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MATHEMATICAL MODELLING OF THE PROCESS OF NATURAL GAS
TRANSPORTATION VIA PIPE NETWORKS USING CROSSING-BRANCH
METHOD

This research is among the most relevant research on the problems of natural gas transportation via
pipe networks. The increased demand for natural gas in Kazakhstan is associated with a greater
level of environmental friendliness; as a result, many power-generating stations use natural gas
as their main source of energy. Modernization of existing thermal power plants is necessary to
improve the environmental situation in the country. There are three main groups of gas pipeline
systems considered in the literature: collection, transmission, and distribution systems. In this
article, we present detailed research on the transmission process and develop useful approaches.
Over the past few years, a huge amount of research has been conducted on many problems of
decision-making in the gas industry and, in particular, on optimizing the pipeline network. In this
paper, we consider dynamical models, highlighting aspects of modelling and the most relevant
solutions to date. This research can serve as a useful tool for understanding the evolution of many
real-world applications and the most recent advances in solution methodologies emerging in this
complex field of research. The results of this research can be used to develop technologies for
automating calculations, planning, and optimizing natural gas transportation.
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KapacTsIpbuibiil OTBIpFaH 3€PTTEY KYMBICHI TAOUIH Ta3/bl KYObIP 2KeJijepi apKbLIbl TACBIMAJIIAY
Mocesiesiepi OobIHITa €H 63eKTi 3epTTeyepain 6ipi 6ombin Tabblaaapl. Kazakcranmgarsl Taburm
rasra JiereH CYPAaHBICTBIH, apTybl KOPIIaraH OpTara 3UsHCBI3JBIK JIEHI'eiliHiH KOFrapbljaaybIMEH
0allJIaHBICTDI; HOTUKECIH/Ie KOIITEreH 3JIEKTP CTAHIUIaPbl HEri3ri SHeprus Ke3i peTiHje TaOuru
ra3janpl naigaanaabl. FEijgeri 9KOJIOTUSIIBIK, KAFdaijIbl YKAKCAPTY VIIH KYMBIC icTen TypraH
JKBLTY 9JIEKTD CTAHIUSIADBIH KAHFBIPTY KaXKeT. OiedbnerTepie KapacThIPhIIFAH Ta3 KyObIpJIaphl
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3epTTey KOITEreH HAKTBHI 9JIeM KOJIaHOAJAPBIHBIH SBOJIIONUSCHIH YKOHE OChI KYPJEsi 3epTrrey
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MaremaTruvieckoe MOAeJIMPOBaHUE MPOIECCA TPAHCIIOPTUPOBKYU MPUPOIHOTO rasa 1o
TPYyOONPOBO/IHBIM CETSIM METO/IOM II€peCceYeHUs-BETBU

