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NUMERICAL IMPLEMENTATION FOR SOLVING THE BOUNDARY
VALUE PROBLEM FOR IMPULSIVE INTEGRO-DIFFERENTIAL
EQUATIONS WITH PARAMETER

In this paper, a linear boundary value problem under impulse effects for the system of Fredholm
integro-differential equations with a parameter is investigated. The purpose of this research is
to provide a method for solving the studied problem numerically. The ideas of the Dzhumabaev
parameterisation method, classical numerical methods of solving Cauchy problems and numerical
integration techniques were used as a basis for achieving the goal. When applying the method of
parameterisation by points of impulse effects, the interval on which the boundary value problem
is considered is divided, additional parameters and new unknown functions are introduced. As a
consequence, a problem with parameters equivalent to the original problem is obtained. According
to the data of the matrices of the integral term of the equation, boundary conditions and impulse
conditions, the SLAE with respect to the introduced parameters is compiled. And the unknown
functions are found as solutions of the initial-special problem for the system of integro-differential
equations. A numerical algorithm for finding a solution to the boundary value problem for impulse
integro-differential equations with a parameter is constructed. Numerical methods for solving
Cauchy problems for ODE and calculating definite integrals are used for numerical implementation
of the constructed algorithm. Numerical calculations are verified on test problem.

Key words: boundary value problem, parametrization method, integro-differential equation with
parameter, impulsive effect, numerical algorithm.
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ITapameTrpi 6ap MMOYJIBbCTIK MHTErPAIIBIK - A depeHIuanablK TeHJaeysep YIIiH IeTTiK
eceIlTi IenIy/iiH CaHJbIK >KY3€ere acbIpPbLIIybl

By xympicTa nMiysbe ocepiti mapamerpi 6ap @perosibM HHTErpaIbIK-1ud HepeHInaIbK, TeH-
JieyJiep 2Kyiieci VIMH CBI3BIKTBIK, IETTIK €Cel 3epTTeeli. 3ePTTEJIETIH €CEeNnTiH CAHIBIK, IIeri-
MiH Taby/IbIH AJITOPUTMIH KYPY YKYMBICTBIH, MaKCAThl GOJbIT Tabbutaabl. OChl MaKCcaTKa JKeTyre
Heriz 6osbin J[2KyMabaeBThIH, TapaMeTpJIey d/Iicinin umesicbl, Ko ecenTepin memny i KaaccuKa-
JIBIK, CAHJIBIK, OJIICTEPi 2KOHE CAHJIBIK, HWHTEerpaJiiay odicTepi Karajapl. [lapamerpiey omicin Kosma-
Hy Ke3iHJIe MEeTTIK ecell KapaCThIPhLIATHIH apaJIbIKThl 00JIy UMITYJIbC HYKTEJIEePl apKbLIbl XKY3ere
aCBIPBLIAJIBI, KOCBIMIIA TapaMeTpJep MeH KaHa Oenricis dyaxnusiap enrizinzemi. Hormxeciage
OacTallKpl €celnke Imapa Iap mapamerpJepi 6ap ecem ajbiHaibl. TeHIEyIiH WHTErPAJIBIK, MYIIe-
CIHIH MaTpHIAJIAPHI, METTIK MAapPTTaPhl }KOHE UMITYJIbCTIK DCEP €Ty IapTTapbl aPKbLIbI €Hri31JreH
rapaMeTrpJiepre KaThICTHI ChI3BIKTHIK aJrebpaJIblK TeHIeyJIep XKyiieci KyphlIabl.
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At Gesiriciz yHKIUSIIAD UHTErpaAJIBIK-IuddEPEHIMAIIIBIK, TeHIEYIED XKYiieci YIIiH OacTaIKbI
apHaiibl ecernriy, mremrimMuepi peringe Tabbuiaibl. Vmiysnbe ocepii mapamerpi 6ap ®@peprosbm
WHTErpaIabIK- 1 HepeHTnaIbIK, TeHAEYIep »Kyiiecl VIIH CBhI3BIKTHIK, IMETTIK €CENTIH CAHIBIK,
mermmin Taby ajaropuTMi yeeHbLIaAb. KyphuIran aaropuTMIl CAaHIBIK, 2KY3€ere achIpy YIMH 2Kait
muddepeHnraIIbK, TeHaeyaep yimin Ko ecenTepin merny KoHe aHbIKTAJIFaH WHTETPAJIIAP/IbI
ecenTey VIINH CAHJBIK 9JicTep KOJJIaHbLIagbl. CaHJIbBIK ecenTeyjiep TeCTTIK eCelTepMeH TeK-
cepine/i.

