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ON THE OPTIMAL DISCRETIZATION OF THE SOLUTION
POISSON’S EQUATION

The paper studies the problem of discretizing the solution of the Poisson equation with the right-
hand side f belonging to the multidimensional periodic Sobolev class. The research methodology
is based on considering the problem of discretizing the solution of the Poisson equation as one of
the concretizations of the general problem of optimal recovery of the operator T'f and using well-
known statements of approximation theory. Within the framework of this general optimal recovery
problem, we first estimate from above the smallest discretization error é of the solution of the

Poisson equation in the Hilbert metric using the discretization operator (Z(N ), @N) constructed

from a finite set of Fourier coefficients of the function f. A lower estimate, coinciding in order
with the upper estimate, for the smallest error jy was obtained by involving all linear functionals
defined on the multidimensional Sobolev class. It should be noted that the optimal discretization

operator (Z(N ), $N> better approximates the solution under consideration in the Hilbert metric

than any discretization operator constructed from values f at given points. Poisson’s equation is an
elliptic partial differential equation and describes many physical phenomena such as electrostatic
field, stationary temperature field, pressure field and velocity potential field in hydrodynamics.
Therefore, the relevance of the research conducted here is beyond doubt.

Key words: Poisson’s equation, discretization operator, optimal discretization, Fourier
coefficients, discretization error, linear functionals, Sobolev class

A.B. Yrecos*, P.A. [llanayos
I'K.2Ky6anoB areianarsl Akrebe oHipIik yHusepcureri, Kasakcran, Axrebe K.
*e-mail: adilzhan 71@mail.ru
Ilyaccou TeHjeyi mienriMin onTUMaJIAbl JUCKPETTEY TYPaJibl

2KywmpicTa o KarbiHgarsl f QyHKIusIch Komnodmem i mepuoarbl CobosieB kiackiaa tuecisi lyac-
COH TeHJIeYiHIH MIenriMiH gucKkperrey ecebi 3eprresred. 3eprrey ojicHamachl 1lyaccon TeHaeyiHiH
mermiMin guckperTey ecebin T f omepaTopbiH OMTUMAJIIB KAJBIITACTBIPYIBIH, 2KAJIIIbI €CeDIHIH, KOTI
HaKTBLIAHYJIAPBIHBIH Oipl peTiHme KapacThIpyFa HETi3Je/IreH KOHe YKYBIKTay/Iap TEeOPUsCHIHBIH,
GeJIrisTi TYKBIPBIMIAPBIH Taiijananyra oarsirraarad. OChbl OMTUMAIIIBI KAJIBIITACTHIPY/IBIH YKAJIITBI
ecebi asichiHia ajibiMeH Ilyaccon rengeyinid memnimMin f dyHKuusicbiabie, @ypbe Ko duim-

€HTTEPiHIH aKbIPJIbl *KUBIHTBHIFBI OOMBIHINA KYPBLIFAH (l(N ),@N) JUCKpPEeTTey OllepaTOPbIMEeH

rIIHOEPTTIK METPUKAIA JUCKPETTEY/IE Taiiga O0JaThIH €H a3 dy KaTeJiri 2KorapbliaH OaraJaHraH.
Opnan opi eH a3 dny KaTeJiriHiH, peTi OOMBIHINA »KOFaprbl OaraMeH OGeTTeceTiH, TOMEHFI Garachl
kenememl mepuonTbl CoboJIeB KITACHIHIA, AHBIKTAJFAH OapJIbIK, CHI3BIKTHIK (DYHKITUSIAPIBI

KapacThIPy HOTUKECIHJIe AJIbIHFaH. (l(N ), P N) ONTUMAJIIBI JUCKPETTEY OIepPaTOPhl KapacThIPbI-

