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THE NONLOCAL SOLVABILITY CONDITIONS FOR A SYSTEM WITH CONSTANT
TERMS AND COEFFICIENTS OF THE VARIABLE ¢

We consider the Cauchy problem for a system of quasilinear differential equations with constant
terms and coefficients of the variable t. We investigate the solvability of the Cauchy problem for
a system of quasilinear differential equations with constant terms and coefficients of the variable
t using the additional argument method. A theorem on the existence and uniqueness of the local
solution of the Cauchy problem for a system of quasilinear differential equations with constant
terms and coefficients of the variable ¢ is formulated. We obtain sufficient conditions for the
existence and uniqueness of a nonlocal solution of the Cauchy problem in original coordinates for
a system of quasilinear differential equations with constant terms and coefficients of the variable
t. A theorem on the existence and uniqueness of the nonlocal solution of the Cauchy problem for
a system of quasilinear differential equations with constant terms and coeflicients of the variable ¢
is formulated. A theorem on the existence and uniqueness of the nonlocal solution of the Cauchy
problem for a system of quasilinear differential equations with constant terms and coefficients of
the variable ¢ is proved. The proof of the nonlocal solvability of the Cauchy problem for a system
of quasilinear differential equations with constant terms and coefficients of the variable ¢ relies on
global estimates.
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Hwxauit HoBropoa memsekertik yausepcureri. H. U. Jlobauesckuit, Peceit, Huxxuuit Hosropos, k.
e-mail: dontsowa.marina2011@yandex.ru
t alffHBIMAJIbI €pPKiH MyIliejiepi MeH KoadduiimeHTTepi 6ap >kytie yIIIiH JOKaJIdi eMec
MIEITiMILTIK IapTTaphbl

t afiHBIMAJIBI €pKiH MyIresepi MeH KodddunmenTrepi 6ap KBa3UCHIZBLIKTHI MM dEPEHITNATIBIK,
Tereyrep XKyiteci yrria Komm ecebin KapacTbipambi3. KocbiMImma apryMeHT 9/1ici apKbLIbI ¢ aiffHbI-
MaJIbl epKiH MyTresiepi MeHn KoadgduimenTrepi 6ap KBa3UCHI3BIKTHI Aud HepeHnnaaIbK TeHIeyaep
Kyiteci yiin Ko ecebin mrenmimrislikke 3eprTeiiMis. ¢ altHbIMAJIBI €PKIH MyIIIesepi MeH Ko3d-
durmenTrepi 6ap KBa3sHCHI3LIKTHI i depeHmaiiblK TeHaeyaep kyieci ymin Komu ecebinin,
JIOKAJIII TIerntiMi 6ap KoHE YKAJFBI3IBIFB TYPAJIBl T€OPeMa TYKbIPBIMIAFaH. ¢ aiffHbIMAJIbI €PKIiH
Mytesepi MeH koddduimenTrepi 6ap KBa3UCHIBBIKTHL AUMMEPEHITNATIBIK TEHIEYIep Kyiiec
yirin 6acTanmkel KoopanHaTagapaarsl Ko ecebiHiH JIOKaIbIbl eMec IenriMinia, 6ap 00Iybl MeH
JKAJIFBI3JBIFBIHBIH KETKIJIIKT] ImapTTaphlH ajambl3. Epkin Mylnesnepi KoHe ¢ aflHbIMAJIbI KO-
durmenTTepi 6ap KBa3sHCHI3LIKTHI (D depeHImaiiIblK TeHaeyaep Kyieci ymin Komu ecebinis,
JIOKAJIIII eMec MIerriMi 6ap »KoHe KAJFBI3JIbIFBI TYPAJIbl TEOPEMa TYKbIPBIMIAJFAH. { ATHBIMAJIBI
epkiH wmymrenepi MeH KodddummenTTepi 6ap KBA3UCHIZBIKTHI Iu(MMOEPEHITHAIBIK, TEHIEYIep
Kyiteci ymria Ko ecebimiy TOKaIbIbI eMec MentiMiHie 6ap O00Iybl KoHe »KAJFBI3ILIIBI TYPaJIbl
TeopeMa JIRJIeJIIeH . ¢ alfHbIMAJIBI ePKiH MyIenrepi MeH KoddduinmenTrepi 6ap KBa3UCHI3BIKTHI
nuddepeHuaIbIK TeHIeyaep kyieci ymin Komm ecebiniH, JIOKaIbJIbI €Mec MeNiMIIirHIH
JroJte ti TyIobaJI Il alpUOPJIbIK, Oarasiayiapra Heri3/IesreH.
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Ycii0BUus HEJIOKAJIBHOW pa3pelmMOoCTH JIJisi CUCTEeMbl CO CBOOOIHBIMU YJIEHAMH U
Ko3d durnmeHraMmu nepeMeHHOoro t

