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INTERPOLATION THEOREM FOR DISCRETE NET SPACES

In this paper, we study discrete net spaces n, (M), where M is some fixed family of sets from
the set of integers Z. Note that in the case when the net M is the set of all finite subsets of
integers, the space ny, (M) coincides with the discrete Lorentz space I, (M). For these spaces,
the classical interpolation theorems of Marcinkiewicz-Calderon are known. In this paper, we study
the interpolation properties of discrete network spaces np 4(M),in the case when the family of sets
M is the set of all finite segments from the class of integers Z, i.e. finite arithmetic progressions
with a step equal to 1. These spaces are characterized by such properties that for monotonically
nonincreasing sequences the norm in the space ny, ,(M) coincides with the norm of the discrete
Lorentz space I 4(M). At the same time, in contrast to the Lorentz spaces, the given spaces
Ny ¢ (M) may contain sequences that do not tend to zero. The main result of this work is the proof of
the interpolation theorem for these spaces with respect to the real interpolation method. It is shown
that the scale of discrete net spaces ny, (M) is closed with respect to the real interpolation method.
As a corollary, an interpolation theorem of Marcinkiewicz type is presented. These assertions make
it possible to obtain strong estimates from weak estimates.

Key words: net spaces, discrete net spaces, Marcinkiewicz type interpolation theorem.
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JluckperTi TOpJIbI KeHiCTIKTEepAeri HHTEPIOJIAIUIIBIK, TeopeMa

Byx xymbicTa np (M) muckperti Topiier Kenicrikrepi seprreneni, mynmarsl M - Z 6yTin cammap
KUBIHBIHAH AJIBIHFAH YKUBIHIAPBIH TYPAKTbI TOOBI. M TOpBI OYTIiH caHIapabiH, 6apJbIK aKbIp-
JIBI 1IIKI 2KUBIHAAPBIHGIY XKUBIHEL GoJIFal Kapgaina ny (M) kenicriri I, ,(M) muckperti Jlopenry
KeHicTiriMeH coiikec KeJsleTiHiH eckepiHi3. Bya kericrikrep yirin Mapruakesud-KabiepoHHBIH,
KJTACCUKAJIBIK, MWHTEPIIOJSIUSIBIK, TeopeMasapbl Oerim. 2Kymbicta M xubiHgap To0br Z OyTiH
caHJap KJIACHIHAAFbI OApJIbIK aKBIPJIbI CEIMEHTTEP/IIH KUBIHBI, SIFHU KAJaMbl 1-Te€ TeH aKbIPJIbI
apudMeTHKAaJIBIK [IPOrpeccusiap OoIran XKarnaiiarst, ny (M) auckperti Topssl Kenicrikrepinin
MHTEPIOJSIUSIBIK KACHETTEPI KapacThIPBLIaIbl. ByJT KEHICTIKTep MOHOTOHIBI OCIIENTIH Ti30eKTEp
yiis ny, (M) xenicririnneri Hopmacst I, 4(M) auckperti JIopeHn KeHicTiriHin HopMacbIMeH colikec
KeJleTiH KacueTTepMel cunartanansl. COHBIMEH KaTap, aTaIMBIII Ny, o(M ) xenicrikrepni? Jlopenty
KEHICTIriHeH aiflbIpMAIIBIIBIFGL OYJI KEHICTIKTEp/Ie HOJITe YMBITBIIMANTHIH Ti30eKTep KaTaabl. Byt
2KYMBICTBIH, HETI3I HOTHXKEeCI HAKTHI MHTEPIOJIAIUSIIBIK, 9/1iCKe KATBICTHI OChI KEHICTIKTED YIIiH
MHTEPIOJSIUSIIBIK TEOPEMAChIH JIoJesIey OOIbIT Tadblaaabl. HaKThI MHTEPIIOAIUSIBIK, dTiciHe
KATBICTLL Ny, o (M) AuCKperTi TOpJIBL KeHiCTIKTepiHin mKaJackl TyHbIKTaIransl kepcerinaren. Cas-
nap petinge MaplnuHKeBUY TUIIHJIET] HHTEPIIOJISITUSIBIK, TeOpeMa YChIHbLIFaH. Bys Teopema oJici3
GarasaysiapaH KYIITi barajayiap ajayra MyMKIHIIK Oepe.

