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ON ONE SOLUTION OF A NONLOCAL BOUNDARY VALUE PROBLEM
FOR A NONLINEAR PARTIAL DIFFERENTIAL EQUATION OF THE

THIRD ORDER

In this paper, a nonlocal boundary value problem for the Benjamin-Bona-Mahony-Burgers
equation is studied in a rectangular domain. By introducing new functions, the nonlocal boundary
value problem for a nonlinear third-order partial differential equation is reduced to a boundary
value problem for a second-order hyperbolic equation with a mixed derivative and functional
relations. Before using the approximate method, the nonlinear problem under consideration is
examined for the presence of solutions, it is necessary to clarify where these solutions are located,
that is, to find the region of isolation of solutions. The isolation area of the solution in our case is
a ball in which there is a unique solution to the problem. Next, an algorithm for finding a solution
to a nonlocal boundary value problem is proposed. In terms of the initial data, conditions for
the convergence of the algorithms are established, which simultaneously ensure the existence and
isolation of a solution to a nonlinear nonlocal boundary value problem. Estimates between the exact
and approximate solutions of the problem under consideration are obtained. The results obtained
are of a theoretical nature and can be used in the construction of computational algorithms for
solving nonlocal boundary value problems for the Benjamin-Bona-Mahony-Burgers equation.
Key words: Benjamin-Bona-Mahony-Burgers equation, differential equations with partial
derivatives, algorithm, approximate solution.
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Үшiншi реттi дербес туындылы сызықтық емес дифференциалдық теңдеу үшiн бейлокал

шеттiк есебiнiң бiр шешiмi жайында

Бұл жұмыста тiкбұрышты облыста Бенджамин-Бона-Махони-Бюргерс теңдеуi үшiн бейло-
кал шеттiк есебi зерттеледi. Жаңа функциялар енгiзе отырып үшiншi реттi дербес туын-
дылы сызықтық емес дифференциалдық теңдеу үшiн бейлокал шеттiк есебi аралас туын-
дылы екiншi реттi гиперболалық теңдеу үшiн бастапқы-шеттiк есепке келтiрiледi. Жуық
әдiстi қолданбас бұрын қарастырылып отырған сызықтық емес есептiң шешiмiнiң бар бо-
луын зерттеймiз, шешiмдердiң қайда орналасқанын, яғни шешiмнiң оқшауланған облысын
анықтау қажет. Бiздiң жағдайымызда оқшауланған облыс - есептiң шешiмi бар және жалғыз
болатын шар болып табылады. Әрi қарай бейлокал шеттiк есептiң шешiмiн табу алгорит-
мi ұсынылады. Бастапқы берiлгендер терминiнде сызықтық емес бейлокал шеттiк есептiң
шешiмiнiң бар болуы мен оқшауланғанын қамтамасыз ететiн алгоритмдердiң жинақтылық
шарттары алынған. Қарастырылып отырған есептiң нақты және жуық шешiмi арасындағы
бағалаулар табылған. Алынған нәтижелер теориялық сипатқа ие және үшiншi реттi дербес
туындылы сызықтық емес дифференциалдық теңдеулер үшiн бейлокал шеттiк есептердi ше-
шуде есептеу алгоритмдерiн құру үшiн қолданысын таба алады.
Түйiн сөздер: Бенджамин-Бона-Махони-Бюргерс теңдеуi, дербес туындылы дифференци-
алдық теңдеулер, алгоритм, жуық шешiмi.
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Об одном решении нелокальной краевой задачи для нелинейного дифференциального
уравнения в частных производных третьего порядка

