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THE COEFFICIENT INVERSE PROBLEM FOR A PSEUDOPARABOLIC
EQUATION OF THE THIRD ORDER

In this paper, we consider the coefficient inverse problem for a third-order pseudoparabolic
equation, which represents mathematical model for the movement of moisture and salts in soils.
Such non-classical equations are also called Sobolev-type equations. At present, the study of
direct and inverse problems for a pseudoparabolic equation is readily developing due to the
needs of modeling and controlling processes in hydrodynamics, mechanics, thermal physics and
continuum mechanics. At the same time, the investigation of coefficient inverse problems is also
important, since they are used in solving problems of planning the development of oil fields, in
particular, in determining the filtration parameters of fields, in creating new types of measuring
equipment, in solving environmental monitoring problems, etc. Thus both trend directions such
as pseudoparabolic equations and coefficient inverse problems are relevant due to the abundance
of various applications where such non-classical objects arise. In this work, the Galerkin method
is used to prove the existence of the solution for the inverse coefficient problem and obtained
sufficient conditions for the blow up of its solution in a finite time in a bounded domain. Moreover,
authors developed the algorithm for the numerical solution of the given problem by using the
finite difference method. In addition, computational experiments were carried out illustrating the
theoretical calculations obtained in the work.

Key words: pseudoparabolic equation, coeflicient inverse problem, blow up solution, numerical
solution, numerical experiments.
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Yuriamii perrti nceBonapabosiaibIK, TeHAeY YINiH Ko3dduiimeHTTi kepi ecebdi

Byn KymbIcTa TONBIPAKTAFBI BLIFAJT MEH TY3/JAPJIbIH KO3FAJBICHIHBIH MAaTEeMATHKAJIBIK, MOJIETL
6OJIBIN TAOBLIATHIH VIMHII PeTTi IceBAonapabosIaliblK TeHJey YINH KoahduimeHnT Kepi ecebin
KapacTeipaMbi3d. MyHmail Kiaccukasbik, emec Teaeysiep CobosieB TUIITI TEHIEYJIEp el Te aTaJia-
bt Kazipri yakpITTa rugpoanHaMuKa, MEXaHUKa, XKbLUTy (PU3NKACHI, TYTAC OPTa MEXaHUKACHIH/IA
MIPOIECTEP/Ii MOJEbICY KoHe 6acKapy KasKeTTiJIirine 0aiIaHbICTBI MICEBIOMapabOIAIBIK, TEHILY
yIIH Typa »KoHe Kepi ecenrepji 3eprrey Oescenai Typje gambin keseni. CoOHbIMEH KaTap,
K0 DUINEHT Kepi ecerTepid 3epTTey MaHbI3/Ibl, OUTKEHI OJlap MyHall KeH OPBIHJIAPBIH UTepy/ii
JKOCTIApJIay MoceJIesIepiH ImerryJie, aran alTKaHJa, KEeH OPBIHJIAPBIHBIH Cy3y IapaMeTpJjepin
aHBIKTAya, OJINey KYPAaJIAPBIHBIH JKAHA TYDPJEPIH 2kKacayma, KOPIIAraH OPTAHBI OaKbLIAY
Mocesesepi KomHe T.0. ecenTepi IMentyae KOIIaHbIIa b
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Ocpbuaiiia, 1ceBponapabosIalibik, TeHIeY MeH Ko DUIUMEHTTI Kepi ecenrep eki OarbIThl, KJIaCCH-
KaJIBIK, eMec OObeKTiIep naiiia 60IaThlH 9PTYPJI KOJJIaHYIapPhIHbIH KOITIriHe 6ailIaHbICThI ©36KT1
6outbint TaObLIaBL. Bys xymbicta [agepkun omicimen koaddurmenTTi Kepi ecebiniy mienrivi 6ap
eKeH] [TJIeJIIEH/T] YKOHE MMEKTETeH 0DJIBICTA e MHIH, AKbIPJIbl YAKBITTa KIPAyY bl YIIMH KeTKITIKT
mapTTapbl aJbIHIbl. COHBIMEH KATAp, OCBI €CEIITiH, CAHJIBIK, MENTMIHIH aJropUTMi KYPACTHIPBLIBIII,
2KYMBICTa AJILIHFAH TEOPUSJIBIK, €CEIITeYIePi KOPCeTY VIIH CAHBIK, TOXKipudeaep Kyprizismi.
Tvyiiia ce3mep: nceBnonapaboIaIbIK, TeH ey, KO3 dUIueHTTi Kepi ecerr, MIEMIiMHIH KUpaybl, CaH-
JIBIK, IIIEITIM, CAHIBIK ToXKipuoe.
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Kosdbdbunuentnas odbparHasa 3azada A8 IICEBAONAPAbOINYIECKOT0 YPAaBHEHUS TPETHETO
nopsigka

