. 277 - 284.

[9] Edmunds D.E., Opic B. Boundedness of fractional maximal operators between classical and weak-type Lorentz spaces.
Institute of Mathematics, Polish Academy of Sciences in Dissertationes Mathematicae Dissertationes Mathematicae, 2002,
V.410, pp. 1 - 50.

[10] Burenkov, V.I., Gogatishvili, A., Guliyev, V.S., Mustafaev, R. Boundedness of the fractional maximal operator in local
Morrey-type spaces. Complex Analysis and Elliptic Equations, 2010, V.55, No. 8-10, pp. 739 - 758.

[11] Gogatishvili, A., Pick, L., Opic, B. Weighted inequalities for Hardy-type operators involving suprema. Collect. Math.,
2006, V.57, No. 3, pp. 227 - 255.

[12] Hakim, D.I., Nakai, E., Sawano, Y. Generalized fractional maximal operators and vector-valued inequalities on generalized
Orlicz-Morrey spaces. Revista Matematica Complutense, 2016, V.29, pp. 59 - 90.

[13] Mustafayev, R.Ch., Bilgicli, N. Generalized fractional maximal functions in Lorentz spaces. Journal of Mathematical
Inequalities, 2018, V.12, No. 3, pp. 827 - 851.

[14] Kucukaslan, A. Equivalence of norms of the generalized fractional integral operator and the generalized fractional maximal
operator on the generalized weighted Morrey spaces. Annals of Functional Analysis, 2020, V.11, pp. 1007 - 1026.

[15] Mustafayev, R.Ch., Bilgicli, N., Yilmaz, M. Norms of maximal functions berween generalized classical Lorentz spaces,
2021, arXiv:2110.13698v1.

[16] Bari N.K., Stechkin S.B. Best approximations and differential properties of two conjugate functions. Tr. Mosk. Mat. Obs.,
1956, V.5, pp. 483 - 522 (in Russian).