В данной работе в прямоугольной области исследуется нелокальная краевая задача
для уравнения Бенджамина-Бона-Махони-Бюргерса. Вводя новые функций нелокальная
краевая задача для нелинейного дифференциального уравнения в частных производных
третьего порядка сводится к начально-краевой задаче для гипереболического уравнения
второго порядка со смешанной производной и функциональным соотношениям. Прежде
чем использовать приближенный метод рассматриваемая нелинейная задача исследуется
на наличие решений, необходимо уточнить, где эти решения находятся, то есть найти
область изоляции решений. Область изоляции решения в нашем случае является шар, в
котором решения задачи существует и единственно. Далее, предложен алгоритм нахождения
решения нелокальной краевой задачи. В терминах исходных данных установлены условия
сходимости алгоритмов, одновременно обеспечивающие существование и изолированность
решения нелинейной нелокальной краевой задачи. Получены оценки между точным и
приближенным решениями рассматриваемой задачи. Полученные результаты носят теоре-
тический характер и могут быть использованы при построении вычислительных алгоритмов
решения нелокальных краевых задач для нелинейных дифференциальных уравнений в
частных производных третьего порядка.

Ключевые слова: уравнение Бенджамина-Бона-Махони-Бюргерса, дифференциальные
уравнения в частных производных, алгоритм, приближенное решение.

1 Introduction

The article considers a nonlocal boundary value problem for a third-order nonlinear partial
differential equation or the Benjamin-Bona-Mahony-Burgers equation. Various types of the
BBMB equation were studied in [1]-[14]. Despite the presence of a large number of works
devoted to the study of solving problems for the BBMB equation, interest in them has not
waned to this day. This is due to the fact that the Benjamin-Bona-Mahony-Burgers equations
represent an interesting and important object of study, combining wave theory, mathematical
physics and practical applications. Previously, the authors used the parameterization method
[15]-[17] to study more general boundary value problems for a system of linear [18]-[19]
and nonlinear third-order pseudoparabolic equations. Constructive algorithms for finding
approximate solutions to the problems under study were proposed and necessary and sufficient
conditions for the existence of a solution were established. Subsequently, a nonlocal boundary
value problem for the Benjamin-Bona-Mahony equation was studied [20]. Due to the fact that
the problems under consideration are nonlinear, direct use of previously obtained results
is not always possible. In this article, the Benjamin-Bona-Mahony-Burgers equation with
general nonlocal boundary conditions that differ from the conditions specified in [20] is
investigated. An algorithm for finding an approximate solution is proposed and conditions
for the solvability of the problem under study are obtained.
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2 Statement of the initial boundary problem

A nonlocal boundary value problem for the nonlinear Benjamin-Bona-Mahony-Burgers
equation is considered.

∂3w

∂x2∂y
=
∂w

∂y
− α∂

2w

∂x2
+ β

∂w

∂x
+ w

∂w

∂x
, (x, y) ∈ Ω = [0, X]× [0, Y ], (1)

w(x, 0) = ϕ(x), x ∈ [0, X], (2)

w(0, y) = γ(y)w(X, y) + ψ(y), y ∈ [0, Y ], (3)

∂w(0, y)

∂x
= θ(y), y ∈ [0, Y ], (4)

here α, β-const, function ϕ(x) continuously differentiable on [0, X], functions ψ(y), θ(y), γ(y)
are continuously differentiable on [0, Y ], γ(y) 6= 1.

Let C(Ω, R) be the set of functions w : Ω→ R. continuous on Ω

Function w(x, y) ∈ C(Ω, R) having partial derivatives ∂w(x,y)
∂x

∈ C(Ω, R), ∂w(x,y)
∂y

∈
C(Ω, R), ∂2w(x,y)

∂x∂y
∈ C(Ω, R), ∂2w(x,y)

∂x2
∈ C(Ω, R), ∂3w(x,y)

∂x2∂y
∈ C(Ω, R) is called a solution to

problem (1)-(4) if it satisfies equation (1), for all (x, y) ∈ Ω, and boundary conditions (2)-(4).
To find solutions to problem (1)-(4) we introduce new functions

w(0, y) = µ(y), z(x, y) = w(x, y)− µ(y).

