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ON THE CORRECTNESS OF ONE CLASS OF FOURTH-ORDER
SINGULAR DIFFERENTIAL EQUATIONS

The differential equation of fourth-order with variable smooth coefficients, given on the real axis,
is investigated. The coefficients of the equation can be unbounded, and the sign of the potential
(the lowest coefficient) is not defined. The case is considered that the intermediate term containing
the second derivative of the desired function, as an operator, does not obey the operator of the
equation. It is known that fourth-order differential equations with variable coefficients are used in
various problems of mathematical physics. The simplest biharmonic equation with minor terms
is important for its applications in the theory of elasticity, the mechanics of elastic plates and the
slow flow of viscous liquids. However, it is a very special case of a general equation with variable
coefficients. Some problems of stochastic analysis, oscillation theory, biology and mathematical
finance lead to the equation we are studying. In addition, fourth—order singular differential
equations are often used as regularizers in the study of lower-order equations, for example,
reaction-diffusion equations. In the paper, sufficient solvability conditions of the equation and
the maximal regularity inequality of a strong generalized solution are obtained. The restrictions
are formulated in terms of the coefficients themselves and rather weak. They do not contain
conditions for any derivatives of coefficients and represent relations between the orders of growth
of coeflicients of different orders at infinity. The weight estimation of the norms of a solution
established by us allows us to additionally apply the methods of the theory of functional spaces
to the study of further properties of the solution, for example, the approximation of its elements
by finite-dimensional spaces.

Key words: Fourth-order differential equation, Generalized solution, Norm, Maximal regularity,
Unbounded coefficient.
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TOPTIHIII PETTI CUHT'VJIAPJIbI JINMOPEPEHIINAJIABIK TEHAEYJIEPIITH
BIP KJIACBIHBIH KOPPEKTIJIITT TYPAJIBI

Haktor carmmap ocinme Gepinren affHbiManbl Teric Koaddunuentrepi 6ap TepTinm perTi qudde-
PEeHIUAJIIBIK, TeH1ey 3epTreneni. Temmeynin koadduimenTrepi menenMeren (pyHKIusaap 60aybI
MYMKiH, aj moTeHnuaiablH (ki kosddunuent) rtanbacel Gesricis. Ispeningi byHKUMSHBIH
eKIHII PeTTi TYBIHIBICEIH KAMTUTBHIH apaJiblK MYIIe OIepaTop MaFblHACBIHIA OepijreH TeHJIeyIiH,
ONEepaToOpbiHa  OAFBIHOANTHIH YKarAail KapacThIpbLIaabl. AfHbIMagbl Ko3hduimenrrepi 6ap
Teprinmi perTi HuddepeHITaIbIK TEHIEYIeD MaTeMATUKAJIBIK, (DI3UKAHBIH, OPTYPJIi ecernrepine
KOJIJAHBLIATBIHBI Oesri. Kimri mymmerepi 6ap KapammaitbiM OUTapMOHMKAJBIK TEHIEY CEPIiMILTIK
TEOPUACHIH/A, CEPIIM/I IJIACTUHAJIAD MEXaHUKACBIHIA K€ TYTKBIP CYHBIKTBIKTAP/IBIH Oasy
arpICBIHJA MaHbI3Ibl. AJtaiima, Oyiap - aflHbIMaJIbl KO3 @UIMEHTTEP] 6ap KaJIbl TEHJIEYIiH
MeltiHIe fepbec Karjaiyiapbl OOJIBIT TaObLIabl. bBi3 3epTTeiiTiH TeHIeyre CTOXAaCTUKAJIBIK,
TaJIIAYIbIH, TepOe/iC TeOPUsICHIHBIH, OWOJIOTUSHBIH, KOHE MATEeMATHKAJBIK, KAP2KBIHBIH KeHdip
ecerrepi aJIbI KeJie/Ii.
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CoHbIMEH KarTap, TOPTIHIN PeTTi CHHIYJISAPJIBIK JudepeHnabK, TeHIeyIep dJIeTTe PeaKIus
— mucbdysusi TeHeyIepl CUSIKTHI TOMEHI PeTTI TeHJeyJep/ll 3epTTeylle Peryssipu3aTop peTiHie
KOJJAHBIIa Il 2K yMBICTa TEHEY/IIH MENUTYiHiH JKeTKITIKTI MapTTaphl KoHe 9171 KaJIIbIIaHFaH
MIETTMHIH MAaKCHMAJIIBI PETryIspJIbIK Oarace! aibiaabl. lllekTeysep koaddburmentrepain e3aepiniy,
TepMUHIHJIE KeJTipiireH Koue aiftapibikrail osiciz. Osapma kKodh UIMEHTTEDIIH, TYBIHIBLIADHI
OoifbIHITTA emIbip MapTTap KOK, KOHE IMEeKCI3IiKTeri opTypsi perTi KoddhdunueHTTepais ocy
KBULIAMIBIFBL  apachblHIarbl KaTbiHAacTapabl Oimmipemi. IllermmiMHiH caJMakTbl HOpMaJapbIHLIH
6i3 mostesgered Oarachl, IMIENNMHIH 6acKa da KACHETTEPIH, MBICAJLI, OHBIH AaKbIPJbl O©JIIIEMIl
KEHICTIKTEP/IIH 3JeMEHTTEPIMEH JKYBIKTAJIYBIH 3epTTey VIMH (QyHKINOHAIILIK, KEHICTIKTED
TEOPUSCHIHBIH, 9ICTEPIH KOCHIMITA KOJIIAHYFa MYMKIHIIK Oepesi.

