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A ROBUST NUMERICAL METHOD FOR SINGULARLY PERTURBED
SOBOLEV PERIODIC PROBLEMS ON B-MESH

This article examines periodic Sobolev reports with a singular deviation, which causes significant
difficulties in numerical approximation due to the presence of sharp or boundary layers. A stable
quantitative method for the effective solution of such problems in the Bakhvalov lattice, a special
grid for the deviant action of the solution, is proposed. Singularly perturbed periodic Sobolev
problems create significant difficulties in numerical approximation due to the presence of sharp
layers or boundary layers. Our proposed reliable numerical method for efficiently solving such
problems on the Bakhvalov grid, a specialized grid, is designed to account for the singular behavior
of the solution. First, an asymptotic analysis of the exact solution is performed. Then a finite
difference scheme is created by applying quadrature interpolation rules to an adaptive network.
The stability and convergence of the presented algorithm in a discrete maximum norm is analyzed.
The results show that the proposed approach provides an accurate approximation of the solution
for singular problems while maintaining computational efficiency.

Key words: Difference scheme, error estimate, periodic boundary value problem, singular
perturbation, Sobolev differential equation.
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B-topaarer cunrynsipasl aybiTkbiran CoboJsieB repuoaThl mpobJjeMasiapbl YIIiH TYPaKThI
caHIbIK 97ici

By makanama CobosIeBTIiH CHHTYISPJIBIK ayBITKYBI O0ap Mep3iMIl ecenTepi KapacThIpbLIA b, Oy
OTKIp HeMece IIeKapPaJIbIK, KabaTTapabiH 00JIybIHA OAMIAHBICTHI CAHIBIK, XKYBIKTAyAa afiTapJIbIKTail
KUBIHJBIKTAD TYJAbIPa/Ibl. BaxBajaoB TOpbIHIAa MYHIAN Macesesep i THIM/II IIEeNTyIiH TYPaKThl CaH-
JIBIK, OJIiC1, MIENIMHIH aybITKy OpeKeTi YIIiH apHailbl TOp ycbiHbLIFaH. CoOO0JIEBTIH epeKIle arry-
JlaHFaH Mep3iM/Ii MiHIeTTepl OTKIp KabaTTap/IbIH HeEMece IeKapaJiblK, KabaTTapIblH 60 TybiHa, Oaii-
JIAHBICTBHI CAHJIBIK, XKYBIKTAyIa afiTapJbIKTail KUBIHIBIKTAD TYFBI3a/bl. baxBaj TOpBIHIA, MaMaH-
JAHIBIPBIIFAH TOP/Ia OCBIHIAN MOceseepal TUIM/I IMIerry VImH 6i3 YChIHATBIH CEHIMII CAHJIBIK,
9JIiC MIENNMHIH CHHIYJISPJIBIK MiHE3-KYJIKBIH €CElKe aJIyFa apHaJfaH. AJIIbIMEH HAKThI IIEIIiMIe
ACUMIITOTUKAJIBIK, Tajgay Kacajajel. ColaH KeifiH aJalTUBTI »Kejlire KBapaTypaJiblK HHTEPIIO-
JISTAST epexKeJIepiH KOJAHY apKbLIbl aKbIPJIbl aflbIPMAIIBLIBIK CXeMAaChl 2KACaJIa Ibl. YChIHBLIFAH
AJTOPUTMHIH, TYPAKTBLIBIFBI MEH KOHBEPTEHITUSICHI JUCKPETTI MAKCUMAJIIBI HOPMaJa TaJJIaHa b
Horuxkenep ychiHBUIFAH TOCIT ecenTey THIMIUITIH caKTall OTBIPBIN, CHHTYJISPJIBIK, €CernTep YImiH
MIENTIMHIH, JI9JI 2KYBIKTaybIH KAMTAMAChI3 €TeTiHIH KOpPCeTe/Ii.