JIBITT OTBIPBLIFAH MIEMTMIl THIb0epTTiK MeTpukana [ (YHKIUSACHIHBIH OepijireH HyKTelepieri
MOHJIepl OOMBIHINA KYPBUITAH Ke3 KeJreH OIEePATOP/AH KAKCHI 2KYBIKTANTHIHBIH aTall ©TKEH
xkoH. Ilyaccon teHaeyi aepbec TYBIHALLIBI JLIAMCTIK auddepeHITnaIIbK, TeHIeYIep KaTapblHa
2KaTa bl YKOHE JIEKTPOCTATUKAJBIK ©pIC, TeMIIepaTypPaHbIH, CTAIMOHAPJIBIK Opici, KBICBIM 6pici,
COHJIail — aK, I'IIPOJUHAMUKAIAFbI YKBLIIAMIBIK [TOTEHITUAJIBIHBIH OPicl CUSIKTHI Oipa3 OU3HKAJIBIK,
KyObuIbICTAp bl cunaTTaiibl. COHIBIKTAH, OChl KYMBICTa >KYPri3lIreH 3epTTeyiiH ©3eKTiairi
eIMKAHIAM KYMOH TYFbI30aNTBIHEI CO3CI3.

Tyiiin ce3aep: Ilyaccon Temmeyi, AUCKpeTTEy OMEPATOPHI, OMTHUMAJILI JucKperTey, Pyphe KO-
addurmenTTepi, IUCKPETTEY KATEJIr, ChI3bIKTHIK (byHKImoHaIap, CobosieB Kiachl
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06 onTuMasbHON gUCKpeTru3anuu peineHusi ypasuenus Ilyaccona

B pabore nsyuena 3ajiada JUCKPETU3AINU penieHus ypasHeHus llyaccona c mpasoit gactbio f
HIpUHA/JIeXKaIeil MHOroMepHOMY Iepuo/mdeckomy Kiaccy Cobosesa. MeTo rosiorns ucciemoBanns
OCHOBaHA HA PACCMOTPEHNN 33J[a49U JUCKPETU3AINN peleHns ypaBHenus [lyaccona kak omHON u3
KOHKpeTH3aIuu o0ITell 33/1a9u ONITUMAJIBLHOTO BOCCTAHOBJIEHUsT oniepaTopa 1'f U B HCIIOJIb30BAHIT
M3BECTHBIX yYTBEPKJIECHUNM TeopwHu Ipub/m:Kkennit. B pamMkax 3Toit obIieit 3a/a4u ONTUMAILHOTO
BOCCTAHOBJIEHUSI CHAYaJIa OIEHEHA CBEpXy HAWMEHbINAsl MOTPEITHOCTh Oy [IUCKPETU3AINN pe-
mennst ypaBaenusi [lyaccona B ruyibbepTOBOI METpUKE C IIOMOIIBIO OIEPATOPa JUCKPETU3AIAN
(Z(N ), LZN> , TIOCTPOEHHOT'O TI0 KOHEYHOMY Habopy KoaddunmentoB Pypoe dyukiuu f. Onenka
CHU3Y, COBNAJIAIONIAS [0 MOPSIKY C OIEHKON CBepXy, HAMMEHBINEH MOTPENIHOCTH Jy I[OJIyJIeHa
B De3yJIbTaTe IMPUBJICYCHUS BCEX JIMHEHHBIX (DYHKIIMOHAJIOB, OIPEIEICHHBIX HAa MHOTOMEDHOM
nepuojmaeckoM kiacce CobosieBa. CireyeT OTMETUTH, 9TO ONTUMAJILHBIN OMEpaTop JTUCKPeTH3a-
uu ([(N ),{EN) JIydiie npubImKkaeT B I'HJIbOEPTOBOIl METPUKE PACCMATPUBAEMOE DEIeHHe, YeM
JII0001 OTTepaTop JAUCKPETUIAINH, TIOCTPOEHHBIN 110 3HAYEHUSIM f B 33J]aHHBIX TOYKaX. Y paBHEHME
Ilyaccona gBisieTcs smunTHYIecKuM auddepeHImaabHbIM yPAaBHEHNEM B UACTHDBIX MTPOU3BOTHBIX
U ONKCHIBAET MHOTHE (DU3MUECKUE SIBJIEHUsI TaKue, KaK 3JIEKTPOCTATUYECKOe I10JIe, CTAIIMOHAPHOE
IoJIe TEeMIEPATYPhl, ToJIe JABJIEHU W I0Jie TMOTEHIINaaa CKOPOCTH B ruapoauHaMmuke. [losTomy
AKTYyaJIbHOCTD IIPOBEJIEHHOTO 3/1eCh UCCJIEJOBAHNA HE BBI3bIBACT COMHEHUM.

