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SPECTRUM OF THE HILBERT TRANSFORM
ON ORLICZ SPACES OVER R

In this paper, we investigate the spectrum of the classical Hilbert transform on Orlicz spaces Lg
over the real line R, extending Widom’s and Jorgens’s results in the context of LP spaces [3}[8],
since the classical Lebesgue spaces are particular examples of Orlicz spaces when the N-function
® = 2P /p. Our motivation to do so is due to the classical result of Boyd [1] which says that the
Hilbert transform is bounded on certain Orlicz spaces and the fact that the spectrum of the
bounded linear operator is not an empty set. We first present an auxiliary result from the general
theory of Banach algebras and results from general theory of Banach spaces, which further helps
us to give a full decsription of the fine spectrum of the Hilbert transform on Orlicz spaces over
the real line R. We also present a resolvent set of the Hilbert transform on Orlicz spaces over the
real line R as well as its resolvent operator.
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R >xkubmabiHAaFbl OpJind KeHicTikTepiHge anbikTadrad ['mianbept TypJeHAIpyiHiH criekTpi

By makasaza 6i3, YoM skone Mopreucrin LP keHicTiKTepiHis, KOHTEKCTIHIET HoTHKeIepin [31/8]
KeHelTe OoThIpbin, R HakThl Ty3yiHze aHbikTajgrad Lg Opamd KeHICTIKTepiHIeri KJIaCcCHKAJIBIK,
l'unsbepr Typuoenmipyinin cmekTpin 3eprreiimiz, cebebi kiraccumkasblk Jleber kenicrikrepi @
N-dyuxiusicet & = 2P /p Gosran ke3ge Opimd KeHIiCTIKTepiHiH epekile MbICAIIapbl OOJIBII
TaObLIaJIBl. 3€pTTey KYprisyleri Herisri MoTuBalusMbI3 DBoiiareiH, Keitbip Opiwd KeHIiCTiK-
repingeri T'mibbepT TYpIeHIIpYiHIH IIeHereHAiri Typadbl KIACCHUKaJbIK HoTmKecl [1] xome
2KAJIIIBI MIEHEJIN€H ChI3BIKTHI OIEPATOPJIAP/IBIH CIEKTPl 00C KUBIH eMeC eKEHIrMeH Oall/IaHbICTHI.
Bipiamigen, 6i3 Banax ajrebpasiapblHBIH KAJIBl TEOPUSICHIHAH KOMEKII HOTHKEHI YChIHAMBI3,
oJt opi Kapaii R makTer Ty3yinje anbikraaran Opinda Kericrikrepiageri ['uasbept TypIreHipyiniy
JIOJT CIIEKTPIiH TOJIBIK CHUIATTayFa KemekTeceai. bi3 commait-ak R HakThl TY3yiH/e aHBIKTAJFaH
Opuina kenicrikrepingeri ['miapbepr TYpJeHIIPYiHIH pPE30JIbBEHTTI KUBIHBIH, COHBIMEH KaTap
OHBIH, PE30JIBBEHTTIK OMEPATOPBIH AHBIKTANMBI3.
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4 Spectrum of the Hilbert transform ...

B jtaHHO# cTaThe MBI UCCJIE/YEM CIIEKTD KJIACCUYECKOro IIpeobpasoBanust ['uibbepra B IpocTpaH-
creax Opsmua Lg HaJ| BEIECTBEHHOH HpsiMoil R, pacimpsisi pesyasrarsl Bupoma u Voprenca
B KoHTeKcTe LP mpocrpancrs [3|/8], mockoibKy Kiaccumdeckue mpocTpaHcTBa Jlebera siBIISIIOTCS
yacTHbIMU TpuMepamu npocrpancTs Opiuda, korga N-byuknus ¢ = zP /p. Hama morusanus B
HCJIeIOBAHAT, OOYCJIOBIEHA KJIACCHIeCKNM pesysbraToM Boiina 1| 06 orpanmuennocTH mpeobpa-
3oBanus ['miapbepra B HEKOTOPBIX mpocTpancTBax Opimyda U K TOMY, YTO CIHEKTD OTPAHUYEHHOI'O
JINHEWHOTO OIIEPATOPa HE SIBJISIETCS IIyCThIM MHOXKECTBOM.

CHavaJia TpuBeIeM BCIIOMOTATE/IBHBIN pe3ysibTaT u3 00Ieil Teopun 6aHAXOBBIX aJredp, KOTOPHI B
JAJbHENIIEM TTOMOXKET HAM JIaTh [TOJTHOE OIMCAHNE TOHKOrO CIIeKTpa mpeobpasoBanus ['mabbepra
B ipoctpancTBax OpJimyaa HaT BernecTBeHHON TpsiMoii R. Mbl Takzke mpejicTaBiisieM pe30bBeHTHOe
MHOXKeCTBO IpeobpasoBanus [ miabbepra B npocrpancrBax OpJimya HaJl BEIIECTBEHHOM IpsMoii R,
a TaK»Ke ero pe30JIbBEHTHbIN OIepaTop.

