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ON THE MINIMIZATION OF k-VALUED LOGIC FUNCTIONS IN THE
CLASS OF DISJUNCTIVE NORMAL FORMS

In the world, research devoted to adjusting the results of heuristic methods based on forecasting,
recognition, classification, and determining the absolute extremum of a multidimensional function
is relevant and widely used in such fields as medicine, geology, hydrology, management, and
computer technology. In this regard, it is important to construct optimal correctors of heuristic
algorithms based on control materials. Therefore, checking the completeness of classes of k-
valued logical functions and developing methods and algorithms for minimizing functions in
the class of canonical normal forms, estimating the number of monotonic functions of k-
valued logic, constructing minimal bases of special classes of correcting functions for correcting
incorrect algorithms remains one of the important problems of computational and discrete science.
mathematics. Currently, a lot of scientific research is being carried out around the world aimed
at expanding the integration of science and industry, in particular the development of the theory
of k-valued logical functions for correcting the results of heuristic algorithms. In this case, an
important role is played by the construction of formulas in the class of canonical normal forms,
the coding of elementary conjunctions and the application of the rules of gluing, absorption
and idempotency for them, and checking the completeness of systems of correcting functions.
Consequently, the development of effective numerical computational methods and algorithms
for constructing correction functions based on k-valued logic to improve the accuracy of the
results of heuristic methods is considered a targeted scientific research. The paper considers the
representation of k-valued logical functions in the class of disjunctive normal forms. Various classes
of monotone functions of k-valued logic are studied. Theorems are proved on the coincidence of
abbreviated and shortest disjunctive normal forms of k-valued functions. For a certain class of
k-valued monotone functions, we prove an estimate for the number of functions from this class.
criteria for the absorption of elementary conjunctions by a first-order neighborhood of disjunctive
normal forms of k-valued functions are proved.

Key words: k-valued, minimization, disjunctive normal form, rank, abbreviated d.n.f., monotone
function.
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An3bI0HKTUBTI HOpMaJIabl popMaJiap KJIACBIHIAFBI k-MOHJI1
JIOTUKAJIBIK, (pyHKIIUAJIADAbI MUHUMUA3AIAAIAY TYPaJIbl