B nmammoit pabore paccmarpuBaeTcsa KodddunmenTHas obpaTHast 3amada st ICEBIOIapa-
GOTMIECKOr0 ypaBHEHHs] TPETHhEro IOPsijiKa, KOTOPOE IPEeJCTaB/seT CODOW MaTeMATHIECKYIO
MOJIeJIb JIBU2KEHUsI BJIATW U COJIeil B IOYBax. Takue HEKJIACCUYECKUe YPABHEHWSs eIlle HA3bIBaIOT
ypaBHEHUSIMU COOOJIEBCKOTO THIIA. B HacTosilliee BpeMsi HCCJIeIOBAHTE TIPSIMBIX U OOPAaTHBIX 33,189
JJIsE TICEBIOAPAa0OIMIeCKOr0 yPABHEHNST AaKTUBHO PAa3BUBAECTCH B CBA3U C HEOOXOIUMOCTBIO MOJIE-
JINPOBAHUS W YIPABJIEHUsI IPOIECCAMU B THIPOIMHAMUKE, MEXAHWKE, TEIIO(MU3NKE U MEXAHUKE
CIUIONIHBIX cpeJl. B TO »Ke BpeMsi Ba)KHOe 3HAYEHHE WMMEeT WCCJeI0BaHne KO3(MDMOUIMEHTHBIX
00paTHBIX 33124, IOCKOJIBKY OHU HCIIOJIB3YIOTCS IIPU PEIIeHNN 33139 [NIAHUPOBAHUS Pa3pabOTKH
HedTSIHBIX MECTOPOXKJIEHUN, B YACTHOCTHU, IIPHU OIpeJeseHn: (PUIbTPAIMOHHBIX I[TapaMeTPOB
MECTOPOXK/IEHU, MPU CO3/JaHUU HOBBIX THUIIOB W3MEPUTEIHLHON TEXHWKM, IIPU PEIIeHAN 33,199
9KOJIOTMIECKOTO MOHUTOPHWHIa ¢ T. J. Takum o0pa3zom, 0b6a TPEHIOBBIX HAIIPABJIEHUS IICEBIO-
mapaboandeckne ypaBHEHUSI W KO PUITMEHTHBIE 00paTHBIE 331a9d aKTyaJbHBI B CHUJIY OOWIUS
Pa3HOOOPA3HBIX IPUJIOYKEHU, B KOTOPBIX BOZHUKAIOT TAKNE HEKJIACCHIECKHE 0ObEeKThI. B maHHO
pabore meromom laslepkuHa JIOKA3aHO CYIIECTBOBAHHE pelieHus 0OpaTHO KodhduimenTHOR
3a/]a9U U TOJIYYEHBbI JOCTATOYHBIE YCJIOBUsI PA3pYIIEHUs PENIeHUs 33 KOHEYHOE BpeMsi B Orpa-
HuaeHHo# obsactu. Kpome TOro, mocrpoeH ajropuTM UHCICHHOTO PEINeHUs! JTAHHOW 3aJadd 1
[TPOBEJIEHBI YUCJICHHBIE SKCIIEPUMEHTHI, UJLIIOCTPUPYIONINE Oy YeHHbIe B paboTe TeOpeTUIeCKre
BBIKJIAJIKH.

KuroueBsble cJioBa: 1ceBonapadoinieckoe ypaBaenne, Koadgdunnentnas odparHas 3a/1a4a, pa3-
pyIIeHne peIeHusi, INCIEHHOe PEIIeHUe, TUCTECHHDBIN SKCIIEPUMEHT.