Tyiiin ce3aep: Tepriuii perti quddepeHnuaiIbK, TeHIEY, KAJMBLIAHTAH MTEITiM, HOpMa, MaK-
CUMAJIJIBI PETYJISIPJIBIK, MIEKTEYCI3 KO3 pUIMeHT.
.
E.O. Moanaramu!, K.H. Ocranos!
! Enpasniickuii HarmoHaabHell yEusepcurer nmern JI.H. I'ymnsesa, Kazaxcran, r. Acrana
*e-mail: kordan.ospanov@gmail.com

O KOPPEKTHOCTU OJITHOT'O KJIACCA CUHI'VJIAPHBIX
JNP®OEPEHIINAJIBHBIX YPABHEHU YETBEPTOTI'O ITOPSJIKA

Uccnenyercs muddepennmanibioe ypaBHEHIE Y€TBEPTOrO MOPSJIKA ¢ IEPEMEHHBIMY TJIAIKUMHU KO-
s durmentamu, 3alaHHOe Ha JeficTBuTebHOM ocu. KosduimeHTsl ypaBHeHNsT MOT'YT OBITH HE
orpaHudeHHbIMEA (DYHKIUAME, a HoTeHrma  (Miaagmuil ko3dbUIuenT) He3HAKoopeeseH. Pac-
CMATPUBAETCH CIyYail, KOTJa MPOMEXKYTOUHBIN WIeH, COIEPKAINNIN BTOPYIO IIPOU3BOIHY IO HCKOMOM
GYHKINN, KaK OepaTop He MOIINHAETCS OlepaTopy ypasuenus. M3BecTHo, uTo auddepennuaib-
HbIE YPaBHEHUsI 9€TBEPTOIO MOPSIKA C TIePEMEHHBIMU KOI(MMUIMEHTAMU UCHOJIb3YIOTCS B PA3HBIX
3aj1a9ax MareMaTudeckoil pusuku. [Ipocreiinee GurapMOHIYECKOE YpaBHEHUE C MJIAJIIIUMU YjIeHa-
MU BayKHO CBOMMU IIPUJIOYKEHUSIMY B TEOPUU YIIPYTOCTH, MEXAHUKE YIIPYIUX IJIACTAH U MeJJIEHHOM
TeUYeHNN BA3KMX Kujkocreir. OMHAKO, OHO SIBJISIETCS BECHMa YaCTHBIM CJIydIaeM ODIIero ypaBHEHUS
¢ iepeMeHHbIME Ko durmenTamu. K m3ydaeMoMy HAME yPABHEHUIO IPUBOJISIT HEKOTOPBIE 38 [a4H1
CTOXaCTUIECKOTO aHaJM3a, TEOPUN KoebaHuu, OMOJIOrun U MaTeMaTndeckKux (punamncos. [Tommmo
9TOr'o, CUHTYJ/IsIPpHbIE rZLI/I(l)(bepeHI_[I/Ia.J'H)HI)Ie YpaBHEHUA 9E€TBEPTOI'O IOPsAJIKa IaCTO HCIIOJIb3YIOTCHA
KaK PeryJisipu3aTopbl [IpU U3yJYeHUil ypaBHEeHUiT OoJjiee HUBKUX IOPSIKOB, HAIPUMED, ypPaBHEHMUI
peakmuit — qucdyzuit. B pabore mosydeHbl 10CTATOYHBIE YCIOBUS PA3PEITUMOCTH yDABHEHUS U
OIEHKA MAKCHMAJIBHON PEryISPHOCTH CHIIBHOTO 00001menHoro pemrenns. Orpanndenusi cchopmysin-
POBAHBI B TEPMUHAX cAMUX KOI(DMUIIHEHTOB U SABJISIOTCS JIOCTATOYHO cjiabbivu. OHE HE COlepKaT
YCJIOBUsT HA KaKWe-JTNOO MPOM3BOJHBIE OT KOIMDDUIIMEHTOB M IMPEJCTABISIOT COOOM OTHOIIEHUS
MeK/Jly TOPSIKAMU POCTOB KO3(DPUIMEHTOB Pa3HBIX IOPSIIKOB HA OECKOHEYHOCTH. YCTaHOBJIEH-
Hasl HAMU BECOBas OIEHKA HOPM PEeIleHUs TIO3BOJISET JOIOJHUTEHHO ITPUMEHUTD METObI TEOPUH
bYHKIIMOHAIBHBIX IPOCTPAHCTB K U3YYEHUIO JTATbHENIINX CBOMCTB PeIleHns], HaIpUMep, MpudIu-
