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ON THE INITIAL BOUNDARY PROBLEM FOR HYPERBOLIC
EQUATIONS WITH EXPONENTIAL DEGENERATION ¢!2/7

Degenerate equations have been and are the object of numerous studies. They have not only
theoretical but also practical significance. Let us only point out the fact that they arise when
modeling subsonic and supersonic processes flows in a gaseous environment, filtration processes
and movement of groundwater, in climate forecasts, etc. Mathematically, the degeneracy of a
differential equation can be different. In this paper we consider a degenerate equation of the
form 9y (t°0yu(x,t)) — Au(wz,t) = f(z,t). In a bounded cylindrical domain, when the degree of
degeneracy 8 = 12/7, we have established the unique solvability of the Cauchy-Dirichlet problem
for the considered degenerate hyperbolic equation. Based on the solution of the spectral problem
for the Laplace operator with Dirichlet conditions are introduced spectral decompositions of the
right side of the differential equation and the desired solution to the Cauchy-Dirichlet problem.
For the Fourier coefficients we obtain a family of Cauchy problems for a degenerate second-order
ordinary differential equation, moreover, the second initial the condition must be met with weight.
The latter is determined by the degree of degeneracy of the equation. The solutions to each of the
Cauchy problems are represented by using Bessel functions. A priori estimates are established, on
the basis of which is established the solvability of the initial-boundary problems for a degenerate
hyperbolic equation.

Key words: Degenerate equations, degree of degeneracy, hyperbolic equations, a priori estimate.

M.T. 2Kuenosimes, A.C. Kacbimbexora™
MaremaTnKa KoHe MATEMATHKAJBIK, MOJEIbIEY HHCTUTYTHI, KaszakcTam, AjIMaTs! K.
*e-mail: kasar1337@gmail.com
YKoitbibiM mapeskeci t12/7 rumepGoanbiK TeHaey YIMiH
GacTarKpbl IIIeKapaJIbIK, eCell TyPAaJbl

2Koitbuimasibl TeHEyIep KONTereH 3epTTeyJepiiH, 00beKTici 0oIbl Ja YKoHe OOJIBII TaObLIAIb.
OJap/IbIH, TeK TEOPUSIBIK, €MeC, MPAKTUKAJIBIK MaHBI3bI H6ap. Artam KereTiH OoJcak oJap ras3jbl
OPTa/Iarbl JIBIOBICKA JIEHIHTI 2KOHEe Ccylep JbIOBICTHIK, arblHJIAp, CY3y KOHE KeP acThl CYJIapBbIHBIH,
KO3FaJIBICBIHBIH, VJIEPICTEPIH MOJIeJIblIey Ke3iHie, KJAUMATTHIK, OoJiKaMapia KoHe T.0. maiiga 60-
sagel. MareMaTuka bk TYPFbIIaH JuddepeHnuaIblK, TeHIEYIIH *KONBLIBIMIBIFBl OPTYPJIi 60-
Jiybl MyMKiH. Byir xxymbicra 0, (tﬂ Opu(z, t)) — Au(z,t) = f(z,t) Typinmeri KolbLIMAJIBI TEHEYIH
kapacTbipambis. [lekresren munHApIiK 0BJIBICHIHAA, KOMbUILIM sppexeci J = 12/7 Goaranza,
KaPaCTBIPBIIBII OTBIPFAH KOWBLIMAJIBI TUIIEPOOIAIBIK TeH ey yimiu Kormmmu-/lupuxite ecebinin 6ip-
MOH/II IIeniMIIirin opHarThik. Jlupuxie maprrapelr 6ap Jlamiac omepaTopbl VINiH CIEKTPJIK
ecemnTiH ImenriMi Herizinge, 6beplireH GyHKIMsT OOJIBIT TAOLLIATHIH NuMQEPEHITUANIBIK TeHJIEYIiH,
oH, >karbl MeH Kormmu-/lupuxiie ecebini i3mestini menmiMinin, CreKTpJIiK xkikresyi earizineni. @ypoe
Ko durmenTrepi yimH 6i3, eKiHmm 6acTamKbl MAPTHI CAJIMAKTHIKIIEH OPBIHIAIYBI KaxKeT OoJra-
TBIH, KOMBIIMAJIBI €KiHIM peTTi KapamaitbiM auddepennuasi bk, TeHaeyaepain Komm ecenrepinin
TOOBIH ajiaMbl3. COHFBICHI TEHJIEY/IH YKOWBLIBIM JIOPeXKeCiMeH aHbIKTajabl. KO ecenrepiHiH,
OPKAMCBHICHIHBIH, IernriMaepi becceib GyHKIUsLIAPHI aAPKBLIBI aHBIKTAIAbI. 2K yMBICTa COHBIMEH
KaTap KOMBIIMAJIbI THIEPOOIAILIK, TEHAEY YIIH OACTAIKBLI IMeKapaJsblK eCeIlTiH IMemiMIlTirine
Heri3 OOJIATHIH AIPUOPJIBI Oaraayaap aJbIHIb.