Ms1 paccmarpuBaeM 3a1ady Kormm jij1st cucTeMbl KBa3UJIMHENHBIX iudhepeHInalbHbIX Y PaBHEHUH
€O cBOOOIHBIMU YJIeHAMU U KO3 durmenTaMu epeMeHHoro t. Mbl ucciie/iyeM pa3penimMocThb 3a,/1a-
an Ko 15t cucrembr kBazuanHetHbIX qudhepeHnnaabHbIX YPABHEHUN CO CBODOIHBIMY TJIEHAMEI
u kodhduImenTaMu IepeMeHHoro ¢ ¢ MOMOIIBI0 MeToa JomoJHuTeIbHOr0 aprymenta. Chopmy-
JINPOBaHA TeopeMa O CYIIECTBOBAHUM U €MHCTBEHHOCTH JIOKAJIBHOTO pelneHust 3ajadau Komm miist
CUCTEMbI KBa3WJIMHERHBIX UM DEepPEeHITNAIBHBIX yPABHEHMI CO CBOOOIHBIMU YJIeHAME U KOIDDUIH-
eHTaMu niepeMeHHoro t. Mbl mojrydaeM J0CTaTOYHBIE YCJIOBUSI CYIIECTBOBAHUS U €IMHCTBEHHOCTH
HEJIOKAJIbHOTO pelleHus 3aaaun KoIm B MCXOIHBIX KOOPJAMHATAX IJIs CUCTEMbl KBA3UJIMHENHBIX
muddepeHnmaaIbHbIX YPAaBHEHNH €O CBOOOMHBIMU HIeHAMHU W KOI(MDPUIMEHTAMI TEPEMEHHOTO t.
CdopmysmpoBaHa TeopemMa O CyIeCTBOBAHUN U €JIMHCTBEHHOCTU HEJIOKAJIHHOIO PEIIeHUs 3a/adm
Ko jij1s1 cucreMbl KBa3uInHENHBIX b epeHIna bHbIX YPaBHEHNN CO CBOOOIHBIMU 1JIEHAMU U
ko3 urnmentamu nepemeHHoro t. /lokazaHa Teopema O CyIIeCTBOBAHUU UM €JIUHCTBEHHOCTU HEJIO-
KAJILHOTO perreHust 3aa9u KoImm /jist CHCTeMbl KBA3WJINHERHBIX TuddEepeHINaIbHBIX YPABHEHIH
€O CBOOOHBIMU WieHAME U KO3 duimeHTaMu mepeMeHtoro t. J{oka3aresbCTBO HEJIOKAJIBHON pa3-
permmmMocTu 3aja9u KoImm 1t cucTeMbl KBa3UIMHERHBIX JTnddhepeHIaIbHbIX YPABHEHUI CO CBO-
0OIHBIMU UJICHAMHU U KOI(PDUIMEHTAMHI TTIEPEMEHHOT0 ¢ OCHOBAHO Ha TJIOOATBLHBIX OIEHKAX.
Kurouessbie cioBa: 3aj1ada Ko, kKBasuinHeliHas cucreMa, (OYHKIUE, IJI00aIbHBIE OIEHKH.