JKAaeMOCTD €r0 JIEMEHTAMH KOHETHOMEPHBIX MTPOCTPAHCTB.

Kuarouessbie cioBa: quddepeHnuaabHoe ypaBHEHNE TeTBEPTOrO MOPsI KA, 000DIIEHHOEe pelenne,
HOPMa, OIEHKA MaKCUMAJIbHON PEryJIspHOCTH, HEOIPDAHUYEHHBINH KO3(DDUIIEHT.

1 Introduction
The work considers the fourth order equation
Loy = =y +r(2)y? + s (@) yV + q(x)y = F (), (1)

where r€R = (—00,00) , F' () €Ly (R) . In what follows, we will assume throughout that r ()
is positive and twice continuously differentiable, s (x) is once continuously differentiable, and
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¢ (x) is a continuous function. We denote by 054) (R) the set of four times continuously
differentiable and compactly supported functions. The operator Loy = —y® + r (z)y® +
s (x)yY + ¢ (x)y defined on 054) (R) is closable by the Ly (R) norm. Let L be this closure.
A solution to equation (1) is an element yeD (L) that satisfies the equality Ly = F.

A wide class of mathematical physics problems lead to the differential equations of
fourth-order with variable coefficients. The simplest biharmonic equation with minor terms
is important for its applications in the theory of elasticity, the mechanics of elastic plates
and the slow flow of viscous liquids. However, it and other equations for bending elastic
- isotropic, orthotropic and anisotropic - plates of constant or variable thickness are very
special cases of the general equation with variable coefficients. Theoretically, fourth—order
differential equations are also often used as regularizers in studies of lower-order equations,
in particular reaction-diffusion equations [1]. Boundary value problems for fourth-order
differential equations have been well studied [2, 3|. In contrast, equation (1) is given in a
non-compact domain, and its coefficients may not be bounded in the vicinity of an infinitely
distant point. Fourth-order differential equations given in an non-compact domain describe
a number of problems of oscillation theory, stochastic analysis, biology and mathematical
finance [4, 5|. The solvability of such equations and the smoothness properties of the solution
depend on the behavior of the coefficients and their mutual influence near infinity.