Tyiilin ce3mep: merTiKk ecen, napameTpjiey 9aici, mapaMmerpi 0ap WHTErpajiblK, -
muddepeHnuaIIblK, TeHIEY, TMITYIbCTIK 9Cep, CAHIBIK AJTOPUTM.
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YuceHHasi peajan3anus pelleHusl KPpaeBoil 3aauu AJI MUMIIYJIbCHBIX
nHTerpo-anddepeHIIAILHBIX YPaBHEHUII ¢ IapaMeTpoM

B pabore mpu uMIyILCHBIX BO3JAEHCTBUAX JIJIsI CUCTEMbBI HHTETPO-Tu(hDEPEHITNATBHBIX YPABHEHUIH
OpenrosibMa € mapaMeTpoM HCCJIEyeTcs JinHeiHas KpaeBast 3ajada. 1lesbio paboThl SIBIISETCS
IIOCTPOEHNE AJITOPUTMA HAXOXKJIEHUS YNCJICHHOTO PEIIeHHs UccieayeMoi 3amadn. B ocHOBY mo-
CTUKEHUS TeJIN JIEMVI WIen MeTona napamerpu3anun J[>xymabaeBa, KJIACCHIECKUE UUCICHHBIE
MeTObI pereHus 3ajad Komu u npreMbl YuUCIEHHOTO WHTerpupoBanus. [Ipum npumenenun me-
TOJ[a HapaMEeTPU3AINNKA TOYKAMU UMIIYJIbCHOIO BO3/IEHCTBUS IPOU3BOIUTCS Pa30HeHe NHTEPBAJIA,
Ha KOTODOM pacCcMaTpuBaeTcs KpaeBas 3aJada, BBOAATCS JOIOJHUTE/IbHBIE IIaDAMETPhl U HOBBIE
HemsBecTHbIE (DYHKIMU. B ciecTBum 3T0ro nosydaercsd 3ajada ¢ napaMeTpaMi, SKBHBAJIEHTHA
K mcxXomHoit 3amade. [lo MaHHBIM MaTpWIl MHTErPAJBHOIO WIEHA YPAaBHEHWUs, KPAEBBIX YCJIOBU
U ycJIOBHiT uMITysibcoB coctasisiercss CJIAY orHOCHTENBHO BBEJEHHBIX MapaMeTpoB. A Hem3BecT-
Hble (QDYHKIUN HAXOAATCA KAaK PEIeHHs HAadaIbHO-CIEIUAJILHON 33/1a9d [JIsi CHCTEMBI MHTErPO-
uddepeHnuaibHbIX ypaBHeHuil. CTPOUTCS YMCJIEHHBIN AJITOPUTM ITOMCKa PeIeHUs] KPAeBOil 3a-
JIa9u sl UMITYJIBCHBIX MHTErpo-1rddepeHnna bHbIX ypaBHeHnii ¢ mapamerpom. st aucieHHoi
peau3anuy MOCTPOEHHOTO aJITOPUTMa TPUBJIEKAIOTCS YHCAEHHbIE METOBI pereHus 3amad Komm
JJIs OOBIKHOBEHHBIX M DepPEeHITNAIbHBIX YPABHEHUN, U BBIYUCJIEHUS OIPEIEIeHHBIX HHTETPAJIOB.
Yucsiennble pacyeThbl IPOBEPSIOTCS HA TECTOBOI 3a/1ade.

