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ON THE OPTIMAL DISCRETIZATION OF THE SOLUTION
POISSON’S EQUATION

The paper studies the problem of discretizing the solution of the Poisson equation with the right-
hand side f belonging to the multidimensional periodic Sobolev class. The research methodology
is based on considering the problem of discretizing the solution of the Poisson equation as one of
the concretizations of the general problem of optimal recovery of the operator T f and using well-
known statements of approximation theory. Within the framework of this general optimal recovery
problem, we first estimate from above the smallest discretization error dy of the solution of the

Poisson equation in the Hilbert metric using the discretization operator (i(N ). & N) constructed

from a finite set of Fourier coefficients of the function f. A lower estimate, coinciding in order
with the upper estimate, for the smallest error jy was obtained by involving all linear functionals
defined on the multidimensional Sobolev class. It should be noted that the optimal discretization

operator ([(N ), N) better approximates the solution under consideration in the Hilbert metric

than any discretization operator constructed from values f at given points. Poisson’s equation is an
elliptic partial differential equation and describes many physical phenomena such as electrostatic
field, stationary temperature field, pressure field and velocity potential field in hydrodynamics.
Therefore, the relevance of the research conducted here is beyond doubt.

Key words: Poisson’s equation, discretization operator, optimal discretization, Fourier
coefficients, discretization error, linear functionals, Sobolev class
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Ilyaccon Tenaeyi miemnriMiH onTUMAaJIAbI AUCKPETTEY TYPaJIbl

ZKywmpicTta ol xKarbiHgars! f dyHKusce kenesmemi nepuoiarsl CobosreB KitacbiHa tueciii [lyac-
COH TeHJIeyiHiH IelmiMil qucKkperTey ecebi 3epTresred. 3eprrey ojicHamachl IlyaccoH TeHeyiHiH,
menrMia guckperrey ecebin 1 f omepaTopblH ONTUMAJIIBI KAJIBIITACTBIPY/IBIH, XKAJIIIBI €CeOiHIH KOTl
HaKTBIJIAHYJIAPBIHBIH, Oipl peTiHIe KapacTbIpyFa HEri3/IeJireH 2KOHE YKYBIKTAYIap TeOPUsICHIHBIH,
6eJIriT TY>KBIPBIMIAPBIH Taiigananyra 6arerrragrad. OChl ONTHMAIBI KAJIBIITTACTBIPY/IBIH, XKAJIITHI
ecebi asichrHga aJiabiMeH IlyaccoHn rTenueyinid memnriMin f ¢yHKuschiHbH, Pypbe KoapDUIm-

€HTTEPIHIH, aKbIPJIbl KUBIHTHIFB OOWUBIHINA KYDPBLIFAH (Z(N ),LZN) JUCKDPeTTey oOllepaTOPbIMEH

ruIbOEPTTIK METPUKAIA JUCKpeTTEY/IE Taiiia 60JaThiH eH a3 0y KATeJIr KorapblJIaH OaraJlaHFaH.
Opan opi e a3 0y KarTeJirimid, peri OOHbBIHINA >KOFaprbl OaraMeH OeTTeceTiH, TOMEHFi Oarachl
komnemeM i mepuoarbl CobOJIEB KJIACBIHIIA AHBIKTAJFAH OapPJIBbIK, CHI3BIKTHIK, (DYHKIUSIAPIbI

KapacThIPy HOTUKECIHIIE AJIBIHFAH. ([(N ), 7] N) ONTUMAJIIBI JIUCKPETTEY ONepaTOpPhbl KapacThIPbI-