oJieMie KOl eyrieM i (DYHKIUAHBIH, abCOIOTTI 9KCTPEMYMBIH 0OJIKay, TaHy, KIKTEy KoHE
aHBIKTAY HETI3IHJ/Ie 9BPUCTUKAJIBIK, 9JIICTEP/IIH HOTHKEJIEPIH TY3€eTyre apHaJIFaH 3epTTeysep 03eKTi
KoHe MeauliiuHa, I'e0JIoTud, 'uJIpoJorud, MEeHEI>KMEHT 2KoHe KOI\IHI:IOTep.HiK TeXHoJorudJaap Cu-
SIKTHI cajiajiap/ia KeHiHeH Koy tanbliabl. OcbiraH 0ailJIaHbICThl OaKbLIay MaTepUAJIaPhl HEri3iHIe
SBPUCTHUKAJIBIK, AJITOPUTMIEP/IiH OHTANIBI KOPPEKTOPJIAPBIH KYpy MaHb3bl. COHIBIKTAH k-MOHI
JIOTUKAJBIK, (DYHKIUSIAD KJIACTAPBIHBIH TOJBIKTBHIFBIH TEKCEPY 2KOHE KAHOHIBIK, KAJIBIITHI
dopmaap KIackHAATBI DYHKITUIIAPIGI MUHIMHA3AIUAIAY 9IICTEPI MEH aJrOpUTMIEPiH 93ipIey,
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k-MOH/TI JIOTUKAHBIH, MOHOTOH/IbI (DYHKITUSIJIAPBIHBIH CAHBIH Oarajay, apHaflbl (OyHKITUSIIAP/IBIH,
MUHUMAJIIBI HEri31epiH Kypy, KaTe aJrOPUTMIEP/l Ty3eTyre apHajFaH Ty3eTy (QYHKIMIapbi-
HBIH KJIACTAPbI €CEeNTey KOHe IUCKPETTI MaTeMaTUKAHBIH MAaHBI3IbI MOcesesepiHin Oipi 60sbin
Kauta Oepemi. Kazipri yakeirra OyKijg ojemie FBIJIBIM MEH OHIIPICTiH MHTErPAIMACHIH KEeHEHTyTre
OGarpITTajIFaH KONTEreH FbUILIMUA 3€PTTEyJep KYpridiayie, aram afTKaHIa IBPUCTUKAJIBIK aJro-
PUTMIEP/IiH HOTHKeJIePiH Ty3eTy VIIiH k- MOHI JIOTMKAJIBIK (DYyHKIINAAIAD TEOPUSCHIH 2Kacayra
GarbITTasFaH. Byl »Kapnaiiia KAHOHIBIK, KAJBIITEL (hopMajiap KJIaChIHIarbl (hOpMyJiagapibl Ky-
Py, JIEeMEHTap KOCBHLIBICTAPILI KOATAY YKOHE 0JIap YIIH KeJiMJIey, CIHIpY 2KoHe UIAEMITOTeHTTLIIK
eperkesIepiH KOJIAaHy, TY3€eTy YKYileJepiHiH TOJBIKTBIFBIH TEKCEPY MAHBI3IbI POJI aTKApaIbl. PyHK-
nusiapel. JleMek, IBPUCTUKAJIBIK, OICTEPAiH, MEH AJITOPUTMIEPIH 2KACAY MAKCATTHI FHIIBIMU 3ePT-
Tey 60Jibll canasaIbl. Z2KyMbICTa k-MOH/II JIOTUKAJBIK (OYHKIMAIAPIBIH TUCHIOHKTUBTIK KAJIBIITHI
dopmastap KJIaChIHIa YCHIHBLIYBI KAPACTBIPBLIAIbI. k-MOH/II JTJOTMKAHBIH MOHOTOHIHI (DYHKITHIIa-
PBIHBIH OPTYPJI KJIaCcTaphl 3epTTesel. k-MoHII (PYHKIUIIAP/IBIH KHICKAPTHIIFAH YKOHEe €H KbICKa
JU3BIOHKTUBTIK KAJIBIITHL TYPJIEPIHIH COffKeCTiri TypaJsbl TeopeMaJsap JDJIeJIIeHIeH. k-MOHII MO-
HOTOHIBI (PYHKIUSIAPILIH, Oerii 6ip Kackl YITiH 6i3 OCHI CHIHBIITAFBI (PYHKITUSIIAP CAHBIHBIH
OGoJKaAMbBIH J1oJtesiieiiMis. k-MoHIl OYHKIUSIAPABbIH, JU3BIOHKTHBTIK KAJIBIITH (hOpMaIapbIHbIH,
Gipinmm perTi KepimisiecTiriMeH 31eMeHTap KOCBLIBICTAP/IbI KYTY KPUTEPHUIIepi JaIIesIeH .
Tyiiiu ce3aep: k-MoHIII, MUHUMU3AIINS, TU3BIOHKTUBTIK KAJIBIITHL (DOpMa, PAHT, KbICKAPTHLIFAH
I.K.D., MOHOTOH/IBI (DYHKITHSI.
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O MuHMMU3aUU k-3HAYHBIX JIOTMYECKNX (PYyHKIUI B KJacce
U3 BIOHKTUBHBIX HOPMAJIbHBIX (POPM