Then problem (1)-(4) can be written in the form (5)-(9)

∂3z(x, y)

∂x2∂y
=
∂z(x, y)

∂y
+ µ′(y)− α∂

2z(x, y)

∂x2
+ β

∂z(x, y)

∂x
+ [z(x, y) + µ(y)]

∂z(x, y)

∂x
, (5)

z(0, y) = 0, y ∈ [0, Y ], (6)

z(x, 0) + λ(0) = ϕ(x), µ(0) = ϕ(0), (7)

µ(y) =
γ(y)z(X, y) + ψ(y)

1− γ(y)
, y ∈ [0, Y ], (8)

∂z(0, y)

∂x
= θ(y), y ∈ [0, Y ]. (9)

3 Methods and materials

Differentiating equation (8) with respect to the variable y we obtain equation (10).

µ′(y) =
γ′(y)

[1− γ(y)]2
z(X, y) +

γ(y)

1− γ(y)

∂z(X, y)

∂y
+

ψ′(y)[
1− γ(y)

]2 . (10)
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By reintroducing the new function v(x, y) = ∂z(x,y)
∂x

, problem (5)-(9) and relation (10) can
be written in the following form

∂2v(x, y)

∂x∂y
=

x∫
0

∂v(ξ, y)

∂y
dξ+µ′(y)−α∂v(x, y)

∂x
+βv(x, y)+

[ x∫
0

v(ξ, y)dξ+µ(y)

]
v(x, y), (11)

v(x, 0) = ϕ′(x), x ∈ [0, X], (12)

µ(y) =
γ(y)

1− γ(y)

X∫
0

v(x, y)dx+
ψ(y)

1− γ(y)
, (13)

µ′(y) =
γ′(y)

[1− γ(y)]2

X∫
0

v(x, y)dx+
γ(y)

1− γ(y)

X∫
0

∂v(x, y)

∂(y)
dx+

ψ′(y)

[1− γ(y)]2
, (14)

v(0, y) = θ(y), y ∈ [0, Y ], (15)

where z(x, y) =
x∫
0

v(ξ, y)dξ. In (11), integrating over the variable x and taking into account

conditions (15), we obtain

∂v(x, y)

∂y
= θ′(y)− αv(x, y) + αθ(y) + µ′(y)x+

x∫
0

( ξ∫
0

∂v(ξ1, y)

∂y
dξ1+

+

[ ξ∫
0

v(ξ1, y)dξ1 + µ(y)

]
v(ξ, y) + βv(ξ, y)

)
dξ.

(16)

After repeated integration over the variable y and application of condition (12), we obtain
the following:

v(x, y) = ϕ′(x) +

y∫
0

(
θ′(η)− αv(x, η) + αθ(η) + µ′(η)x+

x∫
0

ξ∫
0

∂v(ξ1, η)

∂η
dξ1dξ+

+

x∫
0

[ ξ∫
0

v(ξ1, η)dξ1 + µ(η)

]
v(ξ, η)dξ + β

x∫
0

v(ξ, η)dξ

)
dη.

(17)

Assuming that v(x, y) = ϕ′(x), from equations (13) and (14) we determine

µ(0)(y) =
γ(y)

1− γ(y)
[ϕ(X)− ϕ(0)] +

ψ(y)

1− γ(y)
,

µ′
(0)

(y) =
γ′(y)

[1− γ(y)]2

[
ϕ(X)− ϕ(0)

]
+

ψ′(y)

[1− γ(y)]2
.
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Using equation (16) under the condition µ(y) = µ(0)(y), we can find

∂v(0)(x, y)

∂y
= θ′(y)− αϕ′(x) + αθ(y)+

+µ′
(0)

(y)x+

x∫
0

[ ξ∫
0

ϕ′(ξ1)dξ1 + µ(0)(y)

]
ϕ′(ξ)dξ + β

x∫
0

ϕ′(ξ)dξ =

= θ′(y)− αϕ′(x) + αθ(y) + µ′
(0)

(y)x+

x∫
0

[
ϕ(ξ)− ϕ(0) + µ(0)(y)

]
ϕ′(ξ)dξ + β

x∫
0

ϕ′(ξ)dξ.