KuroueBsbie ciioBa: npeobpaszoBanue ['minbepra, CIIeKTp, TOYEUHBIN CIEKTDP, IpocTpancTBo Op-
Jm4a.

1 Introduction

Let Lg(R) be an Orlicz space over the real line R. Define the Hilbert transform H on the
space Lg(R) by the formula

Hf(t) = %p.v./ %ds, teR, (1)

where the integral is understood as Caushy principal value. Boundedness of H acting on
Lg(R) obtained by D.W.Boyd in [1, Theorem 5.8]. In the same work, Boyd demonstrated
that the necessary condition for the boundedness of the Hilbert Transform is the reflexivity
of the Orlicz space, which coincides with the condition of non-triviality of Boyd indices.
According to the fundamental principles of spectral theory for linear operators on Banach
spaces, it is established that if a linear operator is bounded, then its spectrum must necessarily
be non-empty. Hence, the purpose of this paper is to investigate the spectrum of the
Hilbert transform, including the classification of points within the spectrum. The spectrum
of the Hilbert Transform on LP(—1,1),1 < p < oo was completely identified by Widom in
1960. Additionally, he provided a decomposition of the spectrum into its point spectrum,
denoted as o, (H), continuous spectrum o.(H), and residual spectrum o,.(#) [8, §5]. In 2021
Guillermo P.Curbera, Susumu Okada and Werner J.Ricker extended Widom’s results to any
rearrangement invariant Banach spaces over (—1,1) [9]. They investigated the spectrum and
fine spectra of the finite Hilbert transform acting on rearrangement invariant spaces over
(—1,1) with non-trivial Boyd indices. Jorgens demonstrated the spectrum and point spectrum
of the Hilbert Transform in the context of LP(R) and LP(R, ), where 1 < p < 0o, as presented
in [3]|. In our research, we applied the identical methodology, which also relies on the theory
of Banach algebras.

2 Preliminaries

In this section, we provide certain definitions and notations from the theory of Banach
algebras and from the theory of linear bounded operators on Banach spaces.
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Definition 1 A complex normed space A is called a normed algebra if for any elements A, B
of A there is defined a product AB € A with the following properties

e associativity: A(BC) = (AB)C;
o distributivity: (A+ B)C = AC + BC, A(B+ C) = AB + AC;,
e homogeneity: a(AB) = (0A)B = A(aB),Va € C.

The product satisfies the inequality ||AB|| < [|A||||B]|, where || - || is a norm of A. If
A is a Banach space, then A is called a Banach algebra. Moreover, if there exists in A an
element I with following properties A = IA = A,VA € A and ||I|| = 1 then A is called
a normed algebra with unit (respectively Banach algebra with unit). An element A € A is
called regular if there exists B € A such that AB = BA = I. The element B is the inverse of
A and accordingly is denoted by A~!. If an element is not regular, then it is called singular.
For every A € A we define the resolvent set p(A) as the set of all A € C such that (A — A)
is regular. For all A € p(A) we defined the resolvent operator Ry(A) = (M — A)~!. The
complement of p(A) is called the spectrum of A and denoted by o(A).

Definition 2 An element A € A is called algebraic if there exists a polynomial
P =3 o)
i=0
with coefficients a; € C and o, # 0 such that
p(A) = i ;AT = 0. (3)
i=0

A minimal polynomial of A is a monic polynomial (whose highest-degree coefficient equals 1)
p(z) of the lowest degree such that p(A) =0

First note that a minimal polynomial is unique. Indeed, if there are two minimal polynomials,
denoted as p(z) and ¢g(z), both of degree m, then, (p—q)(A) = p(A)—q(A) = 0. Note that, the
degree of the resulting polynomial (p — ¢)(z) is less than m, contradicting their minimality.
Thus, it follows that p = ¢. Additionally, recognize that the minimal polynomial p(z) is
irreducible, i.e. it cannot be expressed as the product of two polynomials. To illustrate, if
p(z) = r(z)t(z), where both r(x) and t(z) have degrees lower than that of p(z), then 0 =
p(A) = r(A)t(A). Consequently, either r(A) = 0 or t(A) = 0, contradicting the minimality
of p(x). It is also known that any polynomial ¢(x) with ¢(A) = 0 is divisible by the minimal
polynomial of A. In other words, if there exists a polynomial ¢(x) satisfying ¢(A) = 0, then
q(z) = p(x)r(x), where p(x) is the minimal polynomial of A.