Kurouyessie cioBa: ypasaenue [lyaccona, oneparop JIUCKpPeTU3AIME, ONTHMAJIbHAS JIUCKPETH3a-
nwst, Ko durmeaTsl Pypbe, MOrPENTHOCTh AUCKPETU3AIUN, JIuHeHbIe QyHKIMoHAbI, Kiracc Co-
0oJIeBa,

1 Introduction

The paper considers the Poisson equation

J*u 0%u
“:a_ﬁJr"'Jra_xg:f (1)

A
with the right -hand side f from the multidimensional periodic Sobolev class W3 = W70, 1)
with parameters » > 0 and s € N\{1}, where A is the Laplace operator, s € {2,3,...},x =
(1, ..., 25),u =u(z), f = f(x). A
It is easy to check that if » > s/2 and f(0) # 0 are true, then for any boundary condition
there is a function w = w(z) € C0,1]° with Aw = 1 on [0,1]* such that the solution to
equation has the form

wo( ) = w(@(0) - = 3 A e o, o)), @)

472 r (m,m)

here and everywhere below, the % sign above the sum sign means that the vector m =
(0,...,0) € Z* does not participate in the summation. Conversely, any function of the
form satisfies equation . Since the multiple functional series from is an infinite
object, the problem arises of discretizing (approximating) the solution with a finite object
and establishing the accuracy of the discretization error.
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The first result on discretization of the solution u,(x; f) was obtained in [1] under
the condition that the right-hand side of is odd and a one-periodic function f(x) =

f(z1,...,xs) on each variable x1, . . . , x5 belonging to the Korobov class. There a discretization
operator is proposed, constructed on the value of the function at the points
({a1k/N}, ..., {ask/N}), ke {l,...,N} (3)

and approximating solution

1 < f
i) = =g 3 exp (il )
meZzZs
with accuracy
In N rB/2+s
o (1) ’ (4)
N(r=1)/2+1/s
where {d}—the fractional part of the number d, ai,...,as is the optimal coefficients on

modulus N and index /.

In |2], the authors, using nodes of a modified Korobov grid, constructed a discretization
operator Ay(z; f), that approximates solution (2)) in the metric of space LP(2 < p < o0) with
accuracy

(In N)(r+2/8)(s—1) (In N)r(ﬂ+s)+s
O( N ) O\ (5)

incase 1 —1—2>0and 1—1—2 <0 accordingly. Comparing and 1D we conclude that
p S P s
the estimates from , corresponding to the case p = oo, are almost “square times” better
than the estimate .
Further in [3], using the nodes of the Smolyak grid (see, for example, [4], [5]) and the
results of the article [6], a discretization operator (Jf)y(z) was constructed such that

(lnN)(T‘+2/S)(S—1) 1 2
Nr—Q1-1/p—2/s) > ]' —-— > OJ

P s
(r+2/5)(s—1)
sup [lu, (o ) — (TF)x @), < { MDD G2 ()
feEr 55 (lnN)(r(sfl)Jr?sflfs/p 1 12 _ 0
NT Y p s °

Thus, in the case 1 — 119 — % > (0 of the estimate coincides with the estimate @, and
in the other two cases the differences are only in the exponents of logarithms.