JIBIIT OTBIPBIIFAH IIENTMI THIb0epTTiK Merpukaia [ (OYHKIUSCHIHBIH OepiireH HyKTelep/Ieri
MOHIepl OOMBIHINTA KYPBLIFAH Ke3 KeJINeH OIEPATOPAH JKAKCHI 2KYBIKTANTHLIHBIH aTall ©TKEH
xkoH. Ilyaccon Tensmeyi mepbec TYBIHIABLIBI JIANCTIK AuddepeHInaaIblk TeHAeYIep KaTapblHa
JKaTaJIbl YKOHE 3JIEKTPOCTATUKAJBIK OPIC, TEMIIEpATYPAHbIH CTAITMOHAPJILIK Opici, KbICHIM epici,
COHJIall — aK, TUAPOIUHAMUKAIAFbI YKBLIIAMIBIK TOTEHIIUAJIBIHBIH OPiCi CUSKTHI Oipas PU3HKAJIBIK,
KyObLIBICTAPBI cunaTTaiibl. COHIABIKTAH, OCBI YKYMBICTA YKYPTi3UIN€H 3epTTeyIiH ©3eKTimiri
eIKAHal KYMOH TYFBI30AfTHIHBI CO3CI3.

Tyitin ce3nep: Ilyaccon Temmeyi, AuCKpeTTey OMEPATOPHI, ONTUMAILI JucKperTey, Oyphe Ko-
s durmeHTTEpl, JUCKPETTEY KATEJIr, ChI3BIKTHIK, (pyHKIMoHaap, CobosieB Kiachl
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06 onTuMasIbHON AUCKpeTu3anuu peineHusi ypasuenus Ilyaccona

B pabore m3yuena 3ajiadua JUCKpeTH3aluu penieHus: ypasHenus [lyaccona c mpasoit dactbio f
[IpUHA/IeKaIeil MHOroMepHOMY TepuojimdeckoMy Kiaccy CobosieBa. MeTomonorus uccie 0Banms
OCHOBaHa HA PACCMOTPEHHMH 33/1a91 JUCKPETU3aInuu perteHus ypaBHerus [lyaccona kak omgHON u3
KOHKPETHU3aIiy 0bIeil 3a/1a91 ONTUMAJIBHOTO BOCCTAHOBIIeHHUs orteparopa 1'f U B HCIIOIB30BAHUT
M3BECTHBIX yYTBEPXKIEHUN Teopuu Hpubam:keHuit. B pamMkax 3Toit obieit 3a7a4u ONTUMAILHOTO
BOCCTAHOBJIEHUSI CHAYaJIa OIEHEHA CBepXy HAWMEHbIasl MOTPEITHOCTh Oy IUCKPETU3AINH pPe-
meHusi ypaBHeHusi [lyaccoHa B ruyib0epTOBOil METPUKE C HOMOIIBIO OIEepaTopa IUCKPETU3AIINI

(l~(N ),@N) , TIOCTPOEHHOTO TI0 KOHEYHOMY Habopy kKoaddunuentoB Pypre dyukiun f. Orenka

CHU3Y, COBIAJIAIONIAs [0 MOPSIKY C OIEHKOW CBEpXy, HAMMEHBINEH MOTPEIIHOCTH Jy IOJIyJYeHa
B pe3y/IbTaTe MPUBJICYCHUS BCEX JIMHEHHBIX (DYHKIIMOHAJOB, OIPEIETEHHBIX HA MHOTOMEDHOM
nepuognaeckom kitacce Cobosnena. CireflyeT OTMETHTD, UTO ONTUMAJIBHBIN OIEPATOP JIUCKPETH3a~
187018 (l(N ), (ﬁN> JIydire npub/IrmKaeT B THMIL0EPTOBOIl METPUKE PACCMAaTPUBAEMOE PEIeHre, YeM
J1I0060i#1 orrepaTop AMCKPETU3AIIH, TIOCTPOCHHBIN 110 3HAYEHUsM f B 3a/[@HHBIX TOYKaX. Y paBHEHUE
[Iyaccona sBiisieTcs 3mHOTHIECKUM UM dEPEHITNATBHBIM YPABHEHNEM B YACTHBIX ITPOU3BOTHBIX
U OIMCHIBAET MHOI'ME (DU3MUYECKUE SIBJIEHUsI TaKMe, KAK JEKTPOCTATHIECKOE I10JIe, CTAIMOHAPHOE
IoJie TeMIEPaTyphl, MoJe JABIEHUA W IOJie MOTEHINAJa CKOPOCTH B THApoamHamuke. llosTomy
aKTYyaJIbHOCTD IIPOBEJIEHHOT'O 3/1eCh MCCJIeJOBAHUSA HE BBI3bIBACT COMHEHUN.