1 Introduction

The work is devoted to the solvability of coefficient inverse problem for a pseudoparabolic
equation, also called Sobolev-type equation. Furthermore, in this work, we conducted
computational experiments, and developed the numerical solution of the given coefficient
inverse problem. A problem is said to be a coefficient inverse problem where should be
determined the coefficient (coefficients) of the equation with its solution. Interest in them
is caused primarily by their important applied values. Coefficient inverse problems find
applications in planning the development of oil fields (determining the filtration parameters
of fields), in creating new types of measuring equipment, in solving environmental monitoring
problems, etc.

On the other hand, pseudoparabolic equations describe various physical processes. It is
well known that many issues on fluid filtration in fractured-porous media [1-2], heat transfer
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in a heterogeneous medium [3], moisture transfer in soils [4-5| lead to the study of initial,
initial-boundary and inverse problems for third-order pseudoparabolic equations.

Several direct and inverse problems for pseudoparabolic equations are studied in the
works of G.I. Barenblatt 2], Korpusov M.O., A.B. Alshin, Pletner Yu.D. [6], D.Colton [7-§],
R.C.Rao [9-10], W. Rundell [11-12], R.Showalter [13-14], T.W.Ting [15]|, Karch [16], Yaman
[17], Khompysh [18] and others.

Most of the papers cited above consider questions on the solvability of local boundary
value problems for pseudoparabolic equations. In particular, D.Colton [8] was the first to
construct the Riemann function for a special one-dimensional pseudoparabolic equation and
proved the existence and uniqueness of the regular solution for the characteristic Goursat
problem and the first initial boundary value problem. Further, M.Kh. Shkhanukov [19-20],
V. A. Vodakhova [21] studied the solvability of boundary value problems for pseudoparabolic
equations of the third order with non-local conditions of the Samarskii-Bitsadze type and with
integral conditions. In the monograph of Sveshnikov A.G., Korpusov M.O., Yu.D. Pletner [6]
are investigated the solvability and blow-up solutions for a whole class of model equations of
pseudoparabolic type with non-linear elliptic operators at the time derivative, as well as the
existence and non-existence of a time-global solution.

To date, inverse problems for equations of parabolic and hyperbolic types are studied quite
well. Coefficient inverse problems for non-classical equations seem to be much less considered;
in particular, for Sobolev-type equations. Similar problems, but for equations of parabolic
type, are considered in the works of E.G.Savateev [22-24|. Let us remark that one dimensional
inverse problems for pseudoparabolic equations of the third order are investigated in the works
of E.R. Atamanova, M.Sh. Mamayusupova [25], B.S. Ablabekov [26], A.I. Kozhanov [27], [28],
S.N. Antontsev [29], S.E. Aitzhanov [30] and others.

Methods for the numerical solution of the coefficient inverse problem are developed by
authors such as AL. Bukhgeim, A.B. Bakushinsky, A.V. Goncharsky, A.A. Samarsky, O.M.
Alifanov, P.N. Vabishchevich, A.Yu. .M.Ibragimov, A.D.Iskanderov and others. Here it is also
important to note the works of M.Kh. Beshtokov [31], [32], where author considers numerical
methods of solving local and non-local boundary value problems for one dimensional and
multidimensional generalized Sobolev-type equations in Cartesian, cylindrical and spherical
coordinates.

2 Statement of the problem

We consider in the cylinder Q7 = {(z,t): z€Q, 0 <t < T}, Q C R", n> 1 the inverse
problem of determining a pair of functions {u(z,t), f(t) + g(x)} for the pseudoparabolic
equation

ur — Auy — Au = (f(t) + g(x))u(z, t), (1)
with initial condition
u(z,0) = up(x), = €, (2)

boundary condition

ou

= = T
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and overdetermination conditions

u(z,0) = u(x), v €9, (4)

/ u(z,t)de = e(t), t€[0,T]. (5)
Q
Let the conditions be satisfied for the known data of the inverse problem —:

e(t) e Wa(0,T), e(t) #0, vVt e[0,T], (6)
up(x), ui(x) € WE(Q), uo(z) #0, Vo € Q.