In [7], to discretize solutions u,(z; f) with the right side f € E? discretization operators
were used, constructed from a finite set of Fourier coefficients of functions f, and the following
results were obtained: firstly, a specific discretization operator Wy (z; f) was proposed, which
is optimal in order in the power scale in the metric of space L? ; secondly, the error in
calculating the Fourier coefficients was found, preserving the optimality of the discretization
operator; thirdly, U (z; f) has a simpler form than the discretization operators Ay (x; f) and
(Jf)n(x; f). It should be noted that the order of estimating the error of the discretization
operator Wy (z; f) in one case is better than the estimates of the errors of discretization
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operators Ay(z; f) and (Jf)n(z; f), in the other case it coincides with them. Finally, in [8]
the error in calculating the values of the function at points (3) was found, preserving the
order of estimating the error of the discretization operator from [9] with the algorithm for
finding optimal coefficients. The solution wu,(x; f), f € E? discretization operators proposed
in [2], [3] and [7] are optimal in order in the power scale. For the first time, the optimal
discretization operator for the solution u,(z; f) was constructed in [9], in the case when f
belongs to the multidimensional periodic Nikol’skii — Besov class B;@(O, 1)* with parameters
s € N\{1},7 > s/2,1 < 6 < 00,1 < ¢ < 2. Here we note that to construct the optimal
discretization operator from [9], the nodes of the uniform grid of a unit s— dimensional cube
were used.

In this work, using a finite set of Fourier coeflicients of a function f € WJ, an optimal
discretization operator for the solution u,(z; f) is constructed.

2 Research methodology

Achieving the aim of the research is carried out as a result of considering the problem of
discretization of the solution wu,(z; f) as one of the concretizations of the problem of optimal
recovery of the operator, formulated in |[10] based on work [11]. Now we present from 10| the
formulation of the problem of recovering the operator with some clarifications. Let be given
normed spaces X and Y, consisting of functions f : Qx — R and g : {2y — R, respectively,
a functional class F' C X, operator T': F' — Y and also a function

on = on(z1, - 2ny) CV x Qy = C(N =1,2,..),

which for every fixed (z1,...,2y) as a function of a variable y belongs to the space Y. Next,
denoting by the symbol {(Z(N), gpN)} the set of all possible pairs (Z(N), <,0N) formed from a N—
dimensional vector (V) = (lg\}), ey lng)> with components l%) F—C,. .., lEVN) F— C

and function @y, for a given class F, space Y, operator T : ' — Y, set Dy C {(Z(N), goN)},
we determine the quantity

5N(DN,T,F)YZ lllf 5N ((Z(N),QON%T,F)Y, (7)

(1N pon)EDN

where S (), o), T, F)y, = sup [(T1)0) = on () (), 5005 -
(N)

In the following presentation, we will call a numerical function @N(lﬁ)( )y () y)
of a variable y a computing unit. For sequences {a, },>1 and {b, },>1 with positive members
we will use a notation a,, < b,, that means the existence of a some quantity Cx(«, 3,...) >

a757"'
0,k = 1,2,..., depending only on the parameters indicated in brackets, such that a, <
Cr(a, B, ...)b, for all n € N. And the simultaneous fulfillment of the inequalities a,, < b,
Oé,ﬁ,...
and b, §< a, is written in the form a,, >—B< b,. According to the above notations and
a,f,... a,f,...

deﬁnitioﬁs; the problem of optimal recovery of the operator T : F' — Y by computing units
(I on) = @N(lg)(f), . ,ZJ(VN)(f); -) € Dy in the metric of space Y is to find the exact order
of quantity (i.e., to determine a sequence {¥y }ny>1 of positive members that satisfies the
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relation
IN(Dn, T, F)y >,_3< YN,

here «, 3, ... are parameters of class F' and space Y') and in the indication of the computing
unit releasing the established exact order, i.e. such that

6N((Z_(N)7¢N)’ T, F)Y a>—ﬁ—< ¢N‘

A computing unit that releases exact order is called an optimal computing unit. The
concretization in of the class F|, space Y, operator T': F' — Y and of the set Dy gives
rise to various optimal recovery problems (see, for example, |10]- [14]). Further, following
the works [2], [3] and [7] in this case (T'f)(-) = wuy(+; f) instead of the terms “recovery”
and “computing unit” we will use the terms “discretization” and “discretization operator”
respectively.