Kurouessbie ciioBa: ypasrenue Ilyaccona, omeparop JUCKPETU3AIME, OITHMAJIbHAS JIUCKPETH3a~
nwust, ko3 durmentsr Pypbe, MOrPEITHOCTh IUCKPETU3ANN, JInHeiHbIe QyHKImoHa b, Kiaacc Co-
0oJieBa

1 Introduction

The paper considers the Poisson equation

0%u 0%u

A
with the right -hand side f from the multidimensional periodic Sobolev class Wj = W0, 1)°
with parameters > 0 and s € N\{1}, where A is the Laplace operator, s € {2,3,...},x =
(1,...,25),u =u(z), f = f(x). A

It is easy to check that if > s/2 and f(0) # 0 are true, then for any boundary condition
there is a function w = w(z) € C[0,1]* with Aw = 1 on [0,1)® such that the solution to
equation has the form

uol: ) = @) (0~ 15 3 T ey {ami(m,2)), 2

 4n? r (m,m)

here and everywhere below, the % sign above the sum sign means that the vector m =
(0,...,0) € Z* does not participate in the summation. Conversely, any function of the
form satisfies equation . Since the multiple functional series from is an infinite
object, the problem arises of discretizing (approximating) the solution with a finite object
and establishing the accuracy of the discretization error.
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The first result on discretization of the solution wu,(x; f) was obtained in [1] under
the condition that the right-hand side of is odd and a one-periodic function f(x) =

f(z1,...,xs) on each variable x1, . . ., s belonging to the Korobov class. There a discretization
operator is proposed, constructed on the value of the function at the points
({a1k/N}, ..., {ask/N}), ke {l,...,N} (3)

and approximating solution

1
mezs
with accuracy
In N rB/2+s
o () , (4)
N(rfl)/2+1/s
where {d}—the fractional part of the number d, a;,...,a, is the optimal coefficients on

modulus N and index (.

In [2], the authors, using nodes of a modified Korobov grid, constructed a discretization
operator Ay(x; f), that approximates solution (2)) in the metric of space LP(2 < p < oo) with
accuracy

(In N)(T+2/S)(s—1) (In N)r(6+s)+s
O( Nz ) O\ (5)

in case 1 — % — % >(0and 1— % — % < 0 accordingly. Comparing and , we conclude that
the estimates from , corresponding to the case p = oo, are almost “square times” better
than the estimate (4)).

Further in [3|, using the nodes of the Smolyak grid (see, for example, [4], [5]) and the
results of the article [6], a discretization operator (Jf)y(z) was constructed such that

(]nN)(T+2/S)(S—1) 1 2
TNT—Q—=1/p—2/s) » I—>—=> 07

P s
(r+2/3)(s—1)
sup (o 1) — (Jw(a)l, < @M 12 o )
fEET 15, (lnN)(r(5—1)+257175/p 1 12 O
NT ) P s

Thus, in the case 1 — i — % > ( of the estimate coincides with the estimate @, and
in the other two cases the differences are only in the exponents of logarithms.