B mupe wuccireoBanus, MOCBSIIEHHBIE KOPPEKTUPOBKE PE3YJIbTATOB IBPUCTUIECKUX METOJIOB HA
OCHOBE TIPOIHO3MPOBAHUSI, PACIIO3HABAHUS, KJIACCHMDUKAINN, OIPE/IeJeHns] aDCOTIOTHOIO IKCTPe-
MyMa MHOTOMEPHON (DYHKIMH, aKTYaJbHBI U IIMPOKO HUCIOJIB3YIOTCA B TAKMX 0OJIACTSAX, KAK Me-
JIUIIHA, Te0JIOTHsI, TUAPOJIOTHS, MEHEIXKMEHT, BHIYUCIUTEILHON TexHuKe. B ¢Bsi3u ¢ 3TUM BaxK-
HO TIOCTPOEHUE ONMTUMAJIBHBIX KOPPEKTOPOB SBPUCTUIECKUX AJTOPUTMOB HA OCHOBE KOHTPOJIBHBIX
maTepuasos. [losToMy mpoBepKa IMOTHOTHL KJIACCOB k-3HAYUHBIX JIOTHIECKUX (DYHKITHI 1 pa3padoT-
Ka METOJIOB W AJI'OPUTMOB MUHUME3AIMK (DYHKIHI B KJIACCE KAHOHMIECKUX HOPMAJIBHBIX (DOPM,
OIIEHKA KOJIMYIECTBA MOHOTOHHBIX (DYHKITUI k-3HATHON JIOTUKHU, IIOCTPOEHIE MIHUMAJILHBIX OA3HCOB
CIEIUAJIbHBIX KJIACCOB KOPPEKTUPYIONNX (DYHKIUN J1jisi KOPPEKTUPOBKU HEKOPPEKTHBIX aJITOPUT-
MOB OCTaETCsI OJIHON M3 BayKHBIX 33,129 BEIYUCIUTEILHOM U INCKPETHOI MaTeMaTuku. B HacTosee
BpeMs B MUPE IIPOBOJMTCS MHOTO HAYJHBIX MUCCJIEIOBAHUI, HAIPABICHHBIX HA PACIIADEHUE MHTE-
rpaIlii HAYKHW ¥ TPOMBIIIJIEHHOCTH, B YACTHOCTH PA3BUTHE TEOPUH k-3HAUHBIX JIOTUIECKUX (DyHK-
Uit JiJisi KOPPEKIINU PEe3yJIbTATOB IBPUCTHIECKUX AJTOPUTMOB. [IpH 9TOM BayKHYIO POJIb UT'PAET
rnocrpoenue (GopMyJl B KJlacCe KAHOHUYECKMX HOPMAJIbHBIX (POPM, KOIUPOBAHUE IJIEMEHTAPHBIX
KOHBIOHKIIAI U IIPUMEHEHUE [JIsl HUX [TPABUJI CKJIEMBAHIS, TIOIJIONIEHNS W UIeMIIOTEHTHOCTH, IIPO-
BepKa MOJTHOTHI CHCTeM Koppektupyomux dyaknmit. CjenoBaTebHO, pa3padoTka 3phEeKTUBHBIX
9UCJIEHHBIX BBIYUCIUTEIbHBIX METO/IOB U aJTOPUTMOB IIOCTPOCHUS KOPPEKTUPYIOMNX (DYHKIIAN HaA
OCHOBE k-3HAYHOI JIOTUKH JIJTsI TIOBBIIIEHUSI TOYHOCTU PE3YJIHTATOB 9BPUCTUIECKUX METO/IOB CAUTA~
ercsl MeJIeBbIM HaydIHBIM HcCaefoBanneM. B pabore paccMarpuBaeTcs MpejcTaBieHne k-3HaTHBIX
JIOrmIecKux (DYHKIMI B KJIacCe U3 bIOHKTUBHBIX HOPMAaJIbHBIX (popMm. Vccseayrores pa3indHbie
KJIACCHI MOHOTOHHBIX (byHKIUil k-3Ha9HOil Jjloruku. JOKa3bIBAIOTCS TEOPEMBI O COBIAJEHUH CO-
KPAIIEHHBIX U KPATYANIINX JU3bIOHKTUBHBIX HOMAJIbLHBIX (DOpM k-3HA9HBIX yHKIWmit. s ompe-
JIEJIEHHOTO KJIacca k-3HAYHBIX MOHOTOHHBIX (DYHKIIHIA JOKA3bIBAETCs ONEHKA Yucjia (QyHKIH 13
9TOTO KJIACCA. JIOKA3BIBAIOTCS KPUTEPHUH HOTJIOMIEHNUS 9JIEMEHTAPHBIX KOHBIOHKIINI OKPECTHOCTHIO
[IEPBOIO TOPSIJIKA U3 bIOHKTUBHBIX HOPMAJIbHBIX (OpM k-3HAUHBIX (DYHKIIHIA.