In this paper, the discretization problem w,(x; f) is considered as concretization

(Tf)() = Uw(, f)? F= WQT[OJ 1]87 Y = L2[07 1]87 DN - LN;
where Ly is the set of all pairs {(I™) py)} with linear functionals
Vowr e, Yo e

and a discretization operator (Z(N ) , o) with the following properties is constructed:
I. The discretization operator (I'V), 5y) approximates in the metric of space L?[0, 1] the

solution u,(z; f) of equation (1) with the right-hand side f € W with accuracy ]\f(lr&sz’;n/)s, ie.,
the inequality
Y (7 TN) ey, .
sup ()= Ex () B30 € s (8)

holds for (I™), Zx);

II. Estimate ({8]) cannot be improved in order;

ITI. The discretization operator (Z(N ),Py) is optimal, i.e. an arbitrarily chosen
discretization operator (I"), px) € Ly does not improve estimate in order.

3 Main Result

First, we give the definition of the class Wj. The multidimensional periodic Sobolev class
Wy = WJ[0,1]* is the set of all one-periodic functions f(x) = f(z1,...,25) by each

variable x1, ..., xs and summable on [0, 1]*, whose trigonometric Fourier coefficients satisfy
the condition
Yo mPmy .+ m) <1, (9)
mezZs
where (m,z) = myzy + ... + myx,, m; = max{1; |m;|}(j =1,...,s).

Now, using properties I — III, we formulate the main result of this work.
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Theorem. Let numbers s € N\{1} and r > s/2 be given. Then for each N = (2n+1)*,n €
N one has the relations

ON(Ln, (TF)() = uu(:5 f), W3 ) p2 i‘;ﬁ
S . 1
~= 0N ((Z(N)AON), (T)() = uw(5 f), W2>L2 vy (10)
here [Y) consists of components

() = F@0) = 0,10 () = F@mP), .. I3() = (™)

and the function py = @n(21,. .., 2x; ) is defined by the equality

N
1 ~
en(z1,. . 2v;T) = P zrd () exp{2mi(m™, z)},
T
k=1
where {ﬁz(l) =0,m?, ... ,T?L(N)} is some ordering of the set
A, ={me Z®: |my| <n,...,|ms <n},

du(x) = (m®, m) ™" ke{2,... N},
ST —arw(@) k=1

4 Proof
Everywhere below, for each integer vector m = (my,...,ms) we put |m| =
max{|mi|, ..., |ms|}. The symbol |B| will denote the number of elements of a finite set B.

When estimating the quantity on (L, (Tf)(-) = uw(+; f), W3 )12 from below, we use the
following lemma from [13].
Lemma. Let s > 1 be a given integer. Then, for each integer N > 1, for any set

G={mW, . . .m(N/)} cz

such that N' = |G| > 2N and |G| =< N, and for arbitrary linear functionals I, ..., Iy,

defined at lest on the set of all trigonometric polynomials with spectrum in G, there exists
complex numbers {c; }i_,, satisfying conditions

N N
> lenl =N el = N
k=1 k=1

N/
further, if x(z) = > e2™"®) then I,(y) = 0,...,Iv(x) = 0 and X[« = N, X[z = VN.
k=1
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First, let us estimate from above the quantity oy ((I™), Zx), (TF)(-) = uw (- f), W) 2.
For any function f € WJ the equality

PN (). i) = wl@) f(0) - =5 3 L

1/2

_ 1 3 %m” . (11)

Further,

wa(@ ) = G (F), - I ():0)

|/ (m)? [fm)Pmir + ... +m¥)
2 me;,qn (mi+...+m2Pm +... +m") ~
> |f(m>|2(m%r+.--+m§’“))‘

meZs\Ap

For each m € Z®\ A, there is an index 6 € {1,...,s} such that |mg| > n. Therefore,
continuing the expression written above taking into account the inequalities

1 1 1 1
m%”*‘* + .. +m§r+4 < mﬁ’“*‘* = p2r+4 <S< N (@2r+4)/s
and (9) we arrive at the inequality > Lﬁ":rf)'z < N(in 75
meZ\A, = s