In |7], to discretize solutions u,(z; f) with the right side f € E? discretization operators
were used, constructed from a finite set of Fourier coefficients of functions f, and the following
results were obtained: firstly, a specific discretization operator Wy (z; f) was proposed, which
is optimal in order in the power scale in the metric of space L? ; secondly, the error in
calculating the Fourier coefficients was found, preserving the optimality of the discretization
operator; thirdly, Uy (z; f) has a simpler form than the discretization operators Ay (zx; f) and
(Jf)n(zx; f). It should be noted that the order of estimating the error of the discretization
operator Wy (z; f) in one case is better than the estimates of the errors of discretization
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operators Ay(z; f) and (Jf)n(z; f), in the other case it coincides with them. Finally, in [8|
the error in calculating the values of the function at points was found, preserving the
order of estimating the error of the discretization operator from [9] with the algorithm for
finding optimal coefficients. The solution w,(x; f), f € E? discretization operators proposed
in [2], [3] and [7] are optimal in order in the power scale. For the first time, the optimal
discretization operator for the solution u,(z; f) was constructed in [9)], in the case when f
belongs to the multidimensional periodic Nikol’skii — Besov class By ,(0,1)* with parameters
s € N\{1},7 > s/2,1 < 6 < 00,1 < ¢ < 2. Here we note that to construct the optimal
discretization operator from [9], the nodes of the uniform grid of a unit s— dimensional cube
were used.

In this work, using a finite set of Fourier coefficients of a function f € W7, an optimal
discretization operator for the solution u,(z; f) is constructed.

2 Research methodology

Achieving the aim of the research is carried out as a result of considering the problem of
discretization of the solution wu,(z; f) as one of the concretizations of the problem of optimal
recovery of the operator, formulated in [10] based on work [11]. Now we present from [10] the
formulation of the problem of recovering the operator with some clarifications. Let be given
normed spaces X and Y, consisting of functions f : Qx — R and g : {2y — R, respectively,
a functional class F' C X, operator T : F' +— Y and also a function

on = on(z1, .- 2ny) CV x Qy = C(N =1,2,..),

which for every fixed (z1,...,2y) as a function of a variable y belongs to the space Y. Next,
denoting by the symbol {(Z(N), goN)} the set of all possible pairs (Z(N), goN) formed from a N—
dimensional vector (V) = <l§\}), . ,ZE\],V)> with components ZS F — C,. l M.FecC

and function ¢y, for a given class F, space Y, operator T : F' — Y, set Dy C {(l( ), goN)},
we determine the quantity

n(Dn,T,F)y = inf 8y ((I™N), pon), T, F).,, 7
N(Dy )y (z(N),g}v)eDN N(( ©N) )y (7)
(N) e, (N)( £y, .
where 8y (100, ox). 7. F),, = sup [ (T1)0) = en () (1), 5793,
€
In the following presentation, we will call a numerical function cpN(lJ(&)(f), ce lgVN)(f); )

of a variable y a computing unit. For sequences {a, },>1 and {b, },>1 with positive members
we will use a notation a,, < b,, that means the existence of a some quantity Cy(«, 5,...) >

(e 57
0,k = 1,2,..., depending only on the parameters indicated in brackets, such that a, <
Cr(a, 3, .. .)bn for all n € N. And the simultaneous fulfillment of the inequalities a,, §< b,
and b, §< a, is written in the form a, >ﬂ< b,. According to the above notatioris’ and
definitions, the problem of optimal recovery of the operator T': F' +— Y by computing units
(IMN) o) = (l(1 (f),. -, lg\,N)(f)7 -) € Dy in the metric of space Y is to find the exact order

of quantity . i.e., to determine a sequence {¥y }n>1 of positive members that satisfies the
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relation
ON(Dn, T, F)y >ﬁ< VN,

here «, 3, ... are parameters of class F' and space Y') and in the indication of the computing
unit releasing the established exact order, i.e. such that

On((I™,5x), T, F)y it
A computing unit that releases exact order is called an optimal computing unit. The
concretization in of the class F), space Y, operator T': F' — Y and of the set Dy gives
rise to various optimal recovery problems (see, for example, |10]- [14]). Further, following
the works [2], [3] and [7] in this case (Tf)(-) = wuy(+; f) instead of the terms “recovery”
and “computing unit” we will use the terms “discretization” and “discretization operator”

respectively.
In this paper, the discretization problem u,(z; f) is considered as concretization

(Tf>() - uw(a f)7 F = W2r[07 1]S7Y = L2[07 1]87 DN - LN7
where Ly is the set of all pairs {(I™), py)} with linear functionals
Weowr e, 1V wr e,

and a discretization operator (Z~(N ) , o) with the following properties is constructed:
I. The discretization operator (IN), ) approximates in the metric of space L2[0,1]° the

solution u,(z; f) of equation (1) with the right-hand side f € W] with accuracy ]ﬁi(fé’{/)s, ie.,
the inequality
A 1 T(N)py. .
sup s )= B V(). ) |, € 5o (8)

holds for (I™), Zx);

II. Estimate cannot be improved in order;

ITI. The discretization operator (l~(N ),py) is optimal, i.e. an arbitrarily chosen
discretization operator (I"), py) € Ly does not improve estimate (8)) in order.