Tyitin ce3nep: 2KoitibliMasibl TEHIEYTED, *KONBIIBIM JI9PEKeci, TUIepOOTAIBIK, TEHIEY, ATTPUOPJIBI
GaraJiaysap.
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O HavyaapHO-rPAaHUYHOM 3aJa4de [Jisl TUIepPOOIMYIECKOro ypaBHEHUS
CO CTereHHBIM BBIpOXKAeHuem t'2/7

Bripoxk gatoriuecs: ypaBHEHUSs sIBJISINCH W ABJISTFOTCS OO'bEKTOM MHOIOYMCJIEHHBIX HCCJIEIOBAHMIA.
OHM MMET He TOJIKO TeOPETUYECKYIO, HO M IMPAKTUYECKYI0 3HAUMMOCTh. Y KayKeM JIUIIb Ha TOT
dakT, ITO OHI BO3HUKAIOT IIPYU MOJEJIUPOBAHUY ITPOIECCOB T0-3BYKOBBIX U CBEPX-3BYKOBBIX TEYe-
HUIT B ra30BOI Cpejie, IPOIeccoB (PUIbTPAINNA U IBUKEHUS MOA3eMHBIX BOJ, B IPOrHO3€ KJIMMa-
Ta U T.J. Maremarwdaecku, BoIpOXKAeHNE MU(PDEPEHITNATLHOTO YPABHEHUS MOYKET OBITH pa3Int-
HbIM. B Hacrosiieit pabore paccMaTpUBaeTCsl BHIPOXKIAIOIIEECs] YpaBHEHUE BUIa Oy (tB Opu(z, t)) —
Au(z,t) = f(x,t). B orpaHWYeHHON NUJINHIPUIECKONH OOJACTH, KOTJIA CTENEeHb BBIPOKIEHMUSI
B =12/7, HaMu ycTaHOBJIEHA OJHO3HAYHAs pa3pemuMocTh 3agaau Kormu-lupuxiie s paccmar-
PUBAEMOTO BBIPOXKIAIONIETOCS TUIIEPOOTMIECKOr0 ypaBHeHus. Ha ocHOBe peleHus CreKTpaabHOM
3ajadu Jid oreparopa Jlammaca ¢ ycimoBusmu Jlupuxite BBOASATCS CHEKTPAJIBHBIE PA3JIOKEHUS
3aaHHbIX QyHKIUH — npaBoit Yactu anddepeHInalibHOr0 YpaBHEHNS U UCKOMOI'O DEIeHUs 3a-
gaqan Kommu-dupuxne. g kosbdurmentos Oyphe Mbl mosiydaeM cemeiicTBo 3aja4d Ko jiist
BBIPOXKTAOIIErOCs OOBIKHOBEHHOTO M (PepeHITNabHOIO YPABHEHUST BTOPOTO MOPSIKA, IPUIeM
BTOPOE HaYaJbHOE YCJIOBUE JIOJIYKHO BBIMIOJHATHCS ¢ BecoM. llociiesiHee ompeiesisieTcst CTerneHbio
BBIPOXKJICHNST ypaBHEHUs. Pernrenns Kaxkmoit n3 3ama4d Ko npeacraBisiercs: ¢ TOMOIIbIo (pyHK-
nwuit Beccesst. YcraHOB/IEHBI allPHOPHbBIE OIEHKH, HA OCHOBE KOTOPBIX YCTAHOBJIEHA PAa3PEINMOCTD
HAYAJILHO-TPAHUYIHON 38189 J7IsI BHIPOXKJAIOIIETOCS TUTIEPOOTUTIECKOTO YPpaBHEHUSI.
KitoueBbie cJsioBa: Bripoxkiaroripecst ypaBHEHUsI, CTEIEHb BBIPOXKJIEHUs, TUIEPOOIMIECKOe
yPaBHEHUE, AIIPUOPHBIE OICHKH.