JlanHoe WcCIeIoBaHNEe OTHOCHTCI K YHCIY Hambosee aKTyaJIbHBIX MCCJIEIOBAHU 1O IpobemMam
TPAHCIOPTUPOBKYU IIPUPOJHOTO ra3a M0 TPYyOOIPOBOAHBIM ceTsiM. |IOBBIMIEHHBIN CIPOC HAa
npuponubiii ra3 B Kazaxcrame cBg3aH C TOBBIIIEHHEM YPOBHS SKOJOTHMYHOCTH; B PE3yJIbTa-
T€ MHOT'HE 3JIEKTPOCTAHIIMU WCIHOJIb3YIOT IPUPOJHBIA I'a3 B KadeCTBE OCHOBHOI'O MCTOYHHUKA
sHepruu. MojepHu3alus CyIeCTBYIONNX TEIJIOJIEKTPOCTAHIINI HEOOXOIUMa JJIs yJIydIIeHHs
9KOJIOTUYECKO CUTyaluu B cTpaHe. B jmuTeparype paccMaTpUBAaIOTCA TPU OCHOBHBIE TPYIIIIBI
ra30IMpPOBOJIHBIX CHCTEM: CHCTEMbI COOpa, TPAHCIOPTUPOBKHM W pacCIpejiesieHus. B 9Toit crarbe
MBI TPEJCTABJISEM IIOAPOOHOE WMCCJIEIOBAHME IIPOIECCA Iepeadn W pa3padaTbiBaeM IOJE3HBIE
MIOJTXO/TBI. 38 MOCJIETHIE HECKOJIBKO JIeT OBIIO MPOBEJIEHO OIPOMHOE KOJUIECTBO UCCIETOBAHUN 110
MHOTHM IIpo0JieMaM IPUHSATUS PEIIeHnii B ra30BOi OTPACIU U, B YACTHOCTH, IO ONTUMU3BAIAN
TpybonpoBoHON ceTu. B mgaHHON cTaThe MBI PACCMATPUBAEM JIUHAMHIECKUE MOJIEIU, OCBEIIast
aCIeKThl MOJEJMPOBAHUs U HamboJiee AKTyaJlbHble Ha CErOJHSIIIHWI JIeHb PEIleHUsl. ITO HUC-
cJIeJOBaHUEe MOXKET IOC/IYKUATH IIOJIE3HBIM HHCTPYMEHTOM /IS IIOHUMAHUA IBOJIOIUUA MHOIUX
peaJIbHBIX IPUJIOXKEHUN W IIOCJIETHUX JOCTUXKEHHN B METOJIOJIOIUAX DEIIeHUs, BO3HUKAIOIINX B
9TOI CJI0KHO# o0JjlacTu mcciemoBanuii. Pe3ynbraThl ncciaeqoBaHnss MOTYT OBITH HCIOJb30BAHBI
pu pa3paboTKe TEXHOJIOTHWH aBTOMATU3AIMK DACYETOB, IJIAHUPOBAHUS M ONTHMU3AIUU TPAHC-
IIOPTUPOBKHU IIPUPOJHOTO Ta3a.

Kuro4deBble ciioBa: TpaHCIIOPTHPOBKA TPUPOIHOTO ra3a, MAaTeMaTHIECKOe MOIECTHPOBAHIE, HEJIU-
HeliHasi MOJIesb.

1 Introduction

This research is intended to build mathematical and computer simulations of non-stationary
modes with the optimization of the gas transportation process by choosing the most effective
control strategy and control actions on the technological equipment of the main gas pipelines
of the gas transmission system.

Over the past couple of centuries, fossil fuels have been the primary source of energy and
essential to global economic growth. Originally, coal was the main source of energy, but oil
later replaced it and became an important factor in maintaining civilization.

In the modern world, the rise in prices for non-renewable energy sources is breaking records
in the entire history of their production. It is advisable to connect this with the deteriorating
environmental situation in the world. A gradual transition to clean types of energy, such as
solar, wind, etc., is planned by most developed countries. But immediate transformation of
energy systems is impossible and takes time. Therefore, the most promising direction is less
polluting energy sources such as natural gas.

Complex gas-dynamic processes occurring in a pipeline in transient conditions require
a more comprehensive solution to problems such as management, design and operation of
gas transmission systems. It should also be noted that gas transport is carried out in large
diameter pipes and under high pressure.

The characteristics of the gas in the pipeline change in real time, which significantly
complicates the modeling process and does not allow one to estimate the gas parameters well
enough to make a decision. Gas dynamics is described by a system of three partial differential
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equations based on the laws of conservation of energy, mass and momentum. But for practical
purposes, the obtained numerical solutions of this system do not give satisfactory results.

An acute discussion about physical phenomena on graphs continues, particularly regarding
the context of gas dynamics [1], [2] including the publications of the Pipeline Interest Group
[3] or textbooks such as [4], [5].

In particular, accurate but computationally cheap prediction of gas dynamics in pipeline
networks is a major industrial problem and has been studied for several years [6], [7]. In
gas dynamics, the predominant physical phenomenon is pressure loss due to the effects
of hydraulic friction on the pipe walls. Currently, there are several models that describe
this effect with varying degrees of accuracy. Most of these models are given on isothermal
Euler equations, i.e., a system of nonlinear partial differential equations for each pipe. The
main difficulty lies in nonlinear dynamics, i.e., the nonlinearity of the system of differential
equations, which limits the possibility of efficient and accurate modelling of pipelines and
pipeline networks.

We consider the problem of modelling and simulating gas dynamics in pipes. The key
point in modeling is the non-stationary nature of the process, which significantly affects the
construction of optimal control, reducing the quality of the resulting solutions. Stationary
modes are well studied and are often used in modeling natural gas transport, but they reduce
the plausibility and reality of such processes, which leads to low confidence in the results
obtained for management and decision-making.