Now we introduce some definitions from the theory of bounded linear opearators on
Banach spaces. Let X be a Banach space. For Banach space X we denote by B(X), the set
of all bounded operators from X into itself. It is known that B(X) is a Banach algebra [2].
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Definition 3 Let T € B(X). The spectrum of T is the set of all A € C for which the
operator N\I —T' does not have an inverse that is a bounded linear operator, denoted as o(T).
The resolvent set p(T) of T in X is defined as complement of the spectrum: C\o(T'). In other
words, the resolvent set of T' is the set of all A € C for which the operator \I — T have an
wverse that is a bounded linear operator.

Definition 4 |7, Definition 1.13] Let T € B(X). Define

opn(T) ={A € C: A\ =T is not injective < Ker (A —T) #{0}};
oo(T) = {)\ €C: N —T isinjective ITm(M —T) =X, but Im (M —T) # X} :

o.(T) = {)\ € C: N =T s injective, but Im (AN —T) # X}.

op(T), 0.(T) and o.(T) are called respectively the point spectrum, the continuous spectrum
and the residual spectrum of T in X.

It is known that o (7)), 0.(T") and o,(7") are disjoint |7] and
o(T) = op(T)Uoe(T)Uoy(T).

Since B(X) is a Banach algebra, the definition of the spectrum and resolvent set on Banach
algebras and linear bounded operators on Banach spaces coincide. As usual, by LP(R) we
denote the standard Lebesgue space.

Definition 5 [/, 5/ A mapping ® : R — R, is called an N-function if
o O(x) =0 ifft =0 and ®(z) > 0 for z > 0;
o & is convex, continuous and even;
D) _ o) _

e lim — =0, lim — = +o0.
z—=0 T z—o0 T

We say that N-function ¢ satisfies the As-condition, if and only if there exists a constant
k > 0 such that

®(2z) < kd(x), for all z > 0.

For every N-function ® and for every measurable function f on R we can define a functional

MO(f) = / B(|f|)da

and set

||f||L@:inf{a>0:M¢<£) gl},
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Definition 6 The set

Lo ={f €L :|[fllL, < oo}
equipped with the norm || - ||, is called an Orlicz function space.

An Orlicz space is an example of rearrangement invariant spaces. Note that L? spaces coincide
with Orlicz spaces when the N-function has the form ®(x) = a?/p,p € (1,00). For a more
general information on Orlicz spaces Lg, see [2,4,5,[7].

Definition 7 Let Lo(R) be reflexive. If f € Lo(R), then the classical Hilbert transform H
is defined by the principal-value integral

Hf(t) = %p.v./_oo %ds, Vf € Lo(R),

(see, e.g. |2, Chapter III. }]).

The Hilbert transform H is bounded on Lg(R) if and only if Lg(R) is reflexive (see, for
example, [1,2,/6]).

3 Methods and materials. Spectrum of the Hilbert transform on Lg(R)

In this section, we find the spectrum of the Hilbert transform on Lg(R). First, we present a
preliminary result from the of theory of Banach algebras.

Proposition 1 /3, Ezercize 4.10] Let A be an algebraic element of A (cf. Definition 2).
Then

1. The resolvent of A has the form

m—1
1 .
Ry(A) = — AN B;
A4) p(A) =
where
Bj = Z O{kAk_i_l.
k=i+1

2. The spectrum o(A) is contained in the set of zeros of p:

po={A € C[p(A) =0} > a(4)

3. If p is a minimal polynomial for A, then

po = o(A).
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Proof. 1. We know that

1

R\(A) = O

(Bo+ ABy + AM*By + ... + A" 'B,,, 1)

and

BO = 041[ + OAQA + ...+ OémAmil;
By = aol + asA + ... + a,, A%
BQ = Oé3] + OZ4A + ...+ O(mAm_?);

By = 1l + amA;
Bm—l = Oém[.

Then we have

PN RA(A) = (o] + apA+ ... + a,, A™7H)
+ Mool + azA + ... + a,, A™7?)
+ A2 (as] + A+ . 4 @ AT
F o F A g I+ g A) + X", I

Therefore,

PN RA(A) = I + ap(M + A) + az(VT + MA + A?)
+ag(N3T + N2A+ NA% + A%) +
+ Ut (A TET - ANPTBA 4 L XA 4 AT
+ A (AT FAMT2A L AATTE AT
= a1 (A[ —A) (M — A)*1 + as((A )2 A?) (N — A)*1
+ a1 (A" = A" = A) T+ (D)™ — A™)(A] = A)™
= (Ml - A)‘l(oq(ﬂ A) + an((M)* = A%) + ...
+ o1 (A" = A" + e (A)™ = A™))
= (Ml - A)‘l(p(k) p(A)) = p(\) (M — A)~".