KimtoueBbie cioBa: k-3HauHasi, MUHUMW3AIWsl, U3 bIOHKTUBHAS HOpMaJibHast (pOpMa, PAHT, CO-
Kparennas 1.H.¢., MOHOTOHHAas (pyHKITHSI.
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1 Introduction

The methods of k-valued logics are generally necessary for the study of a number of important
problems from the most diverse fields: biology, medicine, military affairs, automation, control,
planning of experiments etc., everywhere where not only the quantitative relationships
between the quantities characterizing the processes under consideration are significant, but
also the logical dependences connecting them [1—4|. A multi-valued logical function can be
represented as a disjunction (multi-place function "or") K; V K, V ... V K,,, where each
term is a conjunction (multi-place function BDmandsDK) of certain variables from the
set {x1, ..., x,}, taken with or without negation. k-valued function gives a description
functioning of the control system, and the formula realizing it, in particular, the disjunctive
normal form (d.n.f.), describes the scheme of this system, so that the nodes and elements
of the scheme correspond to the terms and letters of the d.n.f. as a rule, k-valued function
has many essentially different d.n.f. [5-12]. In mathematical logic they are considered from
the qualitative side. With the development of cybernetics, the terms and letters of the d.n.f.
began to reflect equipment costs in circuits and this drew attention to the quantitative side.
Therefore, one of the problems of k-valued logics dictated by practice is the problem of
minimizing multi-valued functions. The results of research in some areas in this area, in
particular, minimization in certain systems multi-valued functions are quite widely displayed
in the literature [13-15]. Therefore, it should immediately be noted that we will only discuss
the minimization of multi-valued functions in the class of d.n.f..

2 Problem statement

Consider the set of multivalued logic functions depending on n variables, etc. the set of
functions defined on the set of all vertices of the n-dimensional k-lattice E¥ and taking
values from the set E, = {0,1,...,k —1}. With this interpretation, there is a one-to-one
correspondence between multivalued logic functions depending on n arguments and subsets
of Ny C EF. The function f (z1,...,2,) and the subset N; C E* correspond to each other

. o v, ifl'GNf
in the case f () —{ 0, if x € EN\N, , where
vyeEC{0,1,....k—1} (1)

We can assume that the set E; divides the function f into a number of subfunctions
Jo ()5, fy (T), and the set Ny into pairwise disjoint subsets Ny ..., Ny where m =

| Eyl,
= _ ) if f(x)=";
F ) {0, if f(x)# 7
Ny ={a:(@eE)A(f(@a)=m),(i=Tm).}

It is easy to see that

F(@) = max {f,, (@), ... fr. (@)} (2)
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The function f, (z), which takes only two values (0 and ), will be called quasi-Boolean,
and the representation of the function f (z1,...,x,) in the form of a (2)-quasi-Boolean
representation of the multi-valued logical function f (z1,...,x,).

We introduce the function
k—1, ifxeM

Ju(z) = 0. ifréM where
MCE,={0,1,2,....k—1} (3)
An elementary conjunction (e.c.) is an expression
A =min [Jp, (z1),- .., I, (T0) 7], where
@+ M; C E, (j=1,n) (4)
Further, for brevity, formulas max [2(,...,%,,] will be conventionally denoted as 24; V ...V

A, = i\’/L1 A, - if 2A; is an analog of e.c., then this formula will be called disjunctive normal

form (d?n.f.).
The area of truth of e.c. let’s call 2 the region Ny in which 2l takes the value 7. It is easy

to see that the domain Ny = [] M; is a sub lattice (a subset of the set EF) of the lattice E¥.
j=1
With such a geometric consideration, the e.c. the sub lattice Ng corresponds to the lattice
Rank e.c. let’s 2 call a number r (A) = > (k — |M;|) = kn — >_ | M;|.
j=1 j=1
t —
The formula 9t = .\_/1 2A; where all 2;, (i = 1,t) are e.c. will be called the disjunctive

normal form.