Obtaining new capacity while maintaining emissions regulations is one of the difficult
problems facing countries. The most optimal solution to switch to gas leads to the
construction of gas-fired thermal power plants and gas power plants. The natural gas power
generation vector is a reliable hedge against the variability of renewable energy sources such as
wind and solar [8], [9]. Such conditions for energy supply are a challenge for gas transportation
systems, since different volumes of consumption must be included in the modes of the gas
transportation process in order to provide the necessary capacities in a timely manner. New
approaches should be considered to replace those that existed in conditions of stable gas
supplies, when gas from the field was supplied to consumers in accordance with established
volumes [10], [11].

Such contracts ensured a nearly constant supply of gas [12]. Modeling and optimization
of the transportation process was limited to the consideration of stationary processes [13],
[14]. But now, consideration of the stationary case for gas-dynamic systems is becoming
unsatisfactory. Several approaches to such research are encompassed in [15], [16].

The article is structured as follows:

Section 2 represents the description and statement of methods.

Section 3 provides a description of the main computational procedures and their
relationship. The results of the calculations obtained using the dynamical model are
shown in graphs.

Section 4 discusses the meaning, importance, and relevance of the research results.

Conclusions on the main outcomes of this study are finally presented in Section 5.
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2 Methods

The following is a mathematical model that most fully describes the process of gas movement
in a pipe, i.e., Newton’s equation of motion

8P+ dh+ A |M|M DWW
o T aps , TP a

=0, (1)

dh
where P is pressure, g is acceleration due to gravity, p is density, T is the slope of the pipeline,
x

A is the coefficient of hydraulic friction, D is the inner diameter, .S is the cross-sectional area,
M is mass flow rate,
DW  Ow ow
Ao e
and x is the length of the pipe.
The continuity equation is as follows:

dp OM

and the energy equation is written in the form of temperature § = 6(x) under the assumption
of zero temperature gradient over time. Also, the equation of state is

P = zRbp, (3)

where R is the gas constant and z is the compressibility factor.
The coefficient of hydraulic friction can be calculated using Chen’s formula [17], which is
often used in practice:

9] _ 1 _ OO
8 6\ 23257\ D * 08981V

1.1098
e/D 5.0452 1 € 5.8506
3.7065 Npge

Here, Ng, is the Reynolds number, Ng. = puD/u, p is the dynamic viscosity of the gas,
u is velocity, and ¢ is the roughness of the pipe.

Typically, isothermal models are used to model gas transport, ignoring temperature
changes along the length of the pipeline and over time.

There are many formulas for calculating the compressibility coefficient; for example, see
the source for an overview of existing methods [18]. Based on many studies, the standards for
calculating the gas compressibility factor based on the parameters and composition of natural
gas SGERG-88 [19], GERG-2004 [20], and the latest version of the standard GERG-2008 |21]
were constructed; these take into account most of the dependent factors.

In accordance with [22], a simplified formula is used in practice; the compressibility
coefficient of natural gas at a pressure of up to 15M Pa and temperature in range of
250 — 400K, z is calculated by the formula

z=1+ Alpred + AQPT€d7 (4)
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where

Ay = —0.39 + 2.03T}cq — 3.16T2, + 1.0T2 ,

T

Ay = 0.0423 — 0.1812T}0g + 0.2124772 .
Pred = PPC'I’?
Tred = TTCT‘

The critical pressure and temperature of the gas mixture can also be determined from a
known density under standard conditions (7" = 293.15K, P = 101325Pa):

P.. =0.1737-(26.813 — py), Te, = 155.24 - (0.564 + pg) ,

where pg is the gas density under standard conditions (set according to the gas passport).
The basis for all simplifications under the assumption of an isothermal process, and,
therefore, also the classical dynamics of a gas in a pipe, is described by the Euler equations:

pt+qx:Oa

2

q ) qlq|

- — AL goh,.
Qt+<p+ap> 2D, 9P

Here, ¢ is the gas flow, ¢ = pu, and a*> = zRT. The first equation is the law of
conservation of mass, and the second equation describes momentum. The system represents
a hyperbolic equilibrium law involving the effects of friction and gravity (described by gh,).
The computational complexity for modelling a pipeline network using these equations is
high. The first approximation of this system can be obtained by performing an approximate
estimate of the term d(¢?/p) and excluding it from the equation. The resulting system is

written as follows:
2
) q qlq|
1 = —A—— gph.
qt <a P ( + p2a2>> 2Dp ap

This system, known as the Weymouth equations, reduces to solving a linear system of
hyperbolic partial differential equations for each pipe.