If r =5 =0, then (1) has the form

—yW+q(x)y=F(x). (2)

The weakest conditions for the unique solvability of equation (2) were found in [6], in the
qg > 6 > 0 case. It is also shown there that when additional oscillation conditions of ¢ are
met, the solution satisfies inequality

[y @], +llayll, <C £, -

However, if r is a non-zero function that rapidly increases at infinity, and ¢ is not constant

in sign, then the method of [6] is not applicable to equation (1). Because operators r% and

s-L may not obey ;% + ¢ (z) E (E is the identity operator).

In this work, we will establish the sufficient conditions for the unique solvability of equation
(1), as well as estimates for the weighted norms of the solution. Such problems for some classes
of second- and high-order differential equations were considered in [7, 8, 9|. Some spectral
applications of weighted estimates for differential equations given in an non-compact domain
are demonstrated in [10].

We introduce the following notation for continuous functions p (t) and v (t) #0:

apuna)=sup ([lpoprae) ([T o ar)
x>0 T
Bl —sup(/ p(s |qu) (/ s<’“-1>q/|v<>|ws) ,

’ypv’uvk = max (aPﬂhk(x)? ﬁp,%k(x)) *

N[

where 1 < g < 0o, ¢~ + (q/)_l =1, and k is a natural number.
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Lemma 1 [11]. Let 1 < ¢ < o0, and functions p (¢) and v (¢) satisfy the relation v, ,, <
00. Then for any f GC'ék) (R) the following inequality holds

lofll, <C flof®],

(3)

moreover, for the smallest constant C' in (3), the estimate

(

Q=
=

q)
1

??‘

q q
( ) ’}/p,v,k:

. . _1 n —1
is valid, where ¢~ + (q ) =1
This lemma can also be deduced from the results of [12] and [13].

2 Research method

The work uses the perturbation theorem of a closed linear operator and the weighted integral
inequality of Hardy type. First, a detailed study of a binomial differential equation consisting
of the differential part of the equation under study is carried out. The correctness and
maximum regularity of the generalized solution is proved. Then the main result is displayed
by scaling.

3 On the properties of a two-term differential equation

Consider an operator loy = —y® + r (z) y® with domain D (ly) = 064) (R). Let [ be its
closure in L.

Lemma 2. Let
r>0 > 0. (4)

Then for each yeC” (R) the following estimate is valid:
Loy
NG

Proof. Let yeC’é4) (R). Then the scalar product A = (loy, y(2)) makes sense. Since y is the
function with compact support, integrating by parts we have

A=— /_OO y @ (@) y® (2) dz + /_oo r(2) [y® (2)] dz = [[y@ |, + |[Vry @], -

o0 oo

IVry®ll,< (5)

2

On the other hand, taking into account (4) and Holder’s inequality, we obtain

> 1\ [ :
el zas ([ o) ([~ ot b ao)

This implies inequality (5). If condition (4) is satisfied, the right-hand side of (5) is finite.
The lemma is proven.
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Lemma 3. Let the function r (z) satisfy conditions (4) and 7, 5o < oo. Then the
operator [ is invertible and for each y€D () the following inequality

V@1, + llyll, <C iyl (6)

holds.
Proof. Let yECéz) (R). According to condition 7; 4o < 00, estimate (5) and Lemma 1,
the following inequalities are true:
5

vy, _% oy, (7)

loy

\/F

From here, taking into account (4), we have

||?J||2 <2V, 2 H\/;y(g) ”2 <271, 72

and 5
V1,72
<—2"||] . 8
lyll, < s 1oyl (8)

Estimates (7) and (8) are also valid for each yeD (). Adding them up, we get (6). The lemma
is proven.
Consider the following equation

ly=—yW+r@)y? =f(2). (9)

A solution to (9) is a function yeD () that satisfies the equality ly = f.

Lemma 4. Let the conditions of Lemma 3 be satisfied for r (x). Then the solution y to
equation (9) is unique.