TyitiH ce3mep: TOpJbI KEHICTIKTEP, MUCKPETTI TOPJIbI KEHICTIKTep, MapinHKeBUY TUIITI HHTEP-
TIOJIATINSIBIK, TEOPEMACHI.
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NuTepnonsimuoHHasi TeopeMa IJjisd JUCKPETHOrO CETEBOro IIPOCTPAaHCTBA

B pabote nccrenyercst AUCKpeTHBIE CeTEBbIE IIPOCTPAHCTBA Ny o (M), Tie M - HeKoTOpOE buKCHpPO-
BAHHOE CEMEHCTBO MHOXKECTB U3 MHOXKECTBa IeJbX duces Z. OTMeruM, 910 B CJIy4ae KOrja CeThb
M ecTb MHOYKECTBO BCEX KOHEUHBIX HIOJIMHOMKECTB I[e/IBIX YHCesI IPOCTPAHCTBA Ny, 4( M) coBanaer
¢ JUCKPETHBIM IpocTpancTsoM Jloperna I, o(M). Jist 9TUX OPOCTPAHCTB U3BECTHBL KJIACCUIECKUE
MHTEPIOJISINOHHBIE TeopeMbl Mapruakesnya-Kasbaepona.

B pabore n3y4arorcst HHTEPIOISIIHOHHbIE CBOHCTBA TUCKPETHBIX CETEBBIX IIPOCTPAHCTB Ny, o(M),
B CJIyYae KOIJIa CEMEeHCTBO MHOKECTB M SIBJISIETCSI MHOXKECTB BCEX KOHEYHBIX OTPE3KOB M3 KJIACCa
LIEJIBIX JuceJ Z, T.e. KOHEYHBbIX apudMeTHIeCKUX IIPOrpeccuu ¢ maroMm pasBHbIM 1. JlanHbIE IIpO-
CTpaHCTBa XapaKTepU3yeTcs TAKUMHE CBOICTBAMU, ITO Il MOHOTOHHO HE BO3PACTAIOIINX OCIEI0-
BATEJILHOCTH HOPMa B IIPOCTPAHCTBE 7, o (M) cOBIANAET ¢ HOPMOI JUCKPETHOIO IpocTpancTsa Jlo-
pentia l, (M). B To e BpeMms B 0T/IMHHe OT IPOCTPAHCTB JIOpeHIia naHmble IPOCTPAHCTBA 1y 4 (M)
MOKET COJIEPKAT MOCJIE0BATENLHOCTH HECTPEMSAIIHECS K HYJH0. OCHOBHBIM PE3YJIBTATOM JAHHOM
paboThI SIBJISIETCS JTIOKA3ATENBCTBO MHTEPIIOJIAIUOHHON TEOPeMbI JIJIsl 3TUX IPOCTPAHCTB OTHOCHU-
TeJbHO BEIeCTBEHHOIO MHTEPIOJISIMOHHOr0 MeToja. 1lokazaHno, 4To IKaJja JUCKPETHBIX CeTeBhIX
IPOCTPAHCTB Ny, 4( M) 3aMKHYTa OTHOCUTEIBLHO BEIECTBEHHOIO HHTEPIOJIAINOHHOr0 MeTona. Kak
CJIEJICTBUE TIPHUBEIEHa WHTEPIIONAIMOHRas TeopeMa Trna Mapunnkesuda. JlaHHbIe yTBEPKIeHUs
MO3BOJIAIOT TOJIYIUTh U3 CIAObIX OIEHOK CUJIBHBIE OIEHKH.

KaroueBble ciioBa: ceTeBble IPOCTPAHCTBA, JUCKPETHBIE CETEBbIE ITPOCTPAHCTBA, WHTEPIIOJISAII-
OHHasl TeopeMa Tuna MapIlyuKeBuya.

1 Introduction

Let S be the set of all finite sets of indices from Z". For a fixed set M C S we define the
space n,,(M) (0 < p,q < o0) as the set of sequences a = {a, }mezn with quasinorm for
0<p<oo,0<qg<oo

1

q

lallny. gy = | D ke (@n(M))" |
k=1
and for ¢ =00, 0 < p <

1_
lalln, oy = sup krap(M),

1<k<oo
where
_ 1
ar(M) = sup el Zam :
‘fee‘gk mee

where |e| is the number of indices in e.

These spaces were introduced in [6], and they were called net spaces.