In the research implementation, we consider non-isothermal (1) - (3) models using the
compressibility factor (4).

Adopting the space discretization according to Figure 7?7, the equation of motion (1) is
represented as

i | ;| Ly Ahi . pi+ b pig1pi L; dM,; .
i1 — Pi+ o M g LR N —0,(i=1,2,...,n), (5
Pt Pitop gz it it i T gar ar 00 n), ()
where _
. M;
w; = —
Sipi
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Figure 1: Discretization scheme by space

By following the paper [23], we write a discretized system of (2) - (3)

dp1 2
it M, — —
i s T e
dpi 2 2 .
M; = Miy) = — J(i=2,3, .,
dt + L; 1S;_1+ L;S; ( 1) Li 1S 1+ LiSiQ 7(2 n) (6)
dpn+1 2 2
dt + L,S, <_Mn) - _LnSnQn-i-l-

The integration is based on a modified implicit integration method [24] with a
nonsymmetric difference:

Vi1 — Y 1
e = AL = 0)Yair +0Yo) 4 5B (Unia + U

(7)

where U,, and Y,, are the values at time ¢, U, .1, Y,,11 are the values at time ¢t + At which is
the integration time-step, and 7 is the coefficient of nonsymmetric difference.

We write the system of (5) - (6) for ¢ = 2 in the following form:

OQEM2 + a1 My + ps — pa =12,

(8)
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d
5£P2+M2—M1+Q2=0, 9)
Ao |Wa| Lo L, Ahy . pa+b"p3py
SR bl bl = = —(g——py — —= /A0 =145 LS5, (10
Qaq 2D252w§2 , Q2 52@32 T2 g 11722 P 7, 2, 3 151 + LaSs. (10)

Here, values with a bar above represent values at the previous time step. Then, equations (8)
- (10) can be written using the implicit scheme (7):

axMs + p3 — p2 = fo, (11)
dapz + Mz — My = e, (12)
Qg = B + «
T (A—uv)At "
ro + T Qo v — v _ _
pr— M -
f2 2(1—v)+<(1—v)m+1—va1) 2, (2= pa)
3 (13)
dy = —————,
(1 —v)At
Q2+ Q2 s _ v v v
= — M _M .
“ 2(1—v)+(1—v)Atp2+1—v< 1= )

As a result, we obtain a system of linear equations with a tridiagonal matrix for equations
(11) - (13):

ai 1 M, bil P1
-1 dg 1 P2 €9 0
—1 (45} 1 MQ f2 0
-1 d, 1 Pn en 0

-1 ap, Mn fn —Pn+1

Equation (14) gives formulas for M; and M,,:
Ml :A+Bp1+cpn+17 <15>

First, let us build formulas for the coefficients of (15) using the left tridiagonal matrix
algorithm [25]:
Ml =M,
pit1 = &M; + i, ;
Mi—lzfipi_Fnh (Zzl, 2, ceey Tl—l),
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where the coefficients are written as follows:

Q2n— n— a; .
£o = 2QJMQZﬁL%gfz__———uzzn—&zn—auw1)
Con—1 Con—1 C; — bi§i+1

Simplifying n; (i =1, 2,..., n — 1), we obtain formulas for A, B, and C"

1
B=— 17
cp —by- 51 ( )
boy— boyp— bop— b
02_2 2 2n—3 ' 2n—4 1 _ 7 (18)
Con—1 Cop—2 — bap_o - §2n—2 Con—3 — bap_3 - §2n—3 ey — by - 52 cp— by - 51
e bop—
A= e b2n72 . f2 i + f2n72 . 2n + f2n73 X (19)
Con—1 Con—2 — bap—2 - €2n72
b2n74 bl 1
X + Jon_ e/ —
Con—3 — bap—3 - fzn—s f2 4) cy — by - ) fl) cp—by- 51

Second, let us build formulas for the coefficients of (16) using the right tridiagonal matrix
algorithm [25]:

Mn - 6717
pi = ;M1 + By, ;
Mi:aipi—i—l—{_ﬁia (z:1,2,,n—1)

where

by fi i .
agp=— fi=— a1 =—(@(=12,...,2n—2).
C1 C1 C; — ;0

Simplifying (;, we obtain formulas for U, V', and W:

1
W = (20)
Con—1 — Q2n—2 * Q22
a a a QA2py— 1
V= R LR 2n—2 : (21)
Ci Cp— Q1 Q1 C3—az-Q Cop—2 — Q2p—3 * Qgp—3 Cop—1 — A2p—2 * O2p_2
f a a
Uz—((((@l-—l+f2 2 ] x X (22)
C1 Co — a1 Q1 C3 — Q9 - Qg
a2pn—2 1
X + f2n1) : .
Cop—2 — Q2p—3 * Q2p_3 Cop—1 — A2p—2 * Q2p_2
In general, these formulas can be written as follows:
Mos = A+ Bpa + Cpg, (23)
—Map = U+ V,Oa + ng. (24)

Here, M,z elements describe crossing points in the transmission network (see Figure 3).
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3 Numerical results

We use a model for gas dynamics in pipe networks by the crossing-branch method. We present
the derivation of the model as well as numerical results illustrating its validity properties.
The calculation scheme consists of three main steps, as shown in Figure 2.

Initialize

calculateOutDirections|]
udateTotalData(]
i++

Figure 2: Calculation scheme by space and time

Next we present numerical results on an artificial sample network without compressors.
Future work will be dedicated to the model considering compressors along the entire network.

Qs

Figure 3: Crossing-branch scheme

To study the model, two calculation scenarios were built:
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1. Building a steady state with stable input data.

2. Constructing a dynamic mode with the simulation of the growth of the gas flow at one
inlet point of the main pipeline with a constant inlet pressure.

Using the crossing-branch method from [23]- [24] in Figure 3, we obtain numerical results
for the artificial gas pipes network, as shown in Figure 4.

The method used in this study can be applied to pipeline networks without involving
graphs. It is easy to see in the network figure that the mode of gas flow through pipes can
be set as an array of sets of points following the given orientation of the gas flow. Then, we
get an array of dimension 17, each element of which consists of a set of network points. For
example, for our artificial network, we get the array in Table ?77.

We present an example synthetic network in Figure 4 consisting of a tree with 29 nodes
connected by 28 edges with a total length of 370.6 km, 3 gas fields, and 7 terminals or
withdrawals, not containing compressors.

Figure 4: Gas pipelines network

Let us write the equation for the cross vertex a:

dapa + Z M; + Qa = €a, (25)

1€Qa
where @), is the set of neighboring cross vertices. If we assume that the data on the output
points are known, then we get an equation independent of ps. By combining all equations

for cross vertices by applying formulas (17)—(24), we obtain the linear system with respect
to vectors of unknown densities at the cross vertices of the graph:

Sp=R. (26)

totalRegimeCalculation[] constructs the initial regime using input data of the regime.
According to the scheme in Figure 2, the procedure constructFullSystem[] builds matrix
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S from (26) and solves the system. N depends on the simulation time, i.e., from the time
interval of the modelling of the transportation process. As the compressors are not connected
to the constructed gas pipeline network, the gas supply and the volume of consumption
must be equal. Here, the loss of gas during transportation is considered insignificant due to
micro-cracks in the pipes.

By ignoring gas parameters of output points of the network in (25), we must evaluate the
separate numerical procedures for that like calculateOQutDirections[]. This calculation is
used a linear non-isothermal model [26].

The last block of calculations includes the procedure updateTotalDatal[], which updates
all gas parameters and applies appropriate conversions, such as density to pressure.

Table 1: Table of the regime

Table 1: Table of the regime

Branch # | Set of points | Branch # | Set of points | Branch # | Set of points
1 {1,2} 7 {7,8} 13 {21,23,24}
2 {2,3,4} 8 {14,15, 8} 14 {7,25}
3 {2,5} 9 {8,12,13} 15 {25, 26, 27,28}
4 {5,6,9} 10 {18,17,16} 16 {25,29}
5 {5,7} 11 {19, 18} 17 {21,22,8}
6 {7,10,11} 12 {18,20,21}

Numerical experiments were performed with time step 7 = 0.01 sec and h = 1 km

and the duration of the simulation was 5.5 hours. Accounting for transient withdrawals, and
accordingly the assumption of transient injections, we consider a regime with time-dependent
dynamical information, where one of the injection point gas parameters, such as mass flow
or pressure, is given dynamically.