Therefore, according to , the inequality

(12)

Jwota ) = en @) T2

2 S N

is true, from where, taking into account the arbitrariness of the function f € WJ, we arrive
at the estimate

iy (I, 33), (TH) = sl 1) W3) | <€ s (13)

Let linear functionals

Wowr e, a0V wr e C (14)
and function py(z1,...,2x5;9) @ CV x [0,1]° — C be given. For some Cy(s,r) > 0 the

conditions |Uy| > 2N and |Uy| =< N are satisfied for the set

Uy ={me Z°:1<|m| < Cys,r)N'*}.
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Therefore, due to the above lemma for linear functionals , there are complex numbers
such that

Y lenl’=N (15)

meUn

and if gn(x) = Y. ¢ exp{2mi(m,x)}, then

meUpn
W (gn) =0,..., 17 (gn) = 0. (16)

The function

_ Cs(s,7) .
u(o) = 2T g

belongs to the class W;. Indeed, taking into account and the relation |Uy| =< N, we

obtain

S fm)P @y 4. +mY) <
meUn sr

2
< Z ]\LQZ}LN (A2 +... +m) <

meUn

< N”/SN Z el ( L +m) <<_ Z lem|? < 1.

meUn mGUN

Since 0 ¢ Uy, then fN(O) = 0. Therefore, from equality {) follows

(@ fy) = Cs(s, ) Z Cm exp{—2mi(m,x)}

WQNS/’"\/_mGU (m,m)
Because
1/2
1 |em |?
Uy > _— , 17
H ( fN)||L2 NT/S\/N (m%;]\, (m’m)> ( )

then due to equalities (m,m) = m? + ... +m? < ||m||* and

(18)

1
||Uw('; fN)||L2 s>>r N(+2)/s”

According to the equalities l](\})(fN) =0,... ,l%v)(fN) = 0 are true. Hence, taking
into account the inclusion f € W3 we have

sup
fews

L2

walis f0) = o U I ()|

> %(Huwc;m —on (N (Fw)s - I ()i e+
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(s = fw) = on (R (=) 8 (= w); Mz ) =

1

= 5 (luals fv) = on (0, 05 ) 12+

Hlluw (5 =fn) — WN(OV-‘,O;-)HH) > [ (5 )l 2
whence, due to (|18)), we obtain
ON(Ln, (T)() = w5 £), Wa) 2 S>>T
Therefore, according to and

5N(LN7 (Tf)() = uw(? f)7 VVQT)L2 < 6N(<ZN(N)7 QZN)7 (Tf>() = uw(a f)7 W2T>L2
there are relations . The theorem is proven.

1

N+2)/s” <19>

5 Conclusions

1) If we take as a set Dy the set Py of all pairs ("), py) with functionals

() = D), R0 () = FE™),
where £ € [0,1]® for each i € {1,...,s} then, due to the fact that the Sobolev class WJ

coincides with the Nikolskii-Besov class Bj , from Theorem 3.2, formulated and proven in [9],
we obtain the following inequality

(P, (T)() = 0 ), W) >

This inequality allows us to assert that any discretization operator (IY), ¢ ) constructed
from the values of the function at given points , including the optimal discretization operator

Py (FED), FE)2) =+ 3 F(E)x

§(7L>ESN
1 & exp(2mi(k,z — M)
x| w@) = Z (k, k)
lIkll<t/2 ’
from [9], where
SN: {f(n) = (%,,%),HEZS,OSHJ <t(]:1,73)}

for each N = t5(t = 1,2,...), approximates the solution u,(z; f) in the metric of space L?
worse than the discretization operator (lN(N ), @N> from the theorem above.

2) The theorem we formulated is a new result in approximation theory, numerical analysis
and computational mathematics. Due to the optimality of the discretization operator we
constructed, this research can be continued by considering the problem of finding the limit
error of the optimal discretization operator, the formulation of which is presented in [10].

3) Another direction of development of the research carried out here is the consideration of
other periodic functional classes ensuring the absolute convergence of the multiple functional
series for each f € F, and normed spaces Y.
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