Note that each set-valued logic function f (xy,...,z,) corresponds to a non-empty class
of d.n.f. realizing the given function. The set of all intervals corresponding to e.c. a certain
d.n.f. from this class determines the covering of Ny by sub lattices of the lattice E¥. Hence
it follows that the subsets M C Efj can be defined using the d.n.f.

Let I = { Ny}, be some subset of sub lattices from EF.

A sub lattice Ng € I is said to be maximal with respect to M if there is no sub lattice
Ngl in I such that NQ[ 7é NB and NQ[ 2 NB.

To represent the function f(xy,...,x,) in the form of a d.n.f. we considered its quasi-
Boolean representation: f = f,, V...V f, and 1 <79 <... < Y.

Note that for the same function f(Z) there can be several equivalent quasi-Boolean
representations. Indeed, f = f,, V...V f, = f"=f3 V...V [} where N . = Ny, U Qs

Qi S YN, (i =T,m).
We will consider only one "maximum"representation f' = f’. V...V f

JERAINE (i =1,m).

/

o where N =

Select all maximal sub lattices N Bi» (z = 1,m) contained in Ny~ that have non-empty

intersection with Ny —and such that the value of B; is equal to v; in NV Bi» (z =1, m). D.n.f.

m I . ~
m = Avl ~V1 Bj is called the reduced disjunctive normal form of the function f (7).
1=1j=
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A covering of a set Ny by maximal sub lattices is said to be irreducible if, after the removal
of any of its sub lattices, it ceases to be a covering. A d.n.f. realizing a function f is called
dead-end if it corresponds to an irreducible cover of the set Ny.

Consider a multivalued logic function F (z1,...,x,) defined at M C E¥ : F(Z) = v, if

TeM,(j=1m), m<k~€E, M= M and M M; =@ at (i #j, i, j =0,m).
1=0
And v < ... <Y, 70 =0.

Thus, F(z1,...,x,) is defined by specifying pairwise disjoint sets My, ..., M,,. The
function F (7) is defined, generally speaking, not on the entire set E¥. There are different
before the definition in the class of functions F' (z), multi-valued logic, not equivalent to each
other.

Our task is to find the simplest ones, in a certain sense, before definitions.

For F' (Z), select all maximal intervals N B (z =1,m,j= ﬁ) contained in EF\ ZL__J: M,
that have non-empty intersection with M; such that the value of Bj is equal to 7;.

D.nf M = i\z ji}l Bl is called the reduced normal form for F' (). It is easy to see that
d.n.f. nyrp is uniquely determined by the function F'.

Let us now indicate the points at which, when the values of the function F' change
(transition to F"), the values of nyrpr change (transition to nsrp).

3 Monotone functions of k-valued logic

Let’s consider some order on the set ¢,. For two sets &

= (o, 9,...q,) and 5 =
(61, Pa, - - . Bn) the precedence relation & < f is satisfied if a; < f; in this order for any
i=Tn

Definition 1. A k-valued logic function f(xy,zs,...,x,) is said to be monotonic with
respect to a given order if for any tuples o and 5 such that (% < B) we have f () < f(5).

[f0<1<2<...<k—1, then the set of functions that are monotone in this order
constitutes the class of monotone functions of k-valued logic.

Theorem 1. Abbreviated d.n.f. monotone function f, of k-valued logic in n variables

a) consists of e.c. K, and only elementary formulas of the form Jj, ;—1j (z),0 < a < k—1
are used;

b) Is the only minimal (shortest) d.n.f. of the function f.

Proof.

a) Let K = Jp, (1) - Jp, (22) - ... - Jp, () - v, where T} = [a;,k —1], j #1,0 < a; <
kE—1, T, = [b]U][a;, k —1], b; < a;.

Then the conjunction K, and hence the function f,, takes the value v on the set a =
(a1, G0, .. i1, iy Qig1y ..y Gp).

b) It follows from the monotonicity condition for the function f, that for any set b such
that b > @, Iy (E) =~y therefore, there exists an e.c. K' = Jpv, (21)- Jp, (x2) .. .- I, (20) -7,

where T"; = T}, j # i, T'; = [bs, k — 1], for which Ux C Ugs C Uy, , and e.c. K is not maximal
for Uy, .
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c) As proved, each maximum e.c. K functions has the form K = Jjg, x—1) (1) Jjas k-1] (22)-

) J[lln,k‘—l] (xn) Vs 0< a; <k-— L J= 1,_’)”&

Let us show that the set @ = (ay,a2,...,a,) is core for the function f,, etc. in the
abbreviated d.n.f. the function f, has no e.c., except for K, which takes the value v on this
set.