Tvyiiia ce3mep: AllbIpMAIIBLIBIK CXeMaChl, KaTeHi OaraJiay, [IepUOJTHI IEKaPaJIbIK, €CeIl, CUHIY-
JISIpJIBIK, Oy3bLIbic, Co60s1eBTIH, IuddepeHITIaIbIK, TEHIEY.
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VYcToiiuyuBbIil YNCJIEHHBIN METO/, NJisi CUHTYJISPHBIX BO3MYMIEHHBIX MIEPUOUYECKUX NPobJiemM
CoboseBa Ha B-cetke
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B manHOI# cTaThe paccMaTpUBaOTCs iepuojudeckue orderbl CobosieBa ¢ CUHTYJISIPHBIM OTKJIOHEHH-
€M, YTO BBI3bIBAET 3HAYUTEJ/IbHBbIE TPYAHOCTHA B YUCJIEHHOM ITPUOJIVKEHUN U3-33 HAJMIUS OCTPBIX
WA TOTPAHUYHBIX CJI0eB. lIpesjioykeH yCTOWYMBBIM KOJTMYIECTBEHHBIN MeTosr 3P(EKTUBHOIO pe-
IeHNsT TAKUX 337129 B pemnreTke BaxBasioBa, crenuaabHas ceTKa s OTKJIOHSIONIEroCs JeiCTBUs
pemrerusi. CHHTYIISIDHO BO3MYIIEHHBIE Teproandeckre 3aadun CobosieBa CO3/1al0T 3HAYUTEHHBIE
TPYJIHOCTH TP YUCJIEHHON AIIPOKCUMAIINN M3-3a HAJUYUS PE3KUX CJIOEB WJIM HOPAHUIHBIX CJIO-
eB. IlpeyiaraeMplii HAMU HAJIEXKHBIA YUCTIEHHBIN MeTOJ st 9P (PEKTUBHOIO pEIleHus TAKUX 3a-
Jad Ha BaxBaJIOBCKOM ceTke, ClenuaIn3upOBaHHON CETKeE, IIPeJHA3HAYEH JJIs YIeTa CUHTYJISIPHOTO
moBesierns pertennsi. CHaYa I8 TPOBOAUTCA ACHMITOTHIECKAN aHAJIN3 TOYHOTO PEIEHUS. 3aTeM
COBJIAETCsT KOHETHO-PA3HOCTHASI CXEMa, ITyTeM ITPUMEHEHUs KBaIPATyPHBIX [IPABUJI HHTEPITOJISAIINN
K aJ[AlITUBHOM CeTH. AHAIM3UPYETCs YCTONIUBOCTD U CXOJIMMOCTD MIPEJICTABICHHOTO aJITOPUTMA, B
JIMCKPETHOI MaKCUMaJIbHOM HOpMe. Pe3y/ibTaThl IIOKA3BIBAIOT, YTO IPEJIOXKEHHBIN [TOIX0]] 0becITe-
YUBAET TOYHOE MPUOJIMKEHUE PEIIeHrs] JJIsi CHHIYISPHBIX 38/1a9 [IPA COXPAHEHUU BBIUYUCIUTE] b
Hoit 3¢pPeKTUBHOCTH.

KimroueBbie ciaoBa: Pasnocrhast cxema, OIEHKa MOTPEITHOCTH, MEPUONIecKas KpaeBasl 3a/a4a,
CUHTYJIsIpHOE BO3MyIenue, nuddepenimainbioe ypasaenue Cobosena.

1 Introduction

In this study, we consider the following singularly perturbed initial-periodic boundary value
problem in the domain D = Q x [0, T]; Q@ = [0,1], 2 = (0,1), D =Q x (0,77 :

Lu = Ly[uy| + Lou = f(z,t), (z.t) € D, (1)
u(z,0) = o(z), =€, (2)
uy(z,0) = Y(z), €0 (3)
u(0,t) = u(l,t), te (0,77, (4)
u(0,6) = ue(1,t), t € (0,7, (5)
where
Ly [uy] = —etigar + a(x)uy,

Lolu(z,t)] = —eug, + b(z, t)u(z, t),

and 0 < ¢ < 1 perturbation parameter; the functions a, b, f and ¢ are sufficiently smooth,
[-periodic, and a(x) > o > 0, b* > b(x,t) > 0.