Next, from equation (17) it follows

v(0)(x, y) = ϕ′(x) +

y∫
0

(
θ′(η)− αϕ′(x) + αθ(η) + µ′

(0)
(y)x+

+

x∫
0

[
ϕ(ξ)− ϕ(0) + µ(0)(η)

]
ϕ′(ξ)dξ + β

x∫
0

ϕ′(ξ)dξ

)
dη.

Taking the found functions µ(0)(y) and v(0)(x, y), the numbers r1 > 0 and r2 > 0, we
construct the following sets:

S(µ(0)(y), r1) =

{
µ(y) ∈ C([0, Y ], R) : ‖µ(y)− µ(0)(y)‖ < r1

}
,

S(v(0)(x, y), r2) =

{
v(x, y) ∈ C(Ω, R) : ‖v(x, y)− v(0)(x, y)‖ < r2, (x, y) ∈ Ω

}
,

G0(r1, r2) =

{
(x, y, w, v) : (x, y) ∈ Ω,

∥∥∥∥w(x, y)−
x∫

0

v(0)(ξ, y)dξ − µ(0)(y)

∥∥∥∥ <
< r1 + r2, ‖v(x, y)− v(0)(x, y)‖ < r2

}
.

Let U(l1, l2, x, y) denote the collection of quadruples
(
µ(0)(y), v(0)(x, y), r1, r2

)
, for which

the function f(x, y, w, v) in G0(r1, r2) has continuous partial derivatives f ′w(x, y, w, v),
f ′v(x, y, w, v) and ‖f ′w(x, y, w, v)‖ ≤ l1, ‖f ′v(x, y, w, v)‖ ≤ l2, l1,2−const. Taking the pair
{λ(0)(y), v(0)(x, y)} as the initial approximation of problem (11)-(15), we construct successive
approximations using the algorithm

1. Assuming v(x, y) = v(k−1)(x, y), from (13) and (14) we determine µ′(k)(y) и µ(k)(y).

2. Using equation (16), µ(y) = µ(k)(y), we find ∂v(k)(x,y)
∂y

.

3. Then, using equation (17) we find v(k)(x, y).

As a result, we get the system
{
µ′(k)(y), µ

(k)
r (x), ∂v

(k)(x,y)
∂y

, v
(k)
r (x, t)

}
, k = 1, 2, ....
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The following statement ensures the feasibility and convergence of the proposed algorithm,
as well as the solvability of problem (11)-(15).

Theorem 1. Let the following conditions be satisfied
a) the function ϕ(x) is continuously differentiable on [0, X],
b) the functions γ(y), ψ(y), θ(y) are continuously differentiable on [0, Y ], γ(y) 6= 1,

c) q = αY + X2Y γ
1−γ + X2γ

1−γ + X2

2
+ X2Y l2

2
+X2Y l2γ

1−γ + (l1 + β)XY < 1,

d) σ
1−q

γ
1−γXY

2 < r1,
qY σ
1−q < r2,

where γ = max
y∈[0,Y ]

‖γ(y)‖, ψ = max
y∈[0,Y ]

‖ψ(y)‖, θ = max
y∈[0,Y ]

‖θ(y)‖, α, β − const,

σ = θ′ + α max
x∈[0,X]

‖ϕ′(x)‖+ αθ +X

(
γ′

[1− γ]2

[
ϕ(X)− ϕ(0)

]
+

ψ′

[1− γ]2

)
+

+X max
x∈[0,X]

‖ϕ(x)‖ max
x∈[0,X]

‖ϕ′(x)‖+X

(
γ

1− γ
[ϕ(X)− ϕ(0)] +

ψ

1− γ

)
max
x∈[0,X]

‖ϕ′(x)‖+

+β

X∫
0

ϕ′(x)dx,

then the sequence of functions {µ(k)
r (x), v

(k)
r (x, t)}, k = 1, 2, ..., determined by the algorithm is

contained in S(µ(0)(y), r1)× S(v(0)(x, y), r2), converges to {µ∗(x), v∗(x, t)} - solving problem
(11)-(15). Moreover, any solution to problem (11)-(15) in S(µ(0)(y), r1) × S(v(0)(x, y), r2)
isolated and fair estimates:

a) ‖µ∗(y)− λ(k)(y)‖ ≤ γ
1−γ

XY 2

2

∞∑
i=k

qiσ,

b) ‖v∗(x, y)− v(k)(x, y)‖ ≤ Y
∞∑

i=k+1

qiσ.