If p(\) # 0, then
Ry(A) = (AT — A)~

and
Ra(A)(A — A) = (M — A)Ry(A) = 1.

2. We demonstrate that o(A) is a subset of py = {A € C : p(A) = 0}. Choose any
A € o(A). It follows that p(A) = 0, meaning that A belongs to pg. To argue this, assume the
opposite, i.e., suppose p(A) # 0. In such a case, based on the preceding reasoning, a resolvent
R)\(A) exists, implying that A\ € p(A). This assumption leads to a contradiction, compelling
the conclusion that p(A) = 0. Consequently, we establish that o(A) is a subset of p,
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3. Let p(x) be the minimal polynomial of A. Assume that o(A) is a subset of py. Then
choose \g € py \ 0(A). Then, by the preceding arguments, there would exist a resolvent
Ry, (A) which has the form

Ry, (A) = o B,

for some polynomial ¢(z) with ¢(A) = 0. Since p(z) is the minimal polynomial, the polynomial
q(x) can be expressed as follows ¢(x) = r(x)p(x). We know that Ay € pp, i.e. p(Ag) = 0,
therefore, q(Ag) = 7(Ao)p(Ag) = 0, which contradicts the existence of the resolvent Ry, (A).
The contradiction proves the fact that py = o(A).

Before proceeding to the main result of this paper we present some technical lemmas. The
proofs can be found in their respective references.

Lemma 1 [10, Lemma 2.1] Let X(R) be a separable Banach function space. Then the set
L*(R) N X (R) is dense in X (R).

Lemma 2 [/,|5] The following statements are equivalent:
(a) N-function ® satisfies Ay-condition;
(b) Lo(R) is reflexive;
(c) Ls(R) is separable.

Let Ls(R) be a reflexive Orlicz space, then as stated earlier the Hilbert transform is
bounded linear operator on Lg(R). In other words, we have that H € B(Lg(R)). Since
Ls(R) is a Banach space, B(Lg(R)) is a Banach algebra.

Lemma 3 Let Ls(R) be a reflevive Orlicz space, then H?f = f, for any f € Lo(R).

Proof. Tt is a known [3], [11, Chapter 4| that H* = I for all f € LP(R), 1 < p < oco. Let
p = 2. Hence, one can obviously see that H?f = f for every f € L*(R) N Ly(R). By Lemma
2, one has that Lg(R) is separable. Hence, by Lemma 1, L*(R) N Lg(R) is dense in Lg(R).
Therefore noting that the integrals involved in the Hilbert transfrom are finite, passing to
the limit, we have H?f = f for every f € Lg(R), which completes the proof.

The following theorem is the main result of this paper, which extends Widom’s result |3]|.

Theorem 1 Let Lg(R) be a reflexive Orlicz space and let H be the Hilbert transform on
Le(R). Then,

(i) o(H) = 0,(H) = {£1},

(i) p(H) = C\ {£1} and the resolvent has the following form

Ra(H) = SO+ 1) (1= H) + 50— 1) (T + ).
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Proof. (i). Note that, by Lemma 3, H? = I and obviously there is no polynomial ¢(-) of degree
1 such that ¢(H) = 0. Hence, the minimal degree of the polynomials is 2:

p(H)=1—-H>*=0.
Therefore, by Proposition |1, we have

o(H)={ eC : X*-1=0} = {£1}.
Moreover, for A = £1, one has

(I—H)I+H)f=NI—-H)f=0, f€Ls(R).
Hence, g = (I + H)f € Ker{l — H} # @. Therefore, o(H) = 0,(H) = {£1}.
(ii). By the definition of the resolvent, it easily follows that p(H) = C\ o(H) = C\ {1}

Since

PN =X —1la=—-1l,as=1,0,=0, k=1,34,....

Then, by Proposition [1, we obtain

BOZH,Blzf
and
_)\[—F,}‘l_l -1 o 1 o —1
R\(H) = T _2(A+1) (I 7—[)+2(A DI+ H).

Remark 1 Since the point spectrum, continuous spectrum and residual spectrum are disjoint
sets, it easily follows from Theorem 1 that o.(H) = o.(H) = 0.

4 Conclusion

In this paper, we investigated the spectrum of the Hilbert transform on Orlicz spaces over
the real line. Our findings revealed that the spectrum of H on Lg(R) consists two points,
specifically o(Hr,m®) = {—1,1}, and this spectrum coincides with the point spectrum. We
also determined the resolvent set p(#) and the resolvent Ry(#) of the Hilbert transform on
the spaces Lg(R).
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