3 Main Result

First, we give the definition of the class Wj. The multidimensional periodic Sobolev class
W3y = WJ30,1]* is the set of all one-periodic functions f(x) = f(z1,...,2s) by each

variable x1, ..., xs and summable on [0, 1]°, whose trigonometric Fourier coefficients satisfy
the condition
Do fmPmy .+ ml) <1, (9)
mezs
where (m,z) = myzy + ... + myx,, m; = max{1l; |m;|}(j =1,...,s).

Now, using properties I — III, we formulate the main result of this work.
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Theorem. Let numbers s € N\{1} and > s/2 be given. Then for each N = (2n+1)%,n €
N one has the relations

ON (L, (TF)() = uu(5 f), W3 )12 >s';<
, 1
~= 0N <(l L on), (TF)() = (;f)7W2)L2 "= NG (10)
here {(M) consists of components

I0(f) = fmD) = £0),12(f) = fF(m™),...,IN(f) = f(m™)

and the function gy = ¢n(z1, ..., 2N; ) is defined by the equality

N
1 o~
on(z1,y .., 2N @) = ~ 2 kz zrdi(2) exp{2mi(m®) | 2)},
where {ﬁz(l) =0,m?, ... ,T?L(N)} is some ordering of the set
Ap={m e Z°:Imy| <m,...,|mg| <n},
(m®, m*) ™" ke {2,..., N},
dy(z) = )
—Adrtw(x), k= 1.
4 Proof
Everywhere below, for each integer vector m = (my,...,ms) we put |m| =
max{|mi|, ..., |ms|}. The symbol |B| will denote the number of elements of a finite set B.

When estimating the quantity dn (L, (Tf)(-) = uy(+; f), W3 )2 from below, we use the
following lemma from |13].
Lemma. Let s > 1 be a given integer. Then, for each integer N > 1, for any set

G={mW, .. .m(N/)} cz

such that N' = |G| > 2N and |G| =< N, and for arbitrary linear functionals I,.. ., Iy,

defined at lest on the set of all trigonometric polynomials with spectrum in G, there exists

: N ’
complex numbers {c; }4_,, satisfying conditions Y |cx| > N, >~ |cx|? = N; further, if y(z) =
k=1 k=1

N
S e2mim®a) then I (x) = 0,...,In(x) = 0 and ||x|lee = N, [Ix|l2 = V/N.
k=1

First, let us estimate from above the quantity dx((I™), &n), (Tf)(-) = uw(; f), W) 2
For any function f € W the equality

f(m)

(m, m)

n(N (), I (i) = w(@) f(0) — — Z exp{27i(m, z)}

mGA
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holds. Therefore, according to and Parseval’s equality we obtain

Co (e

Further,

wslw £) = BV, TV

3 ()P 3 [f(m)P(mir + ..+ )

(m?+...+m2)2(my +...+m>") —

< ¥ [fm)P(mi” + ... + ™))
= s m%r—i—4 4+ mgr+4

For each m € Z®\ A, there is an index 6 € {1,...,s} such that |my| > n. Therefore,
continuing the expression written above taking into account the inequalities

1 1 1 1

m2r+4 T +—2r+4 < m§7"+4 < n2r+4 <s< N@r+4)/s

1 ms

and we arrive at the inequality ) Lﬁ’:l))@ < N(QTLI) T
meZs\An ’ s

Therefore, according to , the inequality

is true, from where, taking into account the arbitrariness of the function f € W7, we arrive
at the estimate

(12)

wo(ai ) = on Y (), - I ():0)

S N

iy (™, 30), (THO) = w6 £, W5) | € e (13)
Let linear functionals

Weowr e 0wl e c (14)
and function on(z1,...,2n5;9) @ CN x [0,1]° — C be given. For some Cy(s,7) > 0 the

conditions |Uy| > 2N and |Uy| =< N are satisfied for the set

Uy ={me Z°:1<|m| < Cys,r)N*}.