Proof. For k = 0 the following inequalities hold

‖µ(0)(y)‖ ≤ γ

1− γ
[ϕ(X)− ϕ(0)] +

ψ

1− γ
,

∥∥∥∥µ′(0)
(y)

∥∥∥∥ ≤ γ′

[1− γ]2

[
ϕ(X)− ϕ(0)

]
+

ψ′

[1− γ]2
,

∥∥∥∥∂v(0)(x, y)

∂y

∥∥∥∥ ≤ θ′ + α max
x∈[0,X]

‖ϕ′(x)‖+ αθ +X

(
γ′

[1− γ]2

[
ϕ(X)− ϕ(0)

]
+

ψ′

[1− γ]2

)
+

+X max
x∈[0,X]

‖ϕ(x)‖ max
x∈[0,X]

‖ϕ′(x)‖+X

(
γ

1− γ
[ϕ(X)− ϕ(0)] +

ψ

1− γ

)
max
x∈[0,X]

‖ϕ′(x)‖+

+β

X∫
0

ϕ′(x)dx = σ,



A.M. Manat, N.T. Orumbayeva 71

‖v(0)(x, y)− ϕ′(x)‖ ≤
y∫

0

∥∥∥∥∂v(0)(x, η)

∂η

∥∥∥∥dη.
For k = 1, when v(x, y) = v(0)(x, y), the following inequalities follow

‖µ(1)(y)− µ(0)(y)‖ ≤ γ′

1− γ

X∫
0

‖v(0)(x, η)− ϕ′(x)‖dx < γ

1− γ
XY σ < r1,

∥∥∥∥µ′(1)
(y)− µ′(0)

(y)

∥∥∥∥ ≤ γ′

[1− γ]2

X∫
0

‖v(0)(x, y)− ϕ′(x)‖dx+
γ

1− γ

X∫
0

∥∥∥∥∂v(0)(x, y)

∂y

∥∥∥∥dx,
∥∥∥∥∂v(1)(x, y)

∂y
− ∂v(0)(x, y)

∂y

∥∥∥∥ ≤
≤ α

y∫
0

∥∥∥∥∂v(0)(x, η)

∂η

∥∥∥∥dη +
γ′x

[1− γ]2

y∫
0

∥∥∥∥∂v(0)(x, η)

∂η

∥∥∥∥dη+

+
γx

1− γ

X∫
0

∥∥∥∥∂v(0)(x, y)

∂y

∥∥∥∥dx+

x∫
0

ξ∫
0

∥∥∥∥∂v(0)(ξ1, y)

∂η

∥∥∥∥dξ1dξ+

+l2

x∫
0

ξ∫
0

y∫
0

∥∥∥∥∂v(0)(ξ1, η)

∂η

∥∥∥∥dηdξ1dξ +
γl2x

1− γ

y∫
0

X∫
0

∥∥∥∥∂v(0)(x, η)

∂η

∥∥∥∥dxdη+

+l1

x∫
0

y∫
0

∥∥∥∥∂v(0)(ξ, η)

∂η

∥∥∥∥dηdξ + β

x∫
0

y∫
0

∥∥∥∥∂v(0)(ξ, η)

∂η

∥∥∥∥dηdξ ≤
≤
(
αY +

X2Y γ

1− γ
+
X2γ

1− γ
+
X2

2
+
X2Y l2

2
+X2Y

l2γ

1− γ
+ (l1 + β)XY

)
max

(x,y)∈Ω

∥∥∥∥∂v(0)(x, y)

∂y

∥∥∥∥ ≤
≤ q max

(x,y)∈Ω

∥∥∥∥∂v(0)(x, y)

∂y

∥∥∥∥ ≤ qσ.