This study presents numerical solutions for partial differential equations with a second
derivative with respect to time in the highest order term and small parameters in that term.
These equations are commonly found in mathematical physics and fluid mechanics and are
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used in various fields such as transmission lines, electron plasma waves, and ion-acoustic
waves in plasmas [14].

Previous research has looked at problems similar to the one we are investigating in regular
classical difference schemes. In this study, we are focusing on the singular-perturbed version
of the problem, where small parameters affect the coefficient of the higher-order derivative.
One unique aspect of this issue is that when 7 is small, the solution changes quickly around
boundary points in x and the derivatives of the solution become unbounded. As a result,
the traditional difference scheme is not effective with a uniform mesh, as the approximate
solution deviates from the exact solution as the steps in the schema decrease [12]. In this
study, a three-level difference scheme is introduced for the problem under investigation. This
scheme was developed utilizing linear basis functions, interpolation quadrature formulas
with integral terms, and the weight function as outlined by Duru and Gunes (2022). The
stability and convergence criteria of the proposed difference scheme were analyzed, and the
convergence speed was assessed for each scenario.The research also delves into the existence,
uniqueness, and smoothness of the exact solutions to similar problems. Moreover, numerous
mathematicians have investigated the presence, distinctiveness, and regularity of the precise
solution to such issues [17]. Our main objective is to develop a reliable and stable finite
difference scheme for addressing problems 7, incorporating interpolating quadrature
rules and linear basis functions in the construction process.

2 Asymptotic Estimates

Lemma 1 The following estimation is true for the solution u(x,t) of the problems f
s

ak+su _
Hm < C{e 2 [[Iflleaoy + lloll + el + 11l +elle']] +
+s(s = D [l + 1971}, k,s=0,1,2. (6)
Proof. Multiplying both sides of the differential equation (1)) as a scaler with %, we
have
) t
du cst —1/7.% 2 2\ cx(t—s)
S|l ST+ [ {aT O llull” + [ £1)e T ) ds, (7)
0
where U, = o' [e[[¢/[* + (a(2)v, &) + el ¢|7], e = a7 (1 + ).
In ([7), using the following inequality for the arbitrary function 9(t) € C*
t
5700 - 170 < [ ords ®
2T T -

0
and by taking £ € (0,t) instead of ¢ by integrating we get
t
Jull < s [l + <1 + 101+ £l9/1°] + Ca [ (o) + 1)) s

0
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From integral inequality

2 2 2 2 2 2
P < € (1,0 + ol + el + Do)+ ello1P)

This is proof of Lemma 1 for the case k = s = 0. Lemma 1 is true for the case k = 1, s = 0.
From this inequality and , the estimate @ is

2

0*u
otox

2+ ou
€ ell=—
ox

2+ du
ot

< {10y + NI + <l I + 1907 + <l 9)°}

Thus, the lemma is proved for the cases k =s=1and k=0, s =1.
2

0
Now, if both sides of equation (1) are multiplied by Y as the scalar, the following

. o . ot
inequality is obtained
agu 2 8211/ 2 au 2 2 2
- — < — .
& 8t28x +o atQ — C € @J] + ||UH + Hf”

, Lemma 1 is proved for the cases k = 2, s = 0, and

0
From the results for ||u|| and H—u

ox
k=2 s=1.
84
Similarly, the other cases are proved by multiplying the differential equation by 82—gt2
x
as a scalar.

3 The Finite Difference Scheme

In this section the finite difference scheme is constructed by using interpolating quadrature
rules We use the interpolation quadrature rules when constructing the difference scheme
[2].Now we give the node points of Bakhvalov mesh.

3.1 Bakhvalov Mesh

In this subsection, adaptive mesh points are presented. For these points, the mesh generation
function that Bakhvalov 1969, mentioned in his paper is used.
Let w denote the mesh on D, where w = wy X w;

CUN:{.TZ:Zh, Z:1,2,,N—1, hl:.fﬁz—xl_l},

T
wT:{tj:jT, j=12,...,M; T:M},w}:wNU{x:O,l}, W, =w, U{t=0}.