Proof. Let y and z be two different solutions to equation (9). If we denote v =y — z,
then veD (1) and Ilv = 0. By inequality (6), ||v]| = 0, that is y = z. The lemma is proven.

Let the conditions of Lemma 3 are satisfied and y€D (I). We denote z = y® and Lz =
—2" ()2

Lemma 5. Let the conditions of Lemma 3 be fulfilled for 7 (z). Then D(L)CLy (R) and
the operator L is closed.

Proof. If z2€D (L), then z = y® yeD(I). Taking into account condition (4), from
inequality (6) we obtain y® €L, (R). Therefore, D (L) is a subset of Ly (R). It remains
to show that L is closed. Since [ is the closure of [, , for y€D (I) there exists a sequence
{yn}o, QCé4) (R) and the following relations are satisfied

19 = ylls = 0, [[loyn — lyll, = 0 (n — o00). (10)
Then, using inequality (6), we obtain
Hyﬁf) —y(2)H2 —0(n — o00). (11)

If we denote 2, = y\) n€N, then anC’é2) (R), and by (10) and (11) we have ||z, — z||, —
0, || Lz, — Lz||, = 0(n — oo), which means that L is closed. The lemma is proven.
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Let us rewrite equation (9) as
Lz=—2"+rz=f (12)

Lemma 6. Let the function 7 (z) be the same as in Lemma 3. Then for any f (z) €L (R),
equation (9) has a solution.

Proof. By Lemmas 3 and 4, the operator [ is invertible, and the set R (1) is closed. By
definition of the solution and Lemma 5, it is enough for us to show that R(l) = Ly (R).
According to our notation, R (I) = R (L). Therefore it is enough to show that R (L) = Lo (R) .

Suppose that R (L)#Ls (R). Then, according to the theory of Hilbert space, there is a
non-zero element we Ly (R), w¢R (L), such that (w, Lz) = 0 for any z€D (L). Hence we
have

(L*w,z) = 0,weD (L*),VzeD (L), (13)

where L* is the adjoint operator to L.
By assumption, the set D (L) is dense in Ly (R). Then from (13) it follows

L'w=—w"+rw=0.
By condition, 7 > 0. Then, as is well known, the Sturm-Liouville operator L is self-adjoint:

D(L*) = D(L) and Lw = L*w = 0. Therefore, from inequality (6) we have w = 0. The
lemma is proven.

4 About the second order differential operator
Consider the following operator
Loaz = —2" 4+ (r+ A) 2, D (Loy) = C (R),

where AeR, = [0,+00). We denote by Ly the closure of Ly, in the space Ly (R).
Definition 1. If for each z€D (L)) the following inequality

“Z””zJr ||7"Z||2+)‘||Z||2 §C||L,\z||2, (14)

is true, then the operator L, is called separable in the space Ly (R).
The following lemma is well-known [6].
Lemma 7. Let the coefficient r satisfy the conditions of Lemma 3 and condition

r(x)

sup

< 00. (15)
z,nER,|z—n|<1 r (77)

Then the operator L, is separable in Ly (R).
From (14), taking into account the notation y®?> = z, we obtain that the solution y of
equation (9) satisfies the following estimate

YOI, + @)L, + vl <11 £1l - (16)
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Remark 1. Lemma 7 remains valid if condition (4) in Lemma 3 is replaced by 7 (x)>1.

Indeed, if we make the substitution t = V6 and denote (z) =y <\/Lgt> =y(t) and r (z) =

7(t), then the operator ly =y + r () y® will take the following form

() = ~5% () + 57 (07 (),

where 7 (t) >1.

5 Main result and its proof

Theorem 1. Suppose that for functions r(z)>1,s(x),q(x)are satisfy the conditions
Y2 < 00, Ygr2 < 00 and 7,1 < 00. Then for each f€L, (R), equation (1) has a unique
solution. If relation (15) and the following equalities

aggrnoo Yarz (@) = ali}grnoo max (ilig g (a7 ') ,ili% ﬂqu(alx)) =0, (17)
and
lim ;.1 (a) = lim max (Sup Qg1 (a_lx) , sup Bsml(a_lx)) =0, (18)
a——+00o a——+00 >0 <0

are also satisfied, then the inequality

Ol + ey + lsy/ll + layl, <C 111 1)

is true for solution y.
Proof. In (1) we introduce a new variable ¢t = az(a > 0) and denote

yt)=y(a't),7t)=r(at),q@t) =q(at),5(t) =s(a"t) JF(t)=a'F (a™'t).