Our main result is the following.
Theorem. Let the conditions @ be satisfied, then the inverse problem —

0
has a unique solution wu(x,t) € L <O,T; WQ(Q)) N Lo (0,T; W2(Q)), u(x,t) €

Ly (0, T3 WH(Q)), f(t) + g(z) € La(Qr).
Remark. If it is additionally known that f(0) # 0, then f(¢) and g(z) are defined
uniquely.

3 Materials and methods

Let us put into equation the t = 0, considering and , we get
u(z,0) — Auy(z,0) — Au(z,0) = (f(0) + g(z))u(x,0),
ur(z) — Au(x) = Aug(x) = (£(0) + g(x))uo(x),

F(0) + g(2) = (uo(2)) ™" [ur(z) — Aus(x) — Aug(x)]. (7)

Denote by h(z) = (uo(z)) ™" [ur(z) — Auy(z) — Aug(z)].
Multiplying the relation by the function u(z,t) and integrating over the domain €2, by
virtue of the notation we obtain

fQ0)e(t) + g(w)e(t) = h(w)e(t).

g(x)udx:/gh(x)udm. (8)

Now we integrate the equation (1)) over the domain €2, taking into account the condition (/5))
and Green’s formula, we get

/Qutdx—/QAutdx—/ﬂAudm:f(t)/ﬂudx—l—/Qg(x)udx,
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e (1) = f(t)elt) + / g(z)ud. (9)

Q
We multiply the relation (7)) by the function e(¢) and add to the ratio (9)), also considering
the equality , we get

ft)e(t) + [, g(x)udz + f(0)e(t) + g(x)e(t) =
=¢'(t) + h(z)e(t)

f@)+g(x) =e'(t) (e’(t) + h(x)e(t) — /Q h(x)u(z, t)dx) : (10)

Thus we have reduced the inverse problem — to a direct problem for the integro-
differential equation. In the cylinder Qr = {(x,t) : 2 € Q, 0<t<T}, QCR*, n>1,
let us consider the initial-boundary value problem of determining the function u(z,t) for the
integro-differential equation

uy — Auy — Au = hy(x, t)u — e (t)u(z, t) /Q h(z)u(z,t)dz, (11)

with initial condition
u(z,0) = up(x), = €, (12)

and boundary condition

0
U —o0, telo,T). (13)
on | yq
where hy(z,t) = e 1 (t)[e/(t) + h(x)e(t)].
Now we prove the existence using the Galerkin method. We are looking for an approximate
solution in the form

u () = Z Cnj(t) ¥ (), (14)

0
where U;(z) orthonormal basis from the space WZ(Q2), they are found from the Sturm-
Liouville problem

o,

AV;(x) + A\ W (x) = 0, .

= 07
o0N

where \; eigenvalues and VU,(x)are eigengunctions. Cy;(t) are unknown functions, they are
defined from the following Cauchy problem (systems of differential equations with initial
conditions)

Jo(une — Auyy — Auy) ¥ j(2)de = hy(z,t) [un¥;(z)de—

—e (t) [qun¥;(z)de [, h(z)undz, (15)
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un(w,0) = On;(0)¥;(2) = uon = ZuOJ\IjJ(x)

We multiply the ratio by Cn;(t) and sum over j = 1,..., N, then we get
(up — Auy — Au)udx = / hy(x,t)ulde — e () / h(m)udx/ u?dz.
Q Q

Q Q

2 2 2
3 (lhuxl3o + 1Vl o) + [ Vuxl3o = (16)

= [o hi(z, t)uide + e () [, h(z)undx ||uN||§Q :
Let us estimate the right side of identity using the Holder and Young inequalities