Net spaces have found important applications in various problems of harmonic analysis,
operator theory and theory of stochastic processes [1-3,[7H11]. In this paper, we study the
interpolation properties of these spaces. It should be noted here that net spaces are in a sense
close to the discrete Morrey spaces:
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1 k+m %
my =4 a = {arhez supsup7<zwarrp) <o
r=k

méeN kez

In the case when a = {ay }rez, ar >0, for A =n <1 — ]—1)>

allng, o ary < llallmy-

The question of interpolation of Morrey spaces was considered in the works [5}/12] and
it was shown that this scale of spaces is not closed with respect to the real interpolation
method.

In this paper we show that if M is the set of all segments from Z the scale of spaces is
closed with respect to the real interpolation method, i.e. the following relation holds

(npo,qo<M)anp1,q1<M>)97q = npq(M). (1)

Given functions F' and G, in this paper F' < G means that F < ¢ G (or ¢ F' > @), where
¢ is a positive number, depending only on numerical parameters, that may be different on
different occasions. Moreover, F' < G means that F* < G and G < F.

2 Interpolation theorem
Let (Ap, A1) be a compatible pair of Banach spaces [4]. Let

K (t,a; Ao, A1) = K(t,a) = inf (Jlag]La +tlarlla). a € Ao+ A,

a=ao+ai

be the functional Petre. For 0 < ¢ < 00, 0 <0 < 1

o} dt 1/q
(AO,Al)gﬂ = {(I € Ag+ Ay ||a||(AO,A1)6’q = (/ (t_eK(t,a))q?) < OO},
0

and for ¢ = oo

(AO,Al)g,q = {a c A() + Al : ||CLH(AO,A1)9,(1 = Sup t_eK(t,CL) < OO}

0<t<oo

Theorem 1 Let 1 < py < p; < o0 and 0 < qo,q1,q9 < 0o. Let M be the set of all segments
from Z. Then

(npo,tm (IM )7 py,q1 (lu ))g,q = np,q(lw )7
1_1-0 0
where & ==+ =, 6 € (0,1).

Proof. Let us prove first

(1,00 (M), Nhoo,00 (M) ) = T1p,q (M), (2)
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where % =1-0,60¢€(0,1). Let 7 € N and M be the set of all segments from Z. Divide our

entire axis into disjoint segments { I}, }rez, where I, = (2%, 2%1) of the measure |I;| = 7. It is
obvious that 7 = 281 — 28 = 2% Let a = {am tmez € npy(M), define the sequence by = {02 }:

>

mely

for n € I.

Note that [0°| < @, (M) and

> (an— b)) =0.

nely

Let D, (a) = {b = {bu}nez : |bu] < a,(M)}. For the Petre functional, we have the following

K(t,a;n1,06(M), o0 0o(M)) = inf  (||aollny oy + tllarlne oo ar))

a=ap+ai

< inf (sup k(a—0),(M)+t sup bp(M)) < sup k(a—0°),(M)+ta,(M).

beD-(a) 1<k<oo 1<k<oo 1<k<oo

Consider the first term

sup k(a—0°), (M) =< sup k(a—10°),(M)+ sup k(a—b%),(M).

1<k<o0 1<k<Tt T<k<oo

Let I be an arbitrary segment from M such that |I| > 7. Hence

> (e,

nel

=S -+ Y @)+ Y (a8

I, CI nely nEIﬂ[kO nelﬂlkl

< Z an| + Z Qn, +(’[m[k0’+’[m[k1|)aT(M)v

nEIﬂlko nEIﬂIkl

i.e., the following estimate holds

Z(an —05)

nel

where s1 = [I NIy, | < T, 59 =|I NI, | < 7. Hence we have

Z(an )

nel

S 81C_L51 —+ SQ(_IS2 -+ 2TdT<M),

<4 sup sas(M).

T>s5>1

Hence,

_ 1
sup k(a—0°), = sup ksup —

<4 sup sas(M).
T<k<oo T7<k<oo |I|>k ’[|

T>52>1

Z( n_bg)
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For the first term we have
sup k(a—b°), <c sup kay(M).
1<k<oo r>k>1
Thus,
K(t,a;n1 00(M), Moo oo(M)) S sup kag(M) + ta,.(M).