Then since
Yy (@'t)=ay (1), y" (a™'t) = a®y" (1), y@ (a7't) = a*FP (1), y© (a7't) = a'§W (1),
the equation (1) takes the following form:

Load = =g () + a7 ()7 (1) + a5 (0) ' (1) + a T T (1) = F (2). (20)

Let’s denote the closure of the differential operator lo,y =  —y®(t) +
a7 ()7 (), §eCs (R), in the space Ly (R) by l,. By condition 7(t)>1, then
1>771>772. According to estimate (3), we obtain

la Vi@ <alitill, (21)
2

)<

By condition 7 () >1, we have

T % 0 % 0 % T
Mr2 = Max (Sup (/ dt> </ t2r2 (t) dt) , Sup </ ds) </ s*r2 (s) ds)
x>0 0 z z<0 T —o0

(S
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o (sp () ([ () ) ([ ) ([ () 0 ) -

= Y1,/r2: (22>

Moreover, it is easy to show that
a_3ﬁ)/17a—1\/?72 - ’-)/1’\/77’2 < Oo (23)

Taking into account (22) and inequalities (21) and (23), we have

ail\/_?@@)

19l §2’Yl,a*1\/ﬁ2 ) SQ@’YLmlﬁ,z 1Laylly -

Consequently, the conditions of Lemma 3 are satisfied for the operator [,. By Lemma 6,
l, continuously invertible. According to inequality (16) in Lemma 7, for any yeD(l,) the
estimate

179, + (|77, + 1A71, <Ca Il - (24)

is valid. It is easy to verify that v,-154-272 = Ygr2 < 00. According to Lemma 1,

e G|, <27a-1ga-272 [|a 27 () 5|, £2Ya-13.0-272Ca |5 - (25)

1

Making the replacement = = a™'7, we get that v,-15.-272 = Va-154-272(a). Let’s show that

Jim Yo-150-252 (a) =0.
Let yeD(l,). Since [, is a closed operator, there exists a sequence {y,} QC’(()4)(R) such that
190 — Ylly = 0, [la¥n — layll, = 0(n — 00). We choose the sequence {y,} so that the support

of ¥, belongs in [— Ny, No|, where Ny — oo (n — 00).
Suppose

~ (t) ,tE [—No, No] ~ r (t) ,tE [—No, No]
o (1) = {qw NNy () = { 0.t¢ [~ No.No]

From (25) for every QECS4)[—NO, Ny] follows the estimate

||a_4aN0g”L2[—NU,N0] <2y g 2 (@) HCL_Q?NOg(Z) HLQ[—NO,NO} :

Further

e Do g :
- _ t) dt = dt) =
gy g2 (@) ililg /0 dn, (1) (/alm 7%, (1) )
-1

a” "z ) % No 2 %
= su t)dt / —dt | <oy, < 0.
0<$§pNo /0 1 ( ) < a1z 72 (t) ) —ran
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Therefore

1
lim sup (/a xq2(t)dt>2 (/NO r ahf)é =
=20 0<z<No \ Jo a1z 77 (1)
a lz 2 No 42 3
= oS0 (/0 7 ) d’f) ([ =mt) =o

Likewise
0 % a1z t2 %
lim su / 2(t dt) / dt| =0.
a0 —Nosro)c<0< ety | Q ( Ny TE(Y)

By condition (17), there is ay > 0 such that inequality 2C,v,-15.-272 (@) <
a>ap. From inequality (25) we obtain

—1

holds for all

1
4

U
la=*ql, <7 g, (a>a0). (26)

Further, since v,-354-271 = Vs,r,1, We have 7,-35 ,-271 < 0o. Therefore

™57, <290-s502r1 Ja77 (1) 72|, <2Cu7a-s5.0-271

|La¥ll; - (27)

L7, then the equality v,-33,-271 = Ya-334-271(a) 18 true.