Figures 5 and 6 show results for the numerical solution. Below are the calculated pressure
values in the start point of branches and graphical form for each branch separately.

branch No
i
n )
; T
“ I [I
: ]

Figure 5: Pressure values in the start point of branches

The results for densities in crossing nodes {2, 5, 7, 25, 8, 18, 21} are shown in Figures 7
and 8.

Calculations were performed using the software system Wolfram Mathematica. The
computational procedures shown in scheme Figure 2 were implemented in various Wolfram
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Figure 6: Pressure values in the graphical form for each branch separately

76
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vertex No

Figure 7: Density values in crossing points

notebooks, which can be instantly launched. The source code has been uploaded to GitHub
and is available at the link [27].

4 Discussion

The outcomes of this research have provided insight into the investigation of the natural
gas transportation process. Due to the unstable flow of natural gas into the pipeline system
and changes in consumption, modeling the transportation process is a complicated problem.
However using the considered dynamic model, we can obtain gas flow parameters at each
point in the network dynamically. The crossing-branch method, which utilizes supply and
consumption data, enables the development of the state of a dynamic system at a specific
time.

Gas pipelines are often operated in transient modes due to the time-varying needs of
consumers for natural gas and gas supplies. For a certain period of operation of the gas
pipeline with specified gas parameters, depending on time, at the input and output points,
pipeline dispatchers are faced with the task of optimizing the transition process to minimize
fuel consumption at compressor stations in real time. For optimal management and control
of the transport network, it is preferable to use dynamic models since they describe the
dynamics of transient processes and allow efficient use of fuel gas.

Currently, the authors have conducted calculations to simulate the operation of gas
compressor units, which will eventually be included in the complete transport network. The
model discussed in this article will allow optimizing fuel consumption in such scenarios,
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Figure 8: Density values in crossing points in the graphical form

reducing compressor speed, i.e. decreasing the load of these units while maintaining the
equipment within the permissible operating range. These results should be considered when
planning the implementation of gas transmission networks including equipment such as gas
compressor units.

It should be noted that there is one important disadvantage of this model. As can be
seen from formulas (18)-(19) and (21)-(22), it demands significant computational resources
for large n. However for practical purposes (when n is less than 1000, mainly for real pipeline
networks, since the number of vertices does not reach large values) this algorithm performs
well and provides satisfactory computational results in an acceptable time.

5 Conclusions

The main problem is that gas movement without high pressure is impossible. If the gas enters
with high pressure, then during movement, as a result of friction against the walls of the pipes,
the pressure drops and the speed decreases. Therefore, compressor stations are installed in
all onshore gas transportation networks. The main customers of this process are consumers
and suppliers. The goal of this and future research is to control gas transportation in such
a way as to meet the needs of consumers when operating compressors in economical mode,
minimizing fuel gas consumption. The main element of the gas network is the pipe, followed
by compressors to increase the gas pressure. The pipeline network contains many valves -
regulators that can be opened and closed, which provide control and control of the direction
and volume of gas. To get an idea of the size of such a gas transportation infrastructure,
we consider the pipeline network of Kazakhstan. The total length of Kazakhstan’s main gas
pipelines is more than 19 thousand kilometers, on which 56 compressor stations operate, and
316 gas pumping units are installed [28]. Recently, many scientific papers have been devoted
to theoretical studies of the optimization of gas network transients using mathematical
optimization tools. After the gas consumption planning process, the operating modes of
various main gas pipelines are built - the direction and volume of flows, the load on the
network and the load of compressor stations that provide the gas with the required high
pressure are taken into account. Specialist dispatchers monitor compressors and, based on
their knowledge and experience, determine the loading of units for stable operation of the
transport process.

Further research will be devoted to the construction of mathematical and computer
modeling of non-stationary modes in order to optimize the gas transportation process
by choosing the most optimal control policy and control influences on the technological
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equipment of main gas pipelines.
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