KirroueBble cJsioBa: KpaeBad 3aJiada, METOJ IapaMeTpHU3alii, HHTerpo-auddepeHnnalsHoe
YPaBHEHHE C IIapaMeTPOM, UMIIYJIbCHOe BO3JeiicTBUE, YUC/IEHHBIN aJIOPUTM.

1 Introduction and preliminaries

Active development of the theory of boundary value problems for impulsive integro-differential
equations is associated with their use in various fields of applied mathematics, biomedicine,
biophysics, chemistry and others. Methods of qualitative theory of differential equations,
optimization theory and calculus of variations, etc. are used to investigate and solve such
problems. Note that the construction of numerical algorithms for finding solutions of
boundary value problems for impulsive integro-differential equations remains topical.

Impulsive differential equations and impulsive integro-differential equations are considered
in [1]- [5] and references therein. In [6]- [10], problems for impulsive integro-differential
equations have been studied by various methods.

On the interval (0,7") we consider the boundary value problem for the Fredholm integro-
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differential equations with parameter
p T
A+ [ON((s)ds - Aultn+ S0, 2€ R me R te (0.1, (1
0

Bop 4 Myz(0) + Loz(T) = dy, dy € R™, (2)

under impulse actions

where the (n x n)—matrices A(t), ¢(t), x(t) and the (n x [)—matrix Aq(¢) and the n-vector-
function f(t) are piecewise continuous on [0,7]; t = 6;, (j = 1,m) are impulse points; By,
My, Lo, M; and L;, (i = 1,m) are constant matrices of dimensions ((n+1) x 1), (n+1) x n),
((n+1) xn), (n xn) and (n x n) the respectively; (n + [)— vector dy and n—vectors d;,
(i =1,m) are constant, 0 =0y < 6 < ... < 0,41 =T.

A solution to the problem (1)-(3) is a pair (2*(t), u*), where u* € R! and 2*(t) is piecewise
continuous differentiable on (0,7") vector function, satisfying Equation (1), except for the
points ¢ = 0, j = 1,m, boundary condition (2) for 4 = p* and impulsive input conditions
(3).

Let’s introduce notations:
m—+1

(1) A (0) is a partition of the interval [0,7) = | [0,-1,0,);

r=1

(i1) PC([0,T7],6;, R"™) is space of piecewise continuous functions and z(7") = . li:IFnOZ(t);
i

(#31) C([0, T, A, (8), R D) is space of functions systems z[t] = (21(t), 22(t), ..., Zms1(t))

that are continuous on [#,_1,6,), r = 1,m+ 1, and have finite limits themozr(t) for all
—0p—

r=1m+1.

In the articles [11], [12] the boundary value problem with a parameter for Fredholm
integro-differential equations (1), (2) was investigated. The criteria of unique solvability of
the problem (1), (2) was established and a numerical algorithm for solving this problem was
proposed. Necessary and sufficient conditions for the solvability of the problem (1)-(3) at
p = 0 was obtained in [10].

2 Materials and methods

According to the idea of Dzhumabaev’s parameterization method [13]- [15] in the problem
(1)-(3) we partition A,,(f) by impulse points.

Denote by z,.(t) a restriction of function z(t) on r-th interval [0,_1,6,), i.e. z.(t) = 2(t)
fort € [0,_1,0,), r=1,m+ 1.

Then the function system z[t] = (21(t), 22(t), ..., Zms1(t)) € C([0,T], A (6), RMMFD),
and its elements z,(t), r = 1, m + 1, satisfy the following problem

= At / (00 (5)25(5)ds + Ao(Dpi+ F(t), t€ 6o, 0), = Tm T, (4)
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BOILL + Mozl([)) + LO lim Zm+1(t) = do, (5)
t—1T—-0
t—0;—0

A solution to the problem (4) — (6) is a pair (2*[t], u*), where p* € R' and 2*[t] =
(z1(1),23(1), ..., 251 (1) € C([0,T], A, (0), RM™HD) whose components 27 (¢) are continuous
differentiable on (6,-1,6,), 7 = 1, m + 1 and satisfy Equation (4), boundary condition (5) for
p = p* and impulsive input conditions (6).