< hot llunllzq < IIUNIIQQ + oy

/ hyi(z, t)usde
Q

1 27
2 3 4 4
lunllzo < eolllloq llunllzo < 7 el + Zeo 7l

(1) /Q h(z)undz

1d 27 4
(vl +19uxlEg) + IVunlq < 5 luxla + b + 2 ed Il g

24t
From Poincaré’s inequality |Vul3 Q=M ||u||§Q we can get the next inequality
A A
2 AL 2 1 2 2
IValde = Ty Vel + 55 1Vl > 1o (lulo + IVulis)-
Substituting the obtained inequalities into the identity , we find
s (llze +19ule) + 755 (lulla +19ullq) < 5 lullz + B3+ Fes hl3q

d 2 2 2 2 2 2 2
= (vl + 1Vanl0) + Co (lun o+ IVunl30) < (lunl3o + I Vunla) +Ci,

where Cy = %, Ci=2h3, + Zep HhHQQ
We denote by y(t) = ||lun|l2q + |Vun||5,. Then the last inequality can be written as

W) 1 ot < 20 + O

d
= (e“ry(t)) < y*(1)e " + Cre.

t
() < y(0) + [ eyPryin+ (1),
0 0
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t
yit) <y [ eR a4 (1 ).
0 0

Applying Bihari’s lemma, we obtain the required estimate

y(0) + & + 55
3
{1—3(y(0)+g—;+ﬁ> t}

Thus we have obtained an a priori estimate, so the next inequality is fairly true

y(t) <

1
3

esssup ([lunllzq + [Vunlg) < Co VT < T a7)
te(0,T

where the constant Cy does not depend on N.
Now we multiply the ratio by A;Cl;(t) and sum over j = 1,..., N, and get
- fQ(uNt — Auyy — Auy)Aundr = — fQ hy(z, t)uyAuynidr+
+e71(t) [y Mz)undz [, uyAupde.

2 2 2
IVunlloo + 1Aunllzq + 3.5 [ Aunllyq =

1
= — [z, huyAunde + e (t) [ h(z)undz [ unAunedz. (18)

Similarly, we estimate the right side using the Hélder and Young inequalities, also the
estimate , as a result, we obtain the following estimate

T T
ess sup HAUNH;Q + / ||Vu1\/t||;Q dt + / HAuNtH;Q dt < Cs. (19)
0 0

t€[0,7

Suppose that the problem — has two solutions wu;(x,t) u us(x,t). The difference of
two solutions u(x,t) = ui(x,t) — us(x,t) satisfies the next equation

uy — Auy — Au = hy(z, t)u — e (O (z,t) [, h(x)u(z, t)de—

—e ' (t)u(z,t) [ h(x)us(z, t)dr, (20)

with the initial condition

u(z,0) =0, z € Q, (21)
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and the boundary condition

ou

% - 0, t € [O,T], (22)

oN

Multiplying the equation by the function u(z,t) and integrating over 2, we get

i (Il + 1Vull0) +1Vul, = 23)
—fQ ha(z, t)utde + e (t) [ uiuda [, h(z)ude + e (t) [ h(z)urda ||ul5 g -

Let us estimate the right side of identity using the Holder and Young inequalities:

/ hy(z, t)uldz
0

/ uyudx / x)udz

(1) /Q h(x)urda

2
< hot ||ull5q -

< e “huzg Hule HuHm

2 2
||U||2§2 < €o ||h||2§z ||u1||29 HUHQQ .

Substituting the obtained estimates into the relation ([23)), we obtain
1d 9 5 ) )
S (HUHZQ + ||V“”2,Q> +[[Vullyq < (hm + 2eq ||| ||U1||2,Q> [ull30
or

d 2 2 2 2
= (Il + 1Vul}g) <2 (hm + 2¢0 [l €555 Hule> (Il 0 + 70l -
t€[0,T]

After integrating with respect to 7 from 0 to 7' and applying Gronwall’s lemma,
considering the condition (21)), we get HuH;Q + HVUH§Q <0, Vt € [0,T]. From this estimate
follows that u(z,t) =0 < wui(z,t) = us(z,t).

3.1 Blow up of solution

Let us introduce the notation

p(t) = HuH§Q + \IVUI@Q’
J(u) = %fQ |Vul?dz — fQ Yuldr — fo T)e'(T) fQ uu,dxdr + f(f e (1) fQ uu,dx fQ x)udzdr.