T>k>1
Then we have

1

[l (1, (A1) 100 0 (3116, = (Z (27K (2m, a))q>

MmeEZ

Q=

m=—00 m=0

- ( i (g—emK(2m,a))q>q + (i (2‘9mK(2m>a))q)

For the first term, we have

1 1
—1 q -1 q\ ¢
—6m m q —0m m
(2:@ Km,m) =(§:@ a%%ﬂ%hwm+2wmme)>

m=—0o0 m=—0oQ

1
-1 i
—0m, q
g(}i@“”wmmm»>=wwwﬁmswmmw

m=—00

For the second term, taking into account that 7 = 2™ and applying the above estimate
for the Petre functional and Minkowski’s inequality, we obtain

(f: (2—9771}((2”17 a))q) ' < (f: (2—97” sup kak(M) + QmaT(M))q> q

m—0 m—0 T>k>1

< <i (2—97” sup k(_lk(M)>q> q + (i (2(1—9)ma2m(M))q> ! .

1

Considering that k& < <Zf:1 rq_1> and changing the order of summation we get

N

<Z (2-9mK(2m,a))q)q§ 3 (2 (Z}rQ‘laZ(MO +llalln,,

m=0 m=0

Q=

Q=

[e.9] [e.9]

=D _rtanm) Yo 27|+ lalln,.,on

r=1 m=logy T
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1
oo q
(zw T >) el =l o,

r=1
Hence,

@/l 1,0 (M) 100 00 (110, S 10

So we get the embedding
Mg (M) = (11,00(M), Moo 00 (M) ) 0,4,

where 117 =1-6, 0€(0,1).

Let us now prove the reverse embedding. Let k € N, a € (11,00, Noo.00)og and @ = ag + a1
be an arbitrary representation, where ag € ny 0 (M) and a; € neg oo (M). Obviously, ax(M) <
a)(M) + a;,(M). Then, if we denote v(t) = ¢, where ¢ € (1,00), then

sup kay(M) < supkag(M) + sup kay(M) < sup kay (M) + tsup ay,(M).
o>k k>0 o(t)>k k>1 k>1
Taking into account the arbitrariness of the representation a = ag + a; we have
sup kag(M) < K(t,a;n1,00(M), Noo 0o (M)).
v>k>0

Therefore, for 0 < ¢ < 0o we have

/OOO (tBK(t,CL;n17m<M)7nm,w(M)))q% > /100 (t" sup kak(M))q%

v>k>0
00 q dt o q
> cl/ (t_e sup k:ak(M)) — > CQZ (Q_QT sup kak(M))
1 t>k>0 13 p— 27 >k>0
> Co Z (2r/p52r(M))q .
r=1

Thus we get the embedding
(11,00 (M), Nog,00 (M) )0, = 11p.(M), (3)

where % =1-0, 0<(0,1).

Hence the relation holds. To prove the general case, we use the reiteration theorem |4,
Theorem 3.5.3].

Let 1 < py < p1 < oo. From it follows that there are 6y, 60; € (0,1) such that

(121,00 (M), ow,00 (M) ) 09,00 = Tpo,q0 (M)
(nl,OO(M>7 nOO,OO(M))Ql,lh = Np1,q (M),

then by the reiteration theorem it follows that
(npo,tIo(M)v Np1 g1 (M>>9 q — (nl OO(M)> nOO,OO(M))W,q = nILQ(M)'

In the last equality, we took into account that n = (1 — 0)0y + 66;.
This proves the theorem.
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3 Corollary
As a corollary, an interpolation theorem of Marcinkevich type is presented.

Corollary 1 Let 2 < py < p; <00, 1 < qo,q1 < 00, @9 # q1, 0 < 7,0 < 00, M 1is the set
of all segments from Z, G = {a = {ay}rez, ax > 0}. If the following inequalities hold for a
quasilinear operator

||Ta’an0,oo(M) S FO||a||np0,a(M)7 a 6 np07U(M)7 (5)

1T allng, coan) < Erllallng, o) @ € 1py 0 (M), (6)

then for any a € G Nn,, we have
HTa/an,T(M) S CF&_HFfHaanJ(M), (7)

where }D = 1p;09 + p%, 0 € (0,1) and the corresponding constant ¢ depends only on p;, q;, 0,1 =
0,1.

Proof. According to the real interpolation method |4, Theorem 3.1.2] and the inequalities

and (6] it follows

—0 16
1T (g oo (31, 030 < F0 P FY Nl (0 (1) 09, 0 (1))

From the relation (3)) we have that

[T alln, .0y < cllTall(ngy 00 (M)mg, 00 ()5, -

From Theorem [I} taking into account that a = {ax }rez, ar > 0, we get
||a||np,T(M) = ||a||(npo,O'(M)7nP1,U(M))9,q'
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