1 Introduction

We consider the system:

{ Owu (t, ) + (a(t)u(t,z) + b(t)v(t,x) + a1(t))0pu (t,x) = fi(t, ), (1)
Ow(t,x) + (c(t)ult,z) + g(t)v(t, ) + az(t))0v(t, x) = folt, ),

where wu(t,z), v(t,z) are unknown functions, fi, fo, a(t), b(t), c(t), g(t), ai(t), as(t) are
given functions,

a(t) >0, b(t) >0, c¢(t) >0, g(t) >0, tel0,T],

subject to the initial conditions:

w(0,2) = pi(2), v(0,2) = p(2), (2)

where @1 (), p2(x) are given functions.
The problem , is considered on

Qr ={(t,z) |0 <t <T,z € (—00,+0), T > 0}.

The system appear in various problems in natural sciences, for instance, in describing
the spreading of finite intensity perturbation under non-stationary one-dimensional ow of
ideal gas |1,2].

In the present work, we determine sufficient conditions for the existence and uniqueness
of a nonlocal solution of the Cauchy problem (1), (2), where fi, fo, a(t), b(t), c(t), g(t),
ai(t), as(t) are given functions,

a(t) >0, b(t) >0, c(t) >0, g(t) >0, te0,T].
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We investigate the solvability of the Cauchy problem , using the additional
argument method. The method of an additional argument allows us to obtain sufficient
conditions for the existence and uniqueness of a nonlocal solution of the Cauchy problem ,
(2) in original coordinates.

2 Material and Methods

We use the additional argument method. For the problem , we write the extended
characteristic system [3{-9):

dm (s,t, )

S = als)wi (st 0) + b(s)ws(s, 1, w) + aa(s), (3)
W — c(s)wa(s,t,2) + g(s)wn(s, t,x) + as(s), (4)
W = fils,m), (5)
W = fals,m), (6)
ws(s,t,x) = wa(s,s,m1), wa(s,t,x) =wi(s,s,n2), (7)

wi(0,t, ) = p1(m(0,¢,2)), wa(0,t,x) = pa(ne(0,t,2)), ni(t,t,x) =2, i =1,2. (8)

Unknown functions n;, wj, i = 1,2, j = 1,4, depend not only on ¢ and x, but also on
additional argument s. Integrating equations —@ with respect to the argument s and
taking into considerations conditions , , we obtain an equivalent system of integral
equations:

m(s,t,x) =x — / (a(v)wy + b(v)ws + a1 (v))dy, (9)
ne(s,t,x) = — / (c(V)wy + g(V)ws + as(v))dv, (10)

wi(s,t,2) = 1 (m (0,1, 7)) + / i), (1)
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wa(s,t,) = pa(a(0, 1, 2)) + / oy o), (12)

w3(87 t LE‘) = w2(57 5, 771)7 w4(57 t LL’) = w1<87 5, 772) (13>
Substituting @D, into —, we get

wy (s, t,x) = p1(x — /0 (a(v)wy + b(v)ws + a1 (v))dv) +

+ /05 filv,x — / (a(T)wy + b(T)ws + a1(7))d7)dv, (14)

wa(s,t,x) = o — /0 (c(v)wy + g(v)wy + az(v))dv) +

+ /OS fo(v,x — / (e(T)wy + g(T)wa + as(7))dT)dv, (15)
ws(s,t,x) = wy(s,s, o — / (a(v)wy + b(v)ws + a1 (v))dv), (16)

wy(s,t,x) =wi(s,s, o — / (c(v)wy + g(v)wy + az(v))dv). (17)

Lemma 1 Let wi(s,t,z) and ws(s,t,x) satisfy the system of integral equations (14)-(17).
Assume that wy(s,t,x), we(s,t,x) together with their first order derivatives are continuously
differentiable and bounded. Then the pair of functions

u(t,x) = wi(t,t,x), v(t,z) = ws(t,t,x)

15 a solution to the problem , (@ on Qr,, where Ty is a constant.

The Lemma [l can be proven in the same way as in [9).
The proof of the nonlocal solvability of the Cauchy problem , relies on global
estimates.