Let the mesh function v be defined on wy. The notations are as the following

Vi1 — U=V v — Vit1 — U; Uy — Vg

Vg = ———— ——, Uzs — .
) T 9 T ) Tr
Ry h; h h;

Vg
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Let the function g(t) be defined on mesh w,. Then the formulas are the following:

=g R 1 — 29+ g
=9 =% _9i=9= . _ 9+ 923 971 (Samarskii, 2001).
T T T

Bakhvalov mesh points (Boglaev 1984; Boglaev, 2006) are as the following

—a*151n<1— (1—5)%), I1=0,1,..., R x; € [0,0q], if 01<Z;
N l
- 5111(]‘_ (1_6 45) )a Z.:Oa]-)"'? Za xi€[0701}7 if 01 = —;
3N oo —
01+<i—< ))h(l) :_+1 = i € [o1, 03], h(l):—(a2 01);
i = 4 4 N
4<‘ 3N>
Ty 3N
0'2—04_1€IH<1—<1—€>(T4 >, Z:T‘i‘l,,N, .TiE[O'Q,l];
A7) 3N 31
. 0-2_0[716111(1_(1_6 4€><T4>>a Z:T+1aaN7 fL‘iE[Uz,l], 0-2217

where
.l 1
01 = min Z,—a elne p, 09 =1 — 0;.

The approach of generating difference method is through the integral identity:

ti+1 Tit1 e Tjt1
_ _ U _
o [ [ ]G] et [ et -
ti—1 Ti—1 Tj—1
tit+1 Tji+1

:7-1/ ht /f(x,t)@i(x)dx x;(t)dt. (9)

ti—1 i1

g02(1)(1,) — (x_h#’ T € [wi1, 2,
wi(x) = 9052)(33) — W;L;x7 T € [T, Tit],
i+1
0, T ¢ (Tio1, Tiy1),
and
t—1t;_
Xgl)(t) = ( T 1>7 te [tjfl’tj]’
(t) = big1 — 1
X;(t) Xf) (t) = M7 t € [t tipl,

-
0, t¢ ( Jj—1 ]+1)'



H. Duru et al.

41

Applying interpolating quadrature rules in [1], we find:
tul = El(u%m.) + ly(ul) + R; = f,
where
0 (u%“) = —5u§tﬁ7i + aiu%, Eg(ug) = —CUzz; + bfuf
Here the remainder terms are denoted by
i (0) 1)
R; = e(R™), + RY,

where

RO =R RW =R+ R — Ry,

tjr1
Re=rt [ R dt, R = R0+ Ry(t) — R0,
ti 1
and
tit1 [ZES

ot?

ti—1 n

R =717 / dn [ML /Tl(t—n)Xj(t)dt—Tl(tj -

tit1 ti+1
~ 0?u(z;,
tj—1 * n
tit1 tjt1

=7 | dn[m] [ Tt =t =it - ).

ot?

ti—1 n

and in R} we have

Tj+1
u
Ri(t) =" [ lata) = a(e)] 5 oia)da
Tit1

Ry(t) = |1 / Lofulgi(@)d — (—etuzs; + bz, uzi 1)) | |

Ry(t) =i [ 17(0.0)~ flaw D)ol

Then, it follows that

_ J J i, J _ £
bu = —euj,_. .+ aug; — Eugs +blul + R=f!, (z,t) € w.

TTd,i

(10)
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For the initial condition , the following relation is written:

t1 Ti+1
(Lu— fei(@)x (t)dedt =0, z; € w.

to Ti—1

4 -1
hlr

(3

From here, we get

T T T
—eup, +auy +r =9, ¢=—cthg + anh; + 55%me — 55?901' + 5]20

with the remainder term

r=—e(r®_ 40

that
[ (P | [
$i7
r® = /W(Tn) /Tl(?f - U)X(()Z) (t)dt —Ti(t; —n) |,
to * n

t1 t1

+ / dnb(x;, U)T /TI (t— W)XE)Q) (t)dt — Ty (tj /)

to n

t1

—/dnw /Tl(t—n)xé2)(t)dt—T1(tj—?7) ,

to n

where the basis function xg(t) is given by

_ e = , tE (to,th),
xol? {0, " t ¢ (to,1).

ty—t

For the periodical boundary conditions, we use the integral identity as the form

lit1 x4
ﬁ;lel / /(Lu — fo(x)x;(t)dzdt =0, t € w;.

ti—1 xo

From here, we analogously find:

e P | Wi * _ ]
EUgpss y T+ QOUT y — Sl v + bgui +17 =[5, ¢ € wr.