By introducing the parameters A, 2(0p—1) for all r = 1,m+1, and A\,40 =

. hjmozmﬂ( ) and substituting v,(t) = z,.(t) — A, at each r-interval [0,_1,6,) we obtain the
T

following problem with parameters

d ) m—+1 0;
o (v + ) +Z / é(1) (s)+A\j)ds+Ag(t)u+ f(t), teb-1,6,), (7)
dt
v-(0,-1) = 0, r=1,m+1, (8)
Bop + Moy + LoAt2 = do, 9)
t—>9i—0
>\m+1 + t_ljjr“ri() Um+1(t) = )\m+2. (11)

A solution to problem (7)—(11) is a pair (A*,v*[t]), with elements A* =
AL A3 Agan i), O[t] = (v(2),v3(t), ..., 051 (t), where v}(t) are continuously
differentiable on [0,_1,0,), r = 1,m + 1, and satisfying the system (7), conditions (8)- (11)
at the \, = A, r=1,m+1and p = p*.

The problem (1)-(3) and problem (7)-(11) are equivalent.

d
Let consider X(¢) a fundamental matrix of the differential equation d_ZtJ = A(t)y(t) on
[0, T].
For fixed u, A, 7 = 1,m + 1, the solution to the initial special problem (7), (8) can be
represented in the equivalent integral form

ma1 Ui
w(t):X(t)er_/IX [ A +Z/¢ (5) + A )ds+
+Ao(7'),u+f(7')]dr, telf,1,6,), r=Lm+l (12)
Let denote 3 — Ti:j \()v;(s)ds and re-write the system (12) in the next form
t .
vr<t>=x<t>9r_/lx ) [, + 6 B+Z/¢

+AO(7)M+f(T)]dT, telb1,6,), r=TLm+1 (13)
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Multiplying x(¢) to both sides of (13), then integrating on the [f,_1,6,] and summarizing
over r, we have the following system with respect to § € R"

B=G(An(0) - B+ Vi(An(@) A + W (An(9)) 1+ 9(f, An(6)), (14)
using the (n X n)—matrices

0, T

\(r)X(r) / X (n)é(m)drdr,
1 0

r—1

G(An() ="

0r—

T

V,,(Am(é’)): /X(T)X(T)/X_I(Tl)A(Tl)dTldT+

07‘71 ‘97"71
m—+1 9]' 7 Or
+Z/X(T>X(7’)/X_l(Tl)éb(Tl)dTldT/X(7'2)d727
j:10j—1 051 Or—1
the (n x [)—matrix
m+1 Or 7
W(n0) =Y [ XX [ %) Au(r)dndr
T:19'r71 97‘71
and vectors of dimension n
m+1 Or T
9(£.800) = > [ xx0) [ X (dnr
r=ly -1 0r—1

Let [ — G(An(0))]  =©(An(0)), then (14) can be write in the following form

m+1

B =3 O(An@)Vi (An(®) s + O(An(0)) [W(An(0))it + g(f. An(0))|. (15)

Jj=1

We obtain the representation of functions v,(¢) in (13) by replacing 8 with the right-hand
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side of (15):

o(t) = DO X() / X1 (7)o(r)dr (A (0)) Vi (A (0)) + / x(r)dr| - A+
+X(8) / X1 () A(r)dr- A4 X () / K (1) [0(1)O (A (0)) W (8,0(60)) +Ao(r) | dr

(1) [ X0 [oIO(An®)g(f. Bn(®) + £(7)]dr. t € (61,6, 7 =T T 1.