3 Existence of a local solution
We denote T'r = {(s,t,2)|0< s <t < T, x € (—o0,+00), T > 0},

i=1,2, 1=0,2},

l
o

C, = max{sup
R
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[ = max{supa(t), supb(t), supc(t), supg(t)},
[0,T7] [0,T] (0,7 (0,7

C’f = HlaX{Sglllp ‘fl(tv SC)| 7S§121p ’fQ(tvx)‘ 78(121p |a:rf1<t7 l‘)l 7Sg121p ‘afo(tvx)’}v
1G]} = sup |G(s, £, 2)[, [Ifll = sup|f(t, )],

Corez-an()) is the space of functions continuous and bounded, together with its
derivatives up to order a,, w.r.t. mth argument, m = 1,7 on unbounded subset Q, C
R"'n=12..,

C([0,T7]) is the space of continuous functions on [0, 7.

Theorem 1 Suppose that

PY1, P2 S CY2(R)’ f17f2 € 0272(QT)7 a, b7 C g,a1,a2 S C([07T])7

c, 3
T < min(—=
min{ze Toc”

0, c(t) >0, g(t) >0 on [0,T],
>0, py(x) >0 on R,

O fi(t,x) >0, O fa(t,z) >0 on Qr.
Then for each

c, 3
T < min(—=
< min(ge o0,

the Cauchy problem , (@ has a unique solution
u(t,x),v(t, z) € CH*(Q)

),

which can be found from the system of integral equations f.

The Theorem [l{ can be proven in the same way as in [4-8].

4 Existence of a nonlocal solution

Theorem 2 Suppose that
01,00 € C*(R), f1, f2 € C**(Qr), a,b,c,g,a1,a, € C([0,T)),
a(t) >0, b(t) >0, c(t) >0, g(t) >0 on [0,7T],
¢1(z) =0, ¢y(x) =0 on R,
Oufit,x) 20, Opfot, ) > 0 on Q.
Then for any T > 0 the Cauchy problem , @ has a unique solution

u(t,z),v(t,z) € CH*(Qp)

which can be found from the system of integral equations f.
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Proof. Differentiating with respect to z and denoting

p(t,x) = Ou(t,x), r(t,xz)=0v(t,x),
we obtain the system of equations:

op + (a(t)u + b(t)v + aq(t))0up = —a(t)p* — b(t)pr + I, f1,
o + (c(t)u+ g(t)v + as(t))0er = —g(t)r* — c(t)pr + Oy fa,
p(O,ZE) = (p’l(:p), T(O,ZL‘) = 90/2(1‘)

We add two equations to the system of equations @f:

%) = —a(s)v3(s,t, ) — b(s)71 (s, t, 2)7a(s, 8,m) + Oufi(s,m
dw%s’t’m) = _9(8)722(& L, ZL’) - C(S)’}/I(S, S, 772)’72(87 L, Jf) + 6$f2<87 2

subject to the conditions:

(0, ¢, 2) =i (m),  12(0,t,2) = K5(n2).
We rewrite , as follows:

T (Sat7$) = <10/1(771)

+
J
Ya(s,t, ) = @h(n2) + ({

[ ( ) b( )7172(% v, 771) +axf1]dy

[ ( ) C(V)’)Q’Yl(ya v, 7]2) + awa]dI/

(18)
; (19)
(20)
(21)

As in [4-8], we can prove the existence of a continuously differentiable solution to the problem

(21)). Therefore,
ou
ntt,z) =p(t,2) = 2wt t o) = rt,x) =

As in [45], we can prove that for all ¢ and x on Qr

lull < Co +TCy, ol < Cp +TCy.

From ,, we obtain

.

T (s,t,2) = ¢y (m) exp(— [ (a(v)y1 + b(v)ye) dv)+

+ f 8, f1 exp(— f (a()n + b)) dv)dr,

S

Ya(s,t, ) = @h(n2) exp(— 0( c(W)mn + g(W)ye)dv) +

+ ({s Oy fo exp(— j (c(V)y1 + g(v)ye) dv)dr.

O%m

Since

a(t) >0, b(t) >0, c(t) >0, g(t) >0 on [0,T],

pi(z) 20, ¥h(x) >0 on R,

@
or’

(22)

(23)
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awfl(tax) 2 Oa 8xf2(t7$) Z 0 on QT7
it follows from that 74 > 0, 72 > 0 on I'7. Therefore,

vl < Cp +TCy, i =1,2.
Since v (t,t, ) = Oyu, Yo(t,t,x) = O,v, then for all t and z on Q7 we obtain the estimates
|Opul|| < Cp +TCY, |00 < C,+TC. (24)

As in [4-8|, for all ¢t and = we obtain the estimates

EyCy + Cy

2
\8x2u|§Elch<T 0102)+ Voo

sh <T 0102> + 0104T2, (25)

E\Cy + Cy
V1O,

where Fy, FE,, Cy, Cy, (3, Cy are constants.