Therefore, due to the above lemma for linear functionals , there are complex numbers
such that

Z |Cm|2 =N (15)

meUn
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and if gn(z) = > ¢y exp{2mi(m,x)}, then

meUn
I gw) =0, 17 (gw) = 0. (16)
The function Cy(s.7)
o 3(S, T
fN(x) - NT/S\/NQN(x)
belongs to the class WJ. Indeed, taking into account {i and the relation |Uy| =< N, we
obtain
—2r —2r [ —or
Z|f +m5)5<<TZN2r/sN(m1 ++ms)s<<r
meUn ’ meUpn ’
1
Cyory 2 lenl @+ 4m) < 5 Z fem|* < 1.
meUn mEUN

Since 0 ¢ Uy, then fy(0) = 0. Therefore, from equality (2) follows

oz ) = Cs(s,r) Z Cm exp{—2mi(m, x)}

47T2NS/T\/_mGU (m,m)
Because
1/2
1 |Cm|2
Uy 2 , 17
sl )l 2 7 (mz (m7m>> (17)

then due to equalities (m, m) = m? + ... +m? < ||m]|? and

(18)

1
||Uw('; fN)“L2 S>>T N(+2)/s

According to the equalities lg\})(fN) =0,... ,l](\],v)(fN) = 0 are true. Hence, taking
into account the inclusion f € W3 we have

sup [l ) = en (8 (Fn), - 180 (0|, =
fewy L
> 2 (s ) = on ), ) st
(s =) = o9 (=), 8 (= ) ez ) =
1

= 5 (s ) = on (0,0 )1+

s =) = o0, 0:)llz2) 2 s o)l
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whence, due to ((18)), we obtain

ON(Ln; (TF)() = el ), W)r2 >

> NGIoh (19)

Therefore, according to (13)) and

5N(LN7 (Tf>() - uw('; f)7 VV;)L2 S 6N((l~(N)7 QN% (Tf)<) = U’w('; f)v VV2T)L2

there are relations . The theorem is proven.

5 Conclusions

1) If we take as a set Dy the set Py of all pairs (™), py) with functionals

V() = FED), L0 () = F(E™),

where €@ € [0,1]* for each i € {1,...,s} then, due to the fact that the Sobolev class WJ
coincides with the Nikolskii-Besov class Bj , from Theorem 3.2, formulated and proven in [9],
we obtain the following inequality on (P, (Tf)(-) = ww(-; f), W3 )2 >

)

This inequality allows us to assert that any discretization operator ("), ) constructed
from the values of the function at given points , including the optimal discretization operator

1
Nr/s*

. 1 1 - exp(2mi(k, x — f(”)))
Py (FED), o f(€M)),2) = — E FEM) x [w(@) - — E
" ( ) N cmesy dm? |||l <t/2 <k’ k)

from [9], where

n N .

Sy = {g(”) = (71,,7> nmEZ0<n; <t(j= 1,...,3)}
for each N = t°(t = 1,2,...), approximates the solution u,(z; f) in the metric of space L?
worse than the discretization operator (l~(N )& N) from the theorem above.

2) The theorem we formulated is a new result in approximation theory, numerical analysis
and computational mathematics. Due to the optimality of the discretization operator we
constructed, this research can be continued by considering the problem of finding the limit
error of the optimal discretization operator, the formulation of which is presented in [10].

3) Another direction of development of the research carried out here is the consideration of
other periodic functional classes ensuring the absolute convergence of the multiple functional
series for each f € F, and normed spaces Y.
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