" (16)
Introduce notations
Drj (Am(0)) = X(6,) / X (7)8(r)dr [©(An(6)) Vi (Am(6))+
+ [ xdn], £ r =T
By (An(0)) = X(6,) / X (7)0(r)dr [©(An )V, (20 (0) + [ x(r)dn]+

Or
F, (An(0)) = X(6,) / X H(7) [qb(T)@(Am(Q))g(f, Am(e))—l—f(T)}dT, r=1,m+ 1.
Or—1

Then from (16) we have

lim v(t) = D (Am(0)) - A + W (A (0)) - 11+ Fo (A(9)). (17)

t—0,—0
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The following system with respect to parameters u, \., 7 = 1, m + 2 is obtained when the
right side of (17) is substituted into the conditions (9) - (11):

Bop + Moy + LoApmy2 = do, (18)

m+1

j=1

m—+1

)\m—i-l + Z ﬁM-&—l,j(Am(‘g)) ' )‘j + Wm+1 (Am<9)),u - >‘m+2 = _F\m—l-l (Am<9)) (20)

j=1

Left hand side of the (18)-(20) can be denoted as Q. (A,,(6)) and written as
Q* (Am(e))A = —F, (Am(e))a A= ()‘17 ey >‘m+2> M) € RN(m+2)+l> (21)

where

F.(An(0)) = ( —dy, —dy + My Fy (A (0)), ..

~

ceey _dm + Mmﬁm (Am(g))7Fm+1 (Am(g))> c Rn(m+2)+l.

3 The Main results

Cauchy problems for ODE on subintervals

ds

pri A(t)s +P(t), s(0,—1) =0, telb_1,0,], (22)
are a significant part of proposed algorithm. In this case, P(¢) is either a (n x n)-matrix or
a n—vector, both of which are continuous on [f,_1,6,]. So, a square matrix or a vector of
size n is the solution to problem (22). The Cauchy problem’s (22) solution is denoted by the

b, (P, t) . Undoubtedly,

~

b (P, ) = X(t) / XY ()P(r)dr, t€ [0,_1,6,].

We suggest the following algorithm to solve the problem (1)- (3).

Step 1. With step h, = (6, —60,-1)/N,, r = 1,m + 1, each r-th interval [0,_1, 6,] is divided
into /N, parts.

Step 2.By solving auxiliary Cauchy problems (22) with P(¢t) € {¢(t), A, Ao, f(¢)} find
the functions b (¢, t), b (A, t), b (Ao, t), b (f, 1), t € [6,-1,6,], 7 = T, m + 1.

Step 3. The following expressions are calculated using the Simpson’s method:

Oy 0r Or

= [ xmin @)= [ xebionan a@) = [ xhAnr

97«_1 ar—l er—l
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0, 0,
X (Ag) = / X(T)b(Ag, 7)dr, X (f) = / XM (f,T)dr,  r=T,m+1.
Qr_l 97‘—1

Step 4. Then construct the follows:

m+1 m+1 m+1

G (A ng . WA Zxﬁ (Ao),  g" (f,2m(0)) = D X (f),

m+1

VI (A (0)) = X (A) + Y X (@) - x, r=Tm+L

Step 5. We have the following approximate system with respect to A :
QM (An(0)A = —F (A,(0)), A€ RMmDH (23)

Solving the system (23), we determine A" = (A= .. Alv "), Take note that the values
of the solution to the problem (1)-(3) are represented by the components A", A . AP .
2(0,_) =N or =1, m+1 and tlijrpoth( )= A,

_> —

Step 6. When the matrix I — G"(A,,(0)) is invertible, we find:

O" (A (0)) = [T = G™ (An(0)] 7,

g = Z O (A (O))V} (A ()N +0" (A (0)) W' (A (0)) " +9" (f. A (6))].

Step 7. Solving the following problems

dz

o = A(t)z +FM (), 2(0,_1) =X\, te0.1,0,), r=1,m+1,

where
m—+1

P -0+ Skt + it 0

and find the values of the 2" (¢) at the remaining subintervals’ points.

As a result, the proposed algorithm gives us the numerical solution to the problem with
parameter (1)-(3).

To illustrate the suggested method for numerically solving problems (1)-(3) based on a
modification of the Dzhumabaev parametrization method, consider the example below.