(11)

(12)

(13)
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Here, the remainder term is shown that

T'* — _57,*(0) + ’I“*(l)
where
o)
*(0) — —1 d xi? T]
: ! / n( at2 >x0
tj_l
t1
[ = npod - Tt |
n
and
i+l
P — 1 / rf(t)xj(t)dt + 7’1*(1) — 7ot
ti—1

Here, we can write the r;*(") and 7o* terms in the last the remainder term as follows

tj+1
B 0%u(0,
r D = T / al77b(x0,77)—((;t2 n)
ti—1
t1
/T1<t —n)x;(t)dt —T(t; —n)|
n
tj+1
* —1z—1 82
rot =71 hy / dn@fo(n)
tj_l
t1
/Tl(t —n)x;(t)dt —Th(t; —n)|
n
t; ti+1
[ reade=r [ 10+ 0
tji—1 tj—1

— r3,(D)]x; ()dt,
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1

@Aﬂ—/Lw%W@M49M,

Zo

1

rywz/umw—m%®wm

Zo

and the basis function pg(z) is defined by

(2)<I> (l’o — :L‘)

Po To < x <7,

hy
wo(x) = @5\?(55) = hﬂ} Tn_1 < T < Ty,
N
0, 1’¢ (l’o,l’l)U(l'N—laxN)'

Based on the relations , and , we propose the following difference scheme for
the approximating f:

ly = —aygtﬁ’i + aiy% —eymi + VY = f, (z,t) cw (14)

y(2,0) = ¢(z), =€wy, (15)

Oy =~y +a;) = ¢ (16)

y(0,8) =y(l,t), y(hi,t) =yl +hy,t), tE€w, (17)

My = —eygtmN + aoy%N —eyln VWY = f, tew, (18)
where

6= et + ah + e — SWpi+ ofY i= 12 Ny =12, M.

4 Error Analysis

Let u be the solution of — and y be the solution of —. The error function z = y—u
is a solution to the following discrete problem:

0(2) + (7)) = R;. (19)

2(0,t,) =0, 0<i<N, (20)
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2(0,t) = z(l,t), z(h1,t) = z(l+ hy,t), t € w,, (21)
Oz = e +ayd =r (22)
Wz = _Ezgtifc,N + aOZ%,N — ezl n Byl =1, tEews, (23)
» b*+1 72
Lemma 2 Under the conditions: Cot < 1 | Cy = max 5 s Ve ,1— 5 > v, > 0, the
«

following estimates are satisfied for the solution of the problem —
2]l + ellzeall < C(NT* +77). (24)

See Duru, 2004 for proof.

5 Numerical Results

Let’s write the problem — explicitly:

At -Gl + Byt = —F, i=1,... N -1

Ayl —Cyl™ + Byl = -F, i=1,.... N—1, j=2,....M—1 (25)

AN?J?QJFL - CNyf'\;Jrl + BN?J{—H = —Fly,

Atyi o, — Ciyl + Biyly = —F;, i=1,....N—1,
where

A; = —em %R R

_ —2z—-1;—1

Ci=—eh; 772 (hily + hi') — a2,

Fi=—fl+ (bi —2a,77) yl + a7yl t e (2r*-1) y%a:z - 57729%;,%
Ap = —er7 ' R

B} = —er "B hy

Ct = —ehyr! (h;rll + hfl) —a; T,

FY' = ez —ap; — € (% — 7'_1> Vzz + <% — aﬂ'_l) blp; — %fio
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Ay = —em %y thy'
By = —er2hy hy
Cy = —chy 172 (hl_1 + hgl) —anT 2,
Fy = —f% + (bg — 2&07_2)315\, + aiT_ngV_l + 5(27_2 — 1)y%iq’N — 57_23/%;5\,.
The linear equation system will be solved by the elimination algorithm given below
[16]. For these coefficients, the elimination algorithm is defined as follows