‖v(1)(x, y)− v(0)(x, y)‖ ≤
y∫

0

∥∥∥∥∂v(1)(x, η)

∂η
− ∂v(0)(x, η)

∂η

∥∥∥∥dη ≤
y∫

0

qσ < r2.

For k = 2 the following estimates hold:

‖µ(2)(y)− µ(1)(y)‖ ≤ α

1− α

X∫
0

‖v(1)(x, y)− v(0)(x, y)‖dx ≤
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≤ γ

1− γ

y∫
0

X∫
0

qσdxdη ≤ γ

1− γ
XY

2
qσ,

∥∥∥∥∂v(2)(x, y)

∂y
−∂v

(1)(x, y)

∂y

∥∥∥∥ ≤ q max
(x,y)∈Ω

∥∥∥∥∂v(1)(x, y)

∂y
−∂v

(0)(x, y)

∂y

∥∥∥∥ ≤ q2 max
(x,y)∈Ω

∥∥∥∥∂v(0)(x, y)

∂y

∥∥∥∥ ≤ q2σ,

‖v(2)(x, y)− v(1)(x, y)‖ ≤
y∫

0

∥∥∥∥∂v(2)(x, η)

∂η
− ∂v(1)(x, η)

∂η

∥∥∥∥dη ≤ Y q2σ.

‖µ(2)(y)− µ(0)(y)‖ ≤ γ

1− γ
XY

2
qσ +

γ

1− γ
XY

2
σ ≤ γ

1− γ
XY

2
(1 + q)σ < r1,∥∥∥∥∂v(2)(x, y)

∂y
− ∂v(0)(x, y)

∂y

∥∥∥∥ ≤ (1 + q) max
(x,y)∈Ω

∥∥∥∥∂v(1)(x, y)

∂y
− ∂v(0)(x, y)

∂y

∥∥∥∥ ≤
≤ (q + q2) max

(x,y)∈Ω

∥∥∥∥∂v(0)(x, y)

∂y

∥∥∥∥ ≤ (q + q2)σ.

‖v(2)(x, y)− v(0)(x, y)| ≤ Y (q2 + q)σ < r2.

At the k + 1−th step of the algorithm, for v(x, y) = v(k)(x, y), the following estimates
hold

‖µ(k+1)(y)− µ(k)(y)‖ ≤ γ

1− γ

y∫
0

X∫
0

‖v(k)(x, η)− v(k−1)(x, η)‖dxdη, (18)

∥∥∥∥µ′(k+1)
(y)− µ′(k)

(y)

∥∥∥∥ ≤ γ

1− γ

X∫
0

‖v(k)(x, y)− v(k−1)(x, y)‖dx, (19)

∥∥∥∥∂v(k+1)(x, y)

∂y
− ∂v(k)(x, y)

∂y

∥∥∥∥ ≤ q max
(x,y)∈Ω

∥∥∥∥∂v(k)(x, y)

∂y
− ∂v(k−1)(x, y)

∂y

∥∥∥∥, (20)

‖v(k+1)(x, y)− v(k)(x, y)‖ ≤
y∫

0

∥∥∥∥∂v(k+1)(x, η)

∂η
− ∂v(k)(x, η)

∂η

∥∥∥∥dη. (21)

‖µ(k+1)(y)− µ(0)(y)‖ ≤

≤ γ

1− γ

y∫
0

X∫
0

‖v(k)(x, η)− ϕ′(x)‖dxdη ≤ γ

1− γ
XY

2

k∑
i=0

qiσ < r1,

‖v(k+1)(x, y)− v(0)(x, y)‖ ≤ Y
k+1∑
i=1

qiσ < r2.
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Consequently, from inequalities (18)-(21) and q < 1 it follows that the sequence
{µ(k)(y), v(k)(x, y)} at k →∞, converges to {µ∗(y), v∗(x, y)}− solution of problem (10)-(14)
in S(µ(0)(y), r1)× S(v(0)(x, y), r2).