1 Introduction

Would like to note that the authors study degenerate equations and investigate the solvability
of various initial-boundary value problems in degenerate domains [1|- [4]. The presented work
is a continuation of these studies.

The following initial-boundary value problem for a model degenerate hyperbolic equation

0:(t°0u) —Au=f in Q=Qx(0,7), (1)

u=0 on X =00x(0,T), (2)
o . ﬁ _ .

u(z,0) =0, t1_1>r£0t Jwu(x,t) =0 in Q, (3)

was studied in the dissertation of N. Kaharman [5]. In particular, he established the following
result:

Theorem 1 Let § € [0,1), f € L*(Q), (-A)**f € L*Q). Then problem (1)-(3) is
uniquely solvable, and there is an a priori estimate

HUH%/VM(Q;W) = ||“||%2(Q) + HtﬂatuHI%V%(O,T;L?(Q)) + ”AUH%?(Q)
1-p
2—p’
that is, the parameter v changes within the half-open segment: v € (0,1/2].

<C ||f||%2(Q) + ||(—A)1_”f||%z(Q)] , where v =
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As is known from [6], [7]- [12], if the degree of degeneracy € [0,1), then this is a case
of weak degeneracy of the equation. If 5 € [1,2], then this is a case of strong degeneracy.
Thus, in the dissertation of N.Kaharman [5] the case of weak degeneracy is considered. The
case of strong degeneracy is more difficult to study. Here, each value of the parameter [ from
the interval [1, 2] requires separate consideration. In this paper we study the case g = 12/7,

parameter v = 5/2.

2 Statement of the problem. Main result

Let 0 < T < 00, Q C R" is a bounded domain with the boundary 9Q € C%, Q = Q x (0,7T),

¥ =00 x (0,T). Consider the following initial boundary value problem
8t(t12/7 8tu) —Au=f in Q,
u =0 on X,
u(z,0) =0, tl_iglotlz/? Ju(x,t) =0 in €.

The following result is valid.

Theorem 2 (Main result). Let the following conditions be satisfied:

[z, 1) Af(z,1)
tOé

i € L*(Q), a>23/14.

flat) € LX(Q), € L*(Q),

Then the problem (5)—(7) is uniquely solvable, and there is an a priori estimate

HUH%/V(Q;H?”) = HUH%%Q) + Htlz/7 atu”%/v;(o,T;H(Q)) + HAUH%Q(Q) <

2
LQ(Q)]

3 Methods and materials. Proof of theorem2. A priori estimates

f(z,t) Af(x,t)

tOL

<C

vl

1Dl + H
L2(Q)

Applying the Fourier method to problem (5)—(7), namely u(z,t) = > ¢;(t)z;(x) we obtain
j=1

the Cauchy problem for the Fourier coefficients c;(¢)

(27ej (D)) + Ay (1) = f3(t) in (0,T),
¢;(0) =0, tl—i>r£0t12/7 c(t) =0,

where {z;(x), A\;} is a solution to the spectral problem:

—Az(z) = Az(z), x€Q, z|spa =0,
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and let the solution has the form
{zj(x), Aj, j=1,2,..}, moreover, 0 <\ < Ay < ..., (12)

and the system of eigenfunctions {z;(z), j = 1,2, ...} is orthonormal.
Temporarily, for simplicity we will omit the index j. Let us rewrite equation (9) and the
initial conditions (10) in the following form:

2" (t) + 1—72tc’(t) + Xt 7e(t) = t¥Tf(t) in (0,7). (13)

c(0) =0, hm 27 () = 0. (14)

Let us find a general solution to the inhomogeneous equation (13). According to ( [13], chapter

2, §2.1.2, formula 62 or 127), the general solution to the homogeneous version of equation
(13) has the form:

Chomeeq. () = /1 [AJs/Z (7\/Xt1/7) + BYs)s (7\/Xt1/7)] , te(0,7). (15)

Since in (15) the Bessel functions have an index v = 5/2, then according to ( [14], 10.1.1,
10.1.11-10.1.12 at v = 2) for the homogeneous equation (13) (for f(¢) = 0) the fundamental
solutions can be written in the following form

= 5 — L sin 1Ty —
pi(t) = ([7\/Xt1/7]3 7\/Xt1/7> (7\/Xt )