If we assume z =a~
Let’s show that
lim /ia—3§,a—217,1 <a> =0.

a—r 00

Suppose

~ S (t) ,tE [—N(], No] ~ r (t) ,tE [—Ng, No]
o (1) = { 0,t¢ [~No, No] *"™ (t)= { 0,t¢ [—No, No]

Then from (27) for each ﬂECé4)[—NO, Ny] it follows that

Ha_ggNog,HLz[—NmNo] §2§'§N0,FN0,1 (CL) Ha_2?N0g(2) HL2[_N0’N0} )

Further
xAQ % No 1
o) ([ aa”) -
a~lz 0

3N, TNg»1 <a> = ig%) (/0
ailx % No 1 %
2
= su s7(t)dt / dt | <agp1 < 00.
0<:E§pN0 (/O‘ ( ) ) ( a1z r2 (t) ) !

Therefore

a_lx ) 2 NO 1 %
lim su s*(t)dt dt | =7
4550 0o /0 ) (/Lrlx 72 (1) )

—1

N

|
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1

a’lx 5 % No 1 2
= sup lim s (t) dt / dt) = 0.
0<x§pNo a—>00 /o Q ( a1z T2 (t)
Likewise
1
0 5 a1z 1 2
lim su s2 () dt / dt =0.
im s ([ 2ow) ( o 0

By condition (18), there exists a; > 0 such that inequality 2C,7,-354-271< i holds for any
a>ay. From inequality (27) we obtain

N =

— | R
a5, < 141,

Therefore, if we choose the parameter a so that a>ag + a; is satisfied, then

U T
a5, + lla™"all, <5 el - (28)

Then, by the small perturbation theorem, the closure L, of the operator EOaﬂ = l,y+a %5y +

a=q (t)y () in Ly (R) is invertible, and the inverse operator L;! is defined on the entire space

Lo (R). This means that for each F' (t) €Ly (R), equation (20) has a unique solution 7.
Further

~ ~ VPSSR . > L~
[0adly = ||ta + 07357 + Gy — 057 — o~ < | Zaif], + 5 Iadll
therefore _
13, <2 | L (29)
Since
|2, = ||t + 0755 + 0~ < Wl + [|a™57 ||, + [|a~*5]], <

~ 1, - 3.
< HlayH2 + B) Hlasz = B HlayH27

we have

2 F ~
Ll >3 | Zad

’ 2

Thus,

2~ -
L. L.
3 H y y

|, < i, <2|

‘ 2

From inequalities (24), (28) and (29) we obtain the estimate

L.j

‘ 2

~— — 1
7 O, 15 O + a7, + 57, + ol <2 (Ca+ 3 )|
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or

=ty (@ 4) o+ e (a0) o @0+ s (a0 )+

2

el @)y @) <2 (Cut 5 ) P (@),

If in this inequality we change to the variable x by replacing t = az, we obtain estimate
(19). The theorem has been proven.

6 Conclusion

In the paper, sufficient conditions for the solvability of a differential equation of fourth-order
with unbounded smooth coefficients on the real axis of the equation and an estimate of
the maximal regularity of a strong generalized solution are obtained. The restrictions are
formulated in terms of the coefficients themselves and do not contain conditions on any
derivatives of the coefficients. In general, they represent the relationships between growths of
coefficients of different orders at infinity. The weighted estimate of the norms of the solution
that we have established allows us to additionally apply the methods of the theory of function
spaces to the study of further properties of the solution, for example, its approximability by
elements of finite-dimensional spaces.

7 Acknowledgments

This research was funded by the Science Committee of the Ministry of Education and Science
of the Republic of Kazakhstan (Grant No. AP14870261).

References

[1] Lizarraga, I., Marangell, R. Nonlinear stability of shock-fronted travelling waves in reaction-nonlinear diffusion equations.
// Physica D: Nonlinear Phenomena — 2024.— Vol. 460:4. — 134069.