Let’s establish inequalities

‖µ(k+p)(y)− µ(k)(y)‖ ≤ γ

1− γ
XY

2

k+p−1∑
i=k

qiσ, (22)

‖v(k+p)(x, y)− v(k)(x, y)‖ ≤ Y

k+p∑
i=k+1

qiσ. (23)

for p→∞ we obtain estimates a), b) of Theorem 1.
Let’s prove uniqueness. The uniqueness of the solution of problem (1)-(4) is proved

similarly to the proof of Theorem 1 from [18]. Theorem 1 is proved.
The function w(k)(x, y), k = 1, 2, 3... is determined from the equality

w(k)(x, y) = µ(k)(x, y) +

x∫
0

v(k)(ξ, y)dξ, (x, y) ∈ Ω.

Let S1(w(0)(x, y), r1 + r2x) denote the set of continuously differentiable with respect to x, y
functions w : Ω→ R, satisfying the inequality ‖w(x, y)− w(0)(x, y)‖ < r1 + r2x.

In view of the equivalence of problems (1)-(4) and (11)-(15), Theorem 1 implies.
Theorem 2. If the conditions of Theorem 1 are satisfied, then the sequence of functions

w(k)(x, y), k = 1, 2, ..., is contained in S(w(0)(x, y), r1 + r2) converges to the unique solution
w∗(x, y) of problem (1)-(4) in S(w(0)(x, y), r1 + r2) and the inequality

‖w∗(x, y)− w(k)(x, y)‖ ≤ γ

1− γ
X2Y 2

2

∞∑
i=k+1

qiσ + Y

∞∑
i=k

qiσ.

4 Conclusion

Thus, the third-order nonlinear Benjamin-Bona-Mahony-Burgers equation with nonlocal
conditions has been studied. The Benjamin-Bona-Mahony-Burgers equation describes the
propagation of small amplitude waves in a nonlinear dispersive medium when simulating
unidirectional plane waves. In this paper, an algorithm for searching for an approximate
solution to the problem under consideration is proposed and the conditions for the
convergence of the proposed algorithm are determined. An estimate between the exact and
approximate solution of the nonlinear problem is obtained.

5 Acknowledgements

This research is funded by the Science Committee of the Ministry of Education and Science
of the Republic of Kazakhstan (Grants No. AP23488729, 2024-2026)



74 On one solution of a nonlocal boundary . . .

References

[1] Benjamin T.B., Bona J.L., Mahony J.J., Model equations for long waves in nonlinear dispersive systems,
Philosophical transactions of the royal society a mathematical, physical and engineering sciences, 1220, (1972), 47-78.
https://doi.org/10.1098/rsta.1972.0032.

[2] Al-Khaled K., Momani S., Alawneh A., Approximate wave solutions for generalized Benjamin-Bona-Mahony-Burgers
equations, Applied Mathematics and Computation, 171, (2005) 281-292. https://doi.org/10.1016/j.amc.2005.01.056

[3] Arora G., Mittal R.C., Singh B.K.,Numerical solution of BBM-Burger equation with quadratic b-spline collocation method,
Journal of Engineering Science and Technology, 9 (2014), 104-116.

[4] Dehghan M., Abbaszadeh M., Mohebbi A., The numerical solution of nonlinear high dimensional generalized Benjamin-
Bona-Mahony-Burgers equation via the meshless method of radial basis functions, Computer and Mathematics with
Applications, 68, (2014), 212-237. https://doi.org/10.1016/j.camwa.2014.05.019

[5] Chunhuan Xiang, Honglei Wang, New Exact Solutions for Benjamin-Bona-Mahony-Burgers Equation,Open Journal of
Applied Sciences, 10, (2020), 543-550. https://doi.org/10.4236/ojapps.2020.108038

[6] Hajiketabi M., Abbasbandy S., Casas F., The Lie-group method based on radial basis functions for solving nonlinear
high dimensional generalized Benjamin-Bona-Mahony-Burgers equation in arbitrary domains,Applied Mathematics and
Computation321 (2018), 223-243. https://doi.org/10.1016/j.amc.2017.10.051