3
W COS(?\/th/7>,

) cos(TVALYT) — sin(7TVAtY7),

1
( 7\/_t1/7 7\/Xt1/7 [7\/_ t1/7)2
@1(2) = (% — 1) sin z — §cosz Pa(z) = (—% + 1) cos z — §sinz, (16)
2z

z z
that is

P1(t) = o1(2)| oz pm P2(8) = 02(2)| ;e (17)

therefore, the general solution (15) for the homogeneous equation (13) (for f(t) = 0) is
written as:

chom (t) =t~ [Apr(t) + B pa(t)]. (18)

Note, that the necessity for additional notations (16) will become evident later (formula(21)).
To find a general solution to the inhomogeneous equation (13) (where f(t) # 0) we use
the method of variation of constants. We will have

c(t) = A(t) pa(t) + B(t) @at). (19)

Let us write the system of algebraic equations in terms of the unknown functions A’(¢) and

B'(t):

p1(t) A'(t) + pa(t) B'(t) = 0,
(20)

(1) A'() + (1) B(t) = ik,
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for which we calculate the Wronskian ( [14], 10.1.6) and the corresponding determinants

p1(t)  wa(t) 1
W =W {pi(t), a(t) } = S0 (D) H = W,
0 aft) ei(t) 0
f(t) f(t)
Wy = = - 2 ) WB = = 1 '
A zzgi)? () 277 ¥ (t) (1) {lgij)? 1277 % (t)

Hence, for the unknown coefficients of the general solution of equation (13) from (19), we,
respectively, obtain

that is,

sin(7v/A 71/7)] dr +a,

3
AT

Alt) = 7\/X0/t 51(17;)7 <— [7\/;71/7]2 + 1> cos(TVATYT) —

cos(7V/\ 7‘1/7)} dr + b.

3
a7 |G T

To satisfy the first initial condition from (14), it is necessary that a = 0, b = 0. Then for
the general solution of equation (13) from (19) we obtain

B(t)z?x/X/t /() ([ 5 ; —1) sin(7TVATYT) —

o) =~ [ T 608 - 510 dr (21)

0

where according to (16)—(17) the functions ¢y (t), P2(t) are defined by the following formulas

D (2 sin yy_ 3 cos T
“"1(”‘([th1/q2 1) (AT = i STVALT)
D (a3 coS Uy — 5 sin T
902(15)—( [7\/Xt1/7]2+1> (TVAET) AR (TVAEHT).

For convenience of calculations, we introduce the functions &(z), f(2), ¢1(z), @2(z), so
that the following equalities hold:

C(t) = E(Z)’Z:hﬂtl/?v f<t> = f(z)‘zz7ﬁtl/7> 951(75) = (‘51(2)|z:7ﬁt1/7’ ()52(t> = @2<2)‘z:7ﬁt1/7’
(22)

3 3 3 3
o1(z) = <— - 1) sinz — —cosz, @a(z) = (——2 + 1) cos z — —sin z. (23)
z

22 z z
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Then from (21)—(23) for the solution ¢(z) we obtain
z (P
—76/\5/2/ ];(55) { [(% — 1) sin z — gcosz} {(_F + 1) cos( — %Sing} —
0

{(? — 1) sin( — %cosg} [(—% + 1) CoS z — gsinz}} dc, (24)
or

o(z) = 76)\5/2Zf(o-3(z—0{<1 38 4 52)M+<5+%)cos<z—o}d<=

2(? ¢? z 22 z—C
0

e(2) = 132 [ 19 15 )50(0) - 21(O)al2)] dc =

—3.7075/2 [/ fT (1 — 3 + CQ) sin(z — ¢)d¢ — / ggZ(zH 3) (1 — g) cos(z — g)dg] .

(25)
From (25), using formulas (21)-(24), we obtain:
[ 17 [ 1)
T
le(t)] < Kl/t1/7713/7d +‘[(2/752/77.13/7d7— S
0 0
K $o1— 3/2 K ta2—23/14
\/27 2 (7) , a=max{ay, as} > 23/14, (26)
aq \/ 20[2 — 23/7 L2(0,T)
where the constants K7 and K5 do not depend on A, and satisfy the inequalities
> > 3
Ky > )\ Ky > 332 (27)

From (26)—(27) ,we obtain the fulfillment of the first initial condition from (14).
Let us now verify the fulfillment of the second initial condition from (14). We will calculate
the derivative with respect to z of the function ¢(z) (25):

g'(z) = —=3-75X\%/2 () —2(+ -4+ 9§ — 3C2 sin(z — )+
2247
0

1
+_
z

(22 —42¢+3(¢*—2) + 9%) cos(z — g)} d¢. (28)
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Furthermore, by using the formula