Owing to the global estimates (22)), (24)—(26), we can extend the solution to any given
segment [0,7]. We take u(Ty, z), v(Tp, x) for the initial values, using Theorem [1} we extend
the solution to the segment [Ty, 71]. Then for the initial values we take u(T3,z), v(11,x),
using Theorem , we extend the solution to the segment [T}, T3]. As a result, we can extend
the solution to any given segment [0, 7] in finitely many steps.

The uniqueness of a solution to the Cauchy problem , is proved with the help of
estimates similar to those used in the proof of the convergence of successive approximations.

10%,0] < Esch <T 0102)+ sh(T 0102>+C'203T2, (26)

Example 1 We consider the system:

{ Opu (t, ) + (10t + Vu(t, z) + (9t5 + 2)v(t, ) + 150)0,u (t, ) = t + 19arctg2z,

Dult, x) + (26 + 5Yu(t, x) + (58 + T)o(t,x) — T1)D,v(t, z) = — LT (27)

where u(t, z), v(t,z) are unknown functions, subject to the initial conditions:

1
el9z + 3’

The problem (27), (28) is considered on Qp = {(t,z)]|0 <t < T, z € (—o0,4+00),T > 0}.
We have

u(0,z) = ¢1(x) = v(0,z) = po(z) = 12 4 arctgb. (28)

a(t) =10t + 1, b(t) = 9t° + 2, c(t) = 26> + 5, g(t) = 5t + 7,

t+17
t) = 150, a(t) = —=71t, fi(t,x) =t + 19arctg2 fa) = —— 2
ay(t) = 150t, as(t) 71t, fi(t,x) + 19arctg2z, fo(t, ) ETETE
1961990 6
/ o / _
QOl(x) - (619m +3)27 902(1‘) 1+36I27
38 5e (¢ 4 17)
0t 0) = g %P0 = s e
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Since
Y1, P2 € CQ(R)7 f17f2 € CQ,Q(QT% a, b7 ¢, g,a1,02 € C([OaT])a

a(t) =10t +1>0, b(t) =9t° +2 >0,
c(t) =2t +5>0, g(t) =5 +7>0 on [0,T],

19¢9

Al = g > 0 9l = T > 0 on B

5e (¢ 4 17)

W>OOHQT,

38
T 1.2 >0, Oyfo(t,x) =

then by Theorem@ the Cauchy problem , (@ has a unique solution
u(t,r),v(t,z) € C*(Qp).
We consider the system subject to the initial conditions:

1
u(0,z) = p1(x) = ~ 13 v(0,x) = po(x) = 24 + arctgz. (29)

The problem (27), (29) is considered on Qr = {(t,z)|0 <t < T,z € (—o0,+00),T > 0}.
Since
Y1, P2 € OQ(R)7 f17f2 € CQ,z(QT)ﬂ a, bv ¢, g,a1,a2 € C([OaT])a

a(t) =10t +1>0, b(t) =9t° +2 >0,

c(t) =22 +5>0, g(t) =5t>+7>0 on [0,T],

, 23237 ) 1
p1(z) = (@ 132 >0, ¢y(z) = T2 0 on R,
38 5 (t + 17)
Oy fr(t ) = —2 50, 0, folt,z) = 2T g on
hltw) =377 > 00 Guoll) RS T

then by Theorem@ the Cauchy problem , (@/ has a unique solution

u(t,x),v(t,x) € CH*(Qr).

5 Conclusion

We have obtained sufficient conditions for the existence and uniqueness of a nonlocal solution
of the Cauchy problem (1)), (), where fi, fo, a(t), b(t), c(t), g(t), ai(t), as(t) are given
functions, a(t) > 0, b(t) >0, c(t) >0, g(t) >0, te€]l0,T].
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