We calculate the derivative of the function ¢(t), and get

o'(t) = 2f uwdr + [, VuVude = =2 [ \Vu|2dx + 2 [, h(z)uda+

+e*1 (t) Jquide —2e7(t) [ uPdx [ h(z)ude > (1), (24)
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where
P(t) :t—QaJ( =—af, |Vu\2d:c +a [, h(z)udde + 2a [y e N (1)e' (1) [, uu,dedr—
—2u fo e fQ uu,dx fQ x)udxdr,

where v > 2.
Differentiating the last relation, we obtain

(25)

Y(t) = —2aJ( )= —2af VuVudr + 2o [, h( uutdx + 20e (L)€ (t) [, uuydu—
—2ae Y(t) [o uuda fQ r)udr = 2o ( [, Auwdz + [, h(z)uudzs + e 1 (t)e'(t) [ uupdz—

(8) Jyy wnds Jo heryudz) = 20 (]2 + nwtm,ﬂ)
(26)

Now consider the product ¢(t)y’(t)where we can apply the Schwarz’s inequality, as a result,
we get

o)) =20 (lull3 o + 1Vullq) (el + 1Vudo) >
> 20 ([, vwdz + [, VuVutdoc)2 = 2/ (1)]%.

Moreover, from ([26) we obtain that () is non-decreasing function, and if J(uy) < 0, then
Y (t) > 0 for all ¢ > 0. Taking into account the inequality , takes the next form:

(27)

or

We integrate from 0 to ¢ and using , we obtain

St ()
[e®)]2 — [p(0)]2
Integrating the last inequality, we have

1 1 —2)y(0)t
a—2 S a—2 (a )1/}2) ° (29)
le@®]" ~ [p(0)]7  2[p(0)]7
It is obvious that the inequality cannot be fulfilled for entire time ¢, and we conclude
that the solution u(x,t) blows up in a finite time 7., where

o<« 2 20 2p(0)
T a—29(0) 202 —a)J(u)
These results can be summarized as follows.

Theorem 2. Let the conditions () be satisfied, and also h(z) = (uo(2)) " [ur (2) —
Aul( ) AUO<

/|Vu0 ]daz——/ h(z)ud(z)dx < 0,

then the solution u(z,t) of the problem (LI)-(13) blows up in a finite time T}, that is
1tlir:rpl (HquQ + HVuH39> = 00, where T, is limited to constant from (30)).
—do ’ ’

(30)
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3.2 Numerical solution

We consider the problem

ou 0 (8%) 0%u

5 i\ a) " u(z,t)-hy(z, t) —e L(t) -u(:v,t)/o hr(z) - u(z,t)dx + R(x,t);

where

up(z) =€z 3,

e M) = 2t

hi(z, t) = —3+ 27 — (z — %) + (ao + bo) (2 + 2¢);
ha(z) = =3+ 2 — (z — %)%

2 3

R(z,t) = (2+ 2t) (1 — 2z + (z— :c2)2) R e

1 x2 x3 1 2 x2 933
ap = / e?  3dx; by = / (1 — 2z + (z — 2%) > ce2 3 dx.
0 0

For the given problem, the following initial and boundary conditions are used: u(z,0) =
up(x), w(0,t) =0, u(1,t) = 0.

The problem is solved by using numerical methods. To check the obtained solutions, the
numerical solution is compared with the analytical solution, so the following is analytical
solution:

2 .3

u(z,t) =e 2 e,
The numerical solution of this problem is based on finite difference approximation method.

P (uiy =207 ) (ufy — 20 +uy) (uiyy — 2uf +uily)

Uz i ( N ) - _
At AtAz2? AtAz2? A2 N

(it - b (2 t) — oMt - ulan, t) /0 ha(zs) - u(zs, t)dz + Rz, ).

The basis of this numerical method is the sweep algorithm, where we can obtain analogue
such as

1 1 1
Ault + Bul ™ + Cult! = d;;

where A = (—1), B=(2+ Az?), C = (—1);

di = Ax® - ul + (uly — 2ul +ul ) - (At — 1) + At - Az

(u(a:i, E)Bn (@i bn) — e~ (1 (s, ) /0 () - (e ty)di 4 Rz, tn)) |
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The problem is reduced to solving the system of linear equations:

Bu'™ + Aultt =d,, i =1,
Cuftl + Bul™ + Auttl = d;, i =1,2,..,N — 1,
Cuytt + Bultt = dy, i = N.