212 dz(t) 24

t12/7c/<t) = ~i536 C/(Z)‘Z:n&tlﬁ = T c <Z)|z:7ﬁt1/7’ (29)
we establish
6 tF 2
ﬁél(z) = —324/% { (—ZQ +¢ -4+ 9% - 3%) sin(z — ¢)+
0
+§<%—44+&@2—m+gg)qu—o}dg (30)

From relation (30), using formula (29), we, respectively, obtain

t t

10/7 9/7

+13/7 +13/7
0 0
Klta%—gﬁ Klta1—10/7
< ! T L 1(7) > 19/14,
V2 —19/7 /202 —19/7 | Il T |l 20

where the constants K| and K3 do not depend on A, and satisfy the following inequalities

3 3
1 1
Kl > s K62 o

We have shown that the second initial condition from (14) also holds if there is the
following requirement on the right-hand side of equation (13) t=°1f(t) € L*(0,T), a3 >
19/14.

So, we have shown that if the conditions of theorem 2 are met, function (21) satisfies
Cauchy problem(13)-(14).

Let us proceed to establish the a priori estimate (8). For the solution ¢(t) (21) according
to (26) , we will have:

K Ta173/2 K. Ta2723/14
()] < | — + =2 f<z) , a =max{a;, ay} > 23/14. (31)
\% 20[1 -3 \/ 20&2 - 23/7 T L2(0,T)

From (31) we have

f(7)

lellzz < T -

, a=max{a, as} > 23/14.
L2(0,7)

KlTa1—3/2 KQTa2_23/14 ’
+
V2a1 =3 /20y —23/7

(32)

Furthermore, from the equation (13), we obtain:

(277 0) | < 170+ Ne(w),
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Using the last inequality and (32), we will have the following estimate

2
£2/7e/ (1)) | : > 23/14. 33
@@y < Ko (SO0 + |55 | 0> 2 (33)
Finally, using the relations
t T
12/7 174\ _ 12/7 .1 ! 12/7 1432 12/7 7 &
e () = [ (7 () dr, [P @|T<T [ (7P ()| dr
0 0
and the estimate (33), we obtain the following estimate
2
2
157" Ol 20,7y < Ko [Hf(t)llizmm + » T)] . a>23/14 (34)

Now, returning the indices j to the functions ¢(¢) and f(t) we note, that these are the
Fourier coefficients of the functions u(z,t) and f(z,t) in the expansions:

= ¢i()z(), fl,t) = fi(t)z(), (35)
j=1 j=1
where {z;(x), \;, j =1,2,...} are solutions to the spectral problem (11)-(12).

As a result, using formulas (21) and (35), due to the Parseval-Stecklov equality and the
estimate (32), we have the first a priori estimate:

1.
lu(z, )[|72(q) = Z les Ol 207) < K5 , a>23/14. (36)
L?(Q)
Next, for —Au(z, t) according to (36), we obtain the second a priori estimate:
S Af(a,t)||”
[Au(z, )12y = Z I (O Z200m) < Ko —a |, @7 23/14. (37)
j=1 L*(Q)

Now let us establish an estimate for the expression 825(15172 d¢u(z,t)). First of all, from
equation (5), we obtain equalities

0,(2/ d,u(a, 1)) = f(@.1) + Az, ) (39)
t
27 0z, t) = / [f(z,7) + Au(x, )] dT. (39)
0
From (38)—(39) and estimate (37) we have the third and fourth a priori estimates
2 Af(x,t 2
19:(£7 v, ) | o) < Ko | 1 720y + H# 2 ] . a>23/14, (40)
L2(Q)
Af(z,t) |
£ D, )] 2y < K [nfu%z(@) + H# ] . a>23/14 (41)
L2(Q)

The set of inequalities (36), (37), (40)—(41) is equivalent to the a priori estimate (8).
Theorem 2 is completely proven.
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4 Conclusion

In the work, sufficient conditions are found to be imposed on the right-hand side of
the differential equation, which ensure in the Sobolev space the unique solvability of
the homogeneous Cauchy-Dirichlet problem for one inhomogeneous degenerate hyperbolic
equation, the degree of degeneracy (3 of which is determined by the relation: g = 12/7.
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