[7] Izadi M., Samei M.E., Time accurate solution to Open Access Benjamin–Bona–Mahony–Burgers equation via
Taylor–Boubaker series scheme, Springer open journal, 17, (2022), 1-29. https://doi.org/10.1186/s13661-022-01598-x

[8] Kanth A.R., Deepika S.,Non-polynomial spline method for one dimensional nonlinear Benjamin-Bona-Mahony-Burgers
equation, Int. J. Nonlinear Sci. Numer. Simul, 18(3-4), (2017), 277-284. https://doi.org/10.1515/ijnsns-2016-0136

[9] Korpusov M. O., Panin A. A., Local solvability and solution blowup for the Benjamin-Bona-Mahony-
Burgers equation with a nonlocal boundary condition, Theoretical and Mathematical Physics 175:2 (2013), 580-
591.https://doi.org/10.4213/tmf8417

[10] Mei M.,Large-time behavior of solution for generalized Benjamin-Bona-Mahony Burgers equations,Nonlinear Analysis:
Theory, Methods and Applications 33 (1998), 699-714. https://doi.org/10.1016/S0362-546X(97)00674-3

[11] Kozhanov A.I., Lukina G.A., Pseudoparabolic and pseudohyperbolic equations in noncylindrical time
domains,Mathematical Notes NEFU,3(26), (2019), 15-30. https://doi.org/10.25587/SVFU.2019.17.12.002

[12] Oruc O., A new algorithm based on Lucas polynomials for approximate solution of 1D and 2D nonlinear generalized
Benjamin-Bona-Mahony-Burgers equation, Computer and Mathematics with Applications, 74, (2017), 3042-3057.
https://doi.org/10.1016/j.camwa.2017.07.046

[13] Shallu V.K.K., Numerical treatment of Benjamin-Bona-Mahony-Burgers equation with fourth-order
improvised b-spline collocation method, Journal of Ocean Engineering and Science, 7, (2021), 99-111.
https://doi.org/10.1016/j.joes.2021.07.001

[14] Zhao T., Zhang X., Huo, J., Su, W., Liu, Y., Wu, Y., Optimal error estimate of Chebyshev-Legendre spectral
method for the generalised Benjamin-Bona-Mahony-Burgers equations, Abstract and Applied Analysis, (2012).
http://dx.doi.org/10.1155/2012/106343

[15] Asanova A. T., Dzhumabaev D. S., Well-posedness of nonlocal boundary value problems with integral condition
for the system of hyperbolic equations, Journal of Mathematical Analysis and Applications, 402:1 (2013), 167-178.
https://doi.org/10.1016/j.jmaa.2013.01.012

[16] Dzhumabayev D. S., Criteria for the unique solvability of a linear boundary-value problem for an ordinary differential
equation,USSR Computational Mathematics and Mathematical Physics, 29:1 (1989), 34-46. https://doi.org/10.1016/0041-
5553(89)90038-4

[17] Dzhumabaev D. S., Temesheva S. M., A parametrization method for solving nonlinear two-point boundary value problems,
Computational Mathematics and Mathematical Physics, 47:1 (2007), 37-61. https://doi.org/10.1134/S096554250701006X

[18] Orumbayeva N.T., Keldibekova A.B. On One Solution of a Periodic Boundary-Value Problem for a Third-
Order Pseudoparabolic Equation,LOBACHEVSKII JOURNAL OF MATHEMATICS, 41(9) (2020), 1864-1872.
http://dx.doi.org/10.1134/S1995080220090218



A.M. Manat, N.T. Orumbayeva 75

[19] Keldibekova A. B., Solvability of a semi-periodic boundary value problem for a third order differential
equation with mixed derivative,Bulletin of the Karaganda University Mathematics Series, 98(2), (2020), 84-99.
http://dx.doi.org/10.31489/2020M2/84-99

[20] Manat A.M., Orumbayeva N.T., On one approximate solution of nonlocal boundary value problem for the
Benjamin-Bona-Mahony equation, Bulletin of the Karaganda University Mathematics Series, 2(110), (2023), 84-92.
http://dx.doi.org/10.31489/2023M2/84-92