Finally, the numerical solution is sought in the form u]*" = q;uli + 8;;

i

where

A _di—C - B

%:_B+0amﬂ&_3+caH'

To determine ay, Sy, u}{,“, we use boundary conditions.

Numerical results:

Atz = %:
X Numerical Analytical
0.000000 0.041108 0.049787
0.025000 0.041108 0.049802
0.050000 0.041134 0.049847
0.075000 0.041182 0.049920
0.100000 0.041254 0.050020
0.125000 0.041347 0.050145
0.150000 0.041459 0.050294
0.175000 0.041591 0.050465
0.200000 0.041740 0.050658
0.225000 0.041906 0.050870
0.250000 0.042087 0.051101
0.275000 0.042282 0.051348
0.300000 0.042490 0.051612
0.325000 0.042710 0.051890
0.350000 0.042941 0.052181
0.375000 0.043180 0.052483
0.400000 0.043428 0.052795
0.425000 0.043683 0.053116
0.450000 0.043943 0.053444
0.475000 0.044208 0.053777
0.500000 0.044475 0.054114
0.525000 0.044744 0.054453
0.550000 0.045012 0.054792
0.575000 0.045280 0.055130
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X Numerical Analytical
0.600000 0.045544 0.055465
0.625000 0.045804 0.055795
0.650000 0.046058 0.056118
0.675000 0.046305 0.056433
0.700000 0.046543 0.056737
0.725000 0.046769 0.057028
0.750000 0.046984 0.057305
0.775000 0.047184 0.057565
0.800000 0.047369 0.057806
0.825000 0.047537 0.058026
0.850000 0.047685 0.058224
0.875000 0.047813 0.058397
0.900000 0.047919 0.058543
0.925000 0.048000 0.058660
0.950000 0.048056 0.058745
0.975000 0.048085 0.058798
1.000000 0.048085 0.058816
u(x, t = 0.2)

0.75 T T T T T

0.74 | Numerical =—s=——

0.73 Analytical

0.72 |

0.71 F ,

. 07F :

0.69 | o

0.68 |-

0.67 | -

0.66 | o

0.65 | g .

0.64 - 1 1 1 L 1 1 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

Figure 1: Comparing the analytical (exact) solution u(z,t) and the numerical solution w(z, t)



S.E. Aitzhanov, A.A. Issakhov et al.

Error Analysis:
2' = Ju(xg, t,) — w(wg, t,)|, where u(x,t) is analytical solution,

w(z,t) is numerical solution, n = 100.

At Ax Maxo<icni1 |2
1072 1/10 0.027061
1/20 0.0230092
1/40 0.0183683
1/80 0.0149184
1/100 0.0141077
1/160 0.0128041
107 1/10 0.164578
1/20 0.0860432
1/40 0.043323
1/80 0.0211665
1/100 0.0166748
1/160 0.00990058
1071 1/10 0.17669
1/20 0.091649
1/40 0.046468
1/80 0.0232889
1/100 0.0186095
1/160 0.0115641
107 1/10 0.177748
1/20 0.0921916
1/40 0.0468258
1/80 0.0235722
1/100 0.0188793
1/160 0.0118145
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value

1(f(t)*+g(x)-Fx )]

t=1
2.5

f{t+q(x) ——
Flx,f) —o—

2.41916x10°°

2.41916x10°®

|l| ]

2.41916x10°5

2.41916x10°° |

2.41916x10°°

2.41916x10°°

2.41916x10°5 i i i i
0 0.2 0.4 0.6 0.8

Figure 3: Absolute value change depending on the space
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4 Conclusion

In this paper, the existence and uniqueness of the solution of the inverse coefficient problem
are proved. The existence of the solution is proved by the Faedo-Galerkin method. The
uniqueness of the solution is proved from the a priori estimates obtained. Sufficient conditions
for the blow up of the solution in finite time in a bounded domain are established. An
algorithm for the numerical solution of this problem is constructed and numerical experiments
are carried out illustrating the theoretical calculations obtained in the work.
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