Indeed, if in the reduced d.n.f. function f, was an e.c. K', which takes the values 7 on the
tuple @, then it would follow from the monotonicity condition for the function f, that the
e.c. K’ takes the value v on all tuples b such that b > a, then Ux C Uy, which contradicts
the maximum e.c. K.

The theorem is proved.

Corollary. Abbreviated d.n.f. monotone function f of k-valued logic in n variables
consists of e.c. K* and is the only minimal d.n.f. functions f.

Proof. A monotone function f has the following obvious properties: for any comparable
collections a € Ny and be N 7, we have b > a for ~v < 6. Therefore, e.c. K, is included in
the abbreviated d.n.f. functions f, (v € {€x/0}) do not contain elementary formulas of type
Jr (x), where the set T is a disconnected set of points from e.

The second assertion is proved by the method of theorem 1, and the core sets for the

function f are the sets a = (a1, as,...,a,) in the e.c. K = Jig, ] (21) * Jjag 0] (22) -
J[anvb'n] (In) ' /7
Corollary proven. On the set ¢, we introduce a partial order 0 < 1,0 <2, ..., 0 < k—1

where 7 is incomparable with j if i, j € {e;/0}.

The set of functions of k-valued logic f in n variables, monotone in a given order, is
combined into the class S. Let us estimate the cardinality of the class S.

The set ¢y, is associated with a basic graph - a directed graph with K vertices corresponding
to the elements of the set €, in which there is an arc (7, j) if and only if i > j.

Let us introduce the Z axis on the plane. Associate each point A of the plane with the
number Z 4, the projection of A onto the Z axis. In particular, if the basis graph is drawn
on the plane, then each vertex corresponds to the number Z;. An image of a basic graph is
called admissible if for any arc (7, j) of the graph Z; — Z; > 1.

Consider a random variable & = Z 4, where the point A can fall into any vertex of the
graph with probability % then the expectation is M¢{ = Z,, = LAt Z gnd the variance is

2
k
=1 ; (Zi — Zup)*.
We will consider the image of the graph shifted so that M¢ = 0.

In older articles an estimate is obtained for finding the number ) (n) of monotone functions
of n variables from an arbitrary partially ordered set of k elements:

¥ (n) = dvam ) (5)
where € (n) — 0 at n — oo; D = inf D{; d = max (|Hy|,...,|Hs|), Ho < Hy < ... < Hgyy,

all H; C e, s > 1, |[Hy| = |Hey1| = 1 and H; # H;, at i # j (H; < H; if a < b for any
a € H;, b € Hj), the maximum is taken over all possible chains. This estimate is also valid
for the class of functions S.
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For the order in ¢, we have:

Zy—Zy>1
......... (6)
Tpr— 7y > 1
g, =Bt li+ +Z’“‘1_0,D§:l§Zﬂ ™
k k —

It follows that Z, < —k—;l and Z; > %, i=1,k—1,s0 D> % and D > %
On the set ¢, for the introduced order there is only (k — 1) chain

{0} <{0,1} < {1}

{0} <{0,k -1} < {k—1}
It is obvious that in the considered case d = 2.
Consequently

kn+1

{4 (n) = sty S (e (9)

where € (n) — 0 at n — 0.

For functions of class S, e.c. consists of elementary formulas of the form Jr (z), where

If for monotone functions f of k-valued logic the abbreviated d.n.f. is the only minimal
one, then for functions of the class S this property does not hold, which is demonstrated by
the following.

Example. k£ =3, n = 3.

Let  the function  f(z1,29,23) take the wvalues 1 on  the sets
(0,1,1),(1,1,1),(1,2,1),(2,1,1),(1,2,2) and 0 in other cases.