4 Example

We have the following problem with parameter

z+/¢ (s)ds + Ao(t)u + f(t), z€R?, pe R, te(0,1), (24)
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Bop + Moz(0) + Loz(T) = doy, dy € R,

Mlz(}l —0) - le(1 n o) —d,, d € R, (26)

Here@ozo, 01:%,02:T:1,
(4 5 (P +2 (2 6t [ 6 24

—2 3 7 -3 8 200
C Lo=|0 2|, dy=[124
3 11 482

2 =5 3 0 -7
Ml_(o 4)7 Ll_(_l _4)7 d1_< >7

6413 — 13t + 1358¢ — 741 1
0= “ss0r 4 5712 — 13 — 624 ) 211 € [0:5):
- —205¢2 + 1384t — 793 1
18 = <—96t4 — BATE — 2712 4 Tt — 629) catte (51

To solve (24)—(26), we employ a numerical implementation of the our method. The

accuracy of the solution is dependent on how well the Cauchy problem is solved on

subintervals. By partitioning the [0, }l], [;11, 1] with step h = 0.025, we can provide the

outcomes of the numerical implementation of the method.
Exact solution of problem (24)-(26) is the following:

. 16t — 1
z (t):(&_g)atte [0,}1),

o 8t+2 .
@) = (32t2—6t+9) att € [51],

w* = 13.
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The following Table 1 shows the variations between the exact and approximate solutions
to problems (24)-(26):

Ta6smuna 1: Absolute Errors

Bt =20 = 2@ [0 2@ | k|t 120 =200 [0 = 2 @)
0 0 2.101e-7 2.258e-7 20| 0.5 4.920e-8 2.342e-7
1 10.025 2.437e-7 1.792e-7 21 | 0.525 2.340e-8 2.251e-7
2 | 0.05 2.713e-7 1.306e-7 22| 0.55 1.300e-9 2.149e-7
3 10.075 2.928e-7 8.050e-8 23 1 0.575 2.510e-8 2.036e-7
4 1 0.1 3.081e-7 2.920e-8 24| 0.6 4.770e-8 1.913e-7
5 | 0.125 3.172e-7 2.270e-8 25| 0.625 6.900e-8 1.780e-7
6 | 0.15 3.199e-7 7.480e-8 26 | 0.65 8.900e-8 1.637e-7
7 1 0.175 3.162e-7 1.268e-7 271 0.675 1.074e-7 1.484e-7
8 | 0.2 3.061e-7 1.782e-7 28| 0.7 1.243e-7 1.322e-7
9 10.225 2.894e-7 2.286e-7 29 | 0.725 1.392e-7 1.150e-7
10 | 0.25 3.461e-7 2.565e-7 30 | 0.75 1.521e-7 9.690e-8
11 | 0.275 3.140e-7 2.606e-7 31 1 0.775 1.627e-7 7.780e-8
12| 0.3 2.823e-7 2.632e-7 321 08 1.707e-7 5.790e-8
13 1 0.325 2.510e-7 2.643e-7 33 | 0.825 1.758e-7 3.710e-8
14 | 0.35 2.202e-7 2.639e-7 34| 0.85 1.776e-7 1.540e-8
15 | 0.375 1.900e-7 2.622e-7 35 | 0.875 1.757e-7 0.700e-8
16 | 04 1.604e-7 2.591e-7 36| 09 1.697e-7 3.010e-8
17 | 0.425 1.315e-7 2.547e-7 37 10.925 1.590e-8 5.370e-8
18 | 0.45 1.033e-7 2.491e-7 38 | 0.95 1.429e-7 7.790e-8
19 | 0.475 7.580e-8 2.422e-7 39 1 0.975 1.207e-7 1.023e-7
20 0.5 4.920e-7 2.342e-7 40 1 9.180e-8 1.267e-7

[ — [i| = 4.608¢ — 7

5 Conclusion

We suggest a method for solving the problem with parameter (1)-(3) numerically. The
nonlinear boundary value problem for the system of impulsive Fredholm integro-differential
equations may be solved using the suggested approach.
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