[2] Erofeev, V.I., Kazhaev, V.V., Semerikova, N.P. Volny v sterzhniakh. Dispersiia. Dissipatsiia. Nelineinost // Moscow:
Fizmatlit. — 2002.

[3] Ostrovskii, L.A., Potapov, I.A. Vvedenie v teoriyu modulirovannykh voln // Moscow: Fizmatlit. — 2003.

[4] Umarov, Kh.G. Zadacha Koshi dlya uravneniya izgibnyh kolebanii nelineino — uprugogo sterzhnya beskonechnoi dliny. //
Vladikavkaz Math. J. — 2017. — Vol. 19:3. — Pp 59-69.

[5] Bogachev, V.I., Krylov, N.V., Rockner, M., Shaposhnikov, S.V. Fokker-Planck-Kolmogorov Equations. Mathematical
Surveys and Monographs // AMS. — 2015.

[6] Otelbaev, M. On the separability of elliptic operators. // Dokl. AN SSSR. — 1977. — Vol. 234:3. — Pp 540-543.

[7] Akhmetkaliyeva, R.D., Mukasheva, T.D., Ospanov, K.N. Correct and coercive solvability conditions for a degenerate high
order differential equation. // Eurasian Math. J. — 2023. — Vol. 14:4. — Pp 9-14.

[8] Ospanov, K.N., Yesbayev, A.N. Solvability and maximal regularity results for a differential equation with diffusion
coefficient. // Turk. J. Math. — 2020. — Vol. 44:4. — Pp 1304 — 1316.

[9] Yesbayev, A.N., Ospanov, K.N. Maximal regularity estimate for a differential equation with oscillating coefficients. //
Journal of Mathematics, Mechanics and Computer Science. — 2021. — No.1(109). — Pp 25-34.



32 Fourth-Order Singular Differential Equation ...

[10] Ospanov, K.N., Yesbayev, A.N. The two-sided estimates of the Fredholm radius and compactness conditions for the
operator associated with a second order differential equation. // Journal of Mathematics, Mechanics and Computer
Science. — 2021. — No. 2(110). — Pp 19-26.

[11] Apyshev, O.D., Otelbaev, M. On the spectrum of one class of degenerate differential operators and some embedding
theorems. // Izvestiya AN SSSR. Ser. mat. — 1979. — Vol. 43:4. Pp 739-764.

[12] Mynbaev, K.T. Three weight Hardy inequality on measure topological spaces. // Eurasian Math. J. — 2023. — — Vol. 14:2.
— Pp 58-78.

[13] Zhangabergenova, N., Temirkhanova, A.M. Iterated discrete Hardy-type inequalities. // Eurasian Math. J. — 2023. — Vol.
14:1. — Pp 81-95.

Information about authors:

Yerkebulan Omirgaliuly Moldagali - PhD student of the Department of Fundamental
Mathematics of L.N. Gumilyov Eurasian National University (Astana, Kazakhstan, email:
Yerka2998@gmail.com)

Kordan Nauryzkhanovich Ospanov (corresponding author) - Doctor of Physical and
Mathematical Sciences, Professor of the Department of Fundamental Mathematics
of L.N. Gumilyov FEurasian National University (Astana, Kazakhstan, email:
kordan.ospanov@gmail.com,).

Aemopaap mypasve marimem:

Moandazanru Epxebynar Omipearwyno - JI.H. Iymunes amundazv. Eypasus yammolk yru-
sepcumeminir, Ipzeat mamemamura xagedpacvmnvir, dokmoparnmos (Acmana x., Kaszaxeman,
anexmpondok nowma: Yerka2998@gmail.com)

Ocnanos Kopdan Haypwvisxaryave - Quaukxa - MAMEMamMuKkes eblAbMOapbHLY, 00K~
mopoi, JI.H. Iymunes amovimdazor Eypasus yammuwk ynusepcumeminiy, Ipeeat mame-
mamura  Kagedpacomviry, npopeccopv, (Acmana x., Kasaxeman, assexmpondor nowma:
kordan.ospanov@gmail.com,).

Received: July 18, 2024
Accepted: September 19, 2024