Abbreviated d.n.f. function f has the form:

De (f) = Ji(22) - i (w3) V Iy (21) - Jo (22) - Jjn g (3) (10)

and the minimum:

Dy (f) = Ji(w2) - Ji(w3) V i (21) - Ty (22) - i (23) (11)

The process of transition from the abbreviated d.n.f. functions f of a k-valued logic to a
dead-end one can be divided into elementary steps, each of which is a removal from the d.n.f.

m

D obtained in the previous step, one e.c. K. Removed e.c. is such that Ux C |J Uk,, where
j=1

K are some e.c. from d.s.f. D different from K.

In older articles the criterion for covering an interval by the sum of other intervals for
functions f of k-valued logic is described. For functions f of class S, this criterion has a
simpler form.
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E.c. K; and K, are called orthogonal if K- Ky = 0. In other words, conjunctions K; and
K, are orthogonal if and only if Uk, Uk, = @. Obviously, when studying the absorption,
some sets of e.c. {K;},j =1,m e.c. K it suffices to consider only those e.c. that are non-
orthogonal to K. To check orthogonality, it is easiest to use the following properties: two e.c.
are orthogonal if and only if there exists a variable z; for which le ﬂT]2 = O is satisfied in
the elementary formulas Jr3 (z1) and Jr2 (x2).

D.n.f. D realizing the function f absorbs the e.c. K if K (z) < D () for any = = &}.

Solet K = JTl (1‘1) : JT2 ($2) o JTt (ZL‘t) - .

Obviously, K can be absorbed only by those sets of e.c. {K;}, which take values from
{0,7v}, so let’s consider the absorption process using the example of the quasi-Boolean
function f,.

For each e.c. {K;}, j = 1,m construct an e.c. Kj, replacing the elementary formulas
Jr (x) occurring in K with Jp ,_1) ().

It’s obvious that Uy, C Uk,, Uk, N (UD/UKj) = .

Let us introduce into consideration the set }"'~ the collection of all sets from 7, in which
the t first coordinates take values from {e;/0}, and the rest are arbitrary.

Theorem 2. The disjunction D = .Q/ll K absorbs the e.c. K if and only if .7\/n1 K; =~ for
j= j=

~ t e m t
any T = ¢, etc. if v, K;=¢".
]:

Proof. Need. Let D absorb the e.c. K. Let us prove that in this case .7\7/11 K; = ~ for
=

any r = 5Z’t. Let us assume that this is not the case, etc. there is a collection & such

that '701 K; (3) = 0. Denote by x;,,...,x;, the variables that are not included in any of the
‘7:

e.c. from D. Obviously, the values of the remaining variables do not affect the value of the

m
expression V. Kj.

7=1
The value of the function f on the tuples & will be denoted by [f] S. Then one can write
V] =0 (12)
]:
where {3} is the set of sets whose (x1,z9,...,2;) coordinates take all possible values from

{ex/0}, and the remaining (n — t) coordinates are such that (12) is satisfied. hence we get
that [K;] {3} =0 for all j = 1,m, so [D] S = 0.

Let us determine the values of the remaining variables entering K (K # 0 on Up, since
K is not orthogonal to D) so that K turns into -y on these sets. The intersection of these two
sets determines the values of all variables in such a way that D takes the value 0 on this set,
and e.c. K value 7. This contradicts the condition K (z) < D (7) for any = = €, hence the

assumption that .ﬂ\/l1 K; #~on 5Z’t is false, and the necessity of the condition of the theorem
j:
is proved.

Adequacy. Let the condition of the theorem be satisfied etc., |J Uk, = 5Z’t. Then U C
j=1

U Uk;, but UsN| U Uk,/ U UK].) = g. Consequently. Ux C |J Uk;.
. e e .

j=1 7j=1
The theorem has been proven.
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4 Conclusions

The paper proposes a representation of k-valued functions in the class of disjunctive normal
forms. Monotone functions of k-valued logic are investigated. We prove theorems on the
coincidence of abbreviated and shortest d.n.f. k-valued functions. For a certain class of k-
valued monotone functions, the number of functions from this class is calculated. Criteria for
the absorption of elementary conjunctions by a first-order neighborhood are proposed.
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