By Al Fy
== == =—, Ci—a;A; #0,
Qg 017 V2 017 /82 017 « ;é
B; Fi+ AiB; Aiyi :
+Ap =S o1 N-1,

(07 - ) 7 - ’ ) —

1 CZ - OéiAZ' ﬁ 1 O, - aiAi Yt Cz - aiAi

pn—1 = BN, qn-1 = By + N,

Pi = qip1Pigr + Biv1, @ = dipaGiv + Y1, 1= N —1,dots, 1,
Byt anap

Yn = ,
I —anpq — YN+

Vi =pi +yng, i=N—1,...,0.

To test the order of uniform convergence of the samples, we define the absolute errors

and the convergence rate as follows

N _ N 2N
€ = max |y7, — Yo ‘
0<i<N

and

_In(eN/e?N)
b= In2
Example 1. Consider the following periodic problem on D = (0,1) x (0, 1]

84U sin(2rx aQu aQu : —t 3 sin(27x :
—5W+(1+e @ ))W—E@—i—(t—l—&n(?mﬁ))u = e 'sin(t) (™) ysin(2mx) ++1)

u(z,0) = sin(27z),

ou .

a(m, 0) = —sin(27z),

u(0,t) = u(1,1),

ou ou

The obtained results are given in Table 1.
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Table 1: Maximum point-wise errors and the order of convergence rate for N = 8 and
M =10.

To b 1 P2 ) p
-3 0.09348526| 1.7747 | 0.02732148 1.9396 | 0.00712245| 1.8571
-4 0.09675640| 1.7142 | 0.02948816| 1.8696 | 0.00806897| 1.7919
-5 0.09331897| 1.7085 | 0.02855243| 1.8846 | 0.00773220 1.7965
=6 0.09402811| 1.7444 | 0.0280626 | 1.8611 | 0.00772448 1.8027

NI NN ™

Example 2. Consider the problem on D = (0,1) x (0, 1]

84,“ cos(2mx a2u aQU
~Eaags T (L te ( ))W —eg T (t+ cos2majtiu =

= e 'sin(t) (e 4 cos(2ma) + ¢ + 1)

u(z,0) = —sin(mzx),

ou ,

E(:c, 0) = —sin(nz),
u(0,t) = u(1,t),

ou ou

%(J?,O) — %(1’, 1)=0

The computed results are summarized in Table 2.

Table 2: Maximum point-wise errors and the order of convergence rate for N=8 and
M=10.
3 To P1 T P2 2 P
-3 0.10025268| 1.8574 | 0.02766639) 1.9126 | 0.00734822) 1.8850
- 0.09669872| 1.8467 | 0.02688412| 1.9344 | 0.00703359| 1.8905
=0 0.09337445| 1.8413 | 0.02605667| 1.9343 | 0.00681726| 1.8878
6 0.10048995| 1.8736 | 0.02742225| 1.9239 | 0.00722681| 1.8987

6 Discussion and Conclusion

We suggested a new difference scheme to solve singularly perturbed equations. By using
the energy inequalities, the stability of the solution to the continuous problem was shown.
Difference schemes were constructed using interpolation quadrature rules with integral terms
and weight functions as linear basis functions. The remainder term with integral form relieves
the conditions on the solution, such as continuity. The linear basis functions are chosen in
such a way that the method error of the terms with the highest order derivative is zero. Error
analysis is performed in discrete norm and the convergence rate is O(N 2 + 72).

Different numerical methods can be used for the problem we are considering. Exponential
fitted difference schemes and similarly established difference schemes on a piecewise regular
network can be used. Each of these has advantages and disadvantages. The method we used

in this study is advantageous in terms of memory savings and computational cost in the
computer.
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