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MATHEMATICAL MODELING OF FISH RESOURCES ASSESSMENT

In the field of fisheries, one of the key tasks is to determine the total and commercial stocks of fish
resources in a water body, as well as to establish the maximum allowable catch of fish to maintain
the sustainability of the ecosystem. Mathematical models play an important role in this process,
providing effective resource management and predicting fish population dynamics, which ensures
the sustainable development of fisheries and the protection of aquatic ecosystems from depletion.
The aim of this study is to develop a new mathematical model for assessing changes in fish resource
stocks using the cohort method. The work proposes an alternative approach to calculating changes
in fish resource stocks based on statistical theory. The model developed in this work represents
a new approach to calculating fish resources for practical application, which can be useful for
fisheries enterprisers and government bodies involved in fish resource management.

The advantage of this work lies in the development of a mathematical model based solely
on known statistical data and data obtained from fisheries laboratories in the Republic of
Kazakhstan. Modern statistical methods were applied to solve the mathematical model, which
allow for the identification of unknown factors affecting the dynamics of fish populations, thereby
increasing the accuracy of forecasts and the efficiency of resource management.

Key words: mathematical model, cohort, distribution function, fish stock, permitted catch,
biomass.
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Basbik mapyalbLIbFbl caTachbiHIa 0acThl MiHIETTEPIH 6ipi Cy KONMAaChIHIArbl DAJIBIK, pecypcTa-
PBIHBIH, 2KAJITIBbI 2KOHE TayapJIbIK, KOPBIH aHbIKTAY, COHJIaf-aK dKOXKYHEHIH TYPAKTBIIBIFBIH CAKTay
VIIiH 6aJIbIK, ayJiay/IbIH PYKCaT eTiINeH MeKTI MeJIepin berijey 6oJibin TabbLiaasl. by yaepicre
pecypcrapbl THIMI OACKAPYIBI XKoHE DAJIBIK, TOMYJIANUACHIHBIH, THHAMUKACHIH O0JIKayIbl KAMTa-
MaCbhI3 €TETIH MATEeMATHKAJIBIK MOJIEIbIED MAHBI3bI POJI ATKAPAIbI, OYJI OAJIBIK, MAPYAITBLIBIFBIH
TYPaKTBI JAMBITYFa YKOHE Cy IKOXKYHECIH CapKbLIyIaH KOprayra MyMKIH/IIK O6epesi.

Bya 3epTTeyain MakcaTbl KOTOPTTHIK, 9JIiCTI KOJIJIaHA OTBIPBII, OAJIBIK KOPJIAPBIHIATHEI ©3repicTep-
J1i baraJiay iblH, 2KaHa MaTeMaTUKAJIBIK, MOJIEJIH 2Kacay 0oJibI TabbLIaabl. 2K yMbBIC CTATHCTUKAJIBIK,
TeopusiFa HerizereH 0aJIbIK KOPJIAPbIHIAFbl ©3repIiCTepl ecenTeyIiH bagaMasbl TOCLTIH YChIHA~
Iel. By sKyMbIcTa KypacTBIPBLIFAH MOJETL OAJBIK peCypCTapbliH OacKapyMeH aifHaIbICATHIH Oa-
JIBIK, TIAPYAITBLIBIFBI KOCITOPBIHAAPHI MEH MEMJIEKETTIK OpraHaap YIMH maifaaabl 60Iybl MYMKIH
MIPAKTUKAJIBIK, KOJJAHY VIITH O6aIbIK PECYPCTAPBIH €CENTEY/IiH KAaHa TOCII YChIHBLIAIb.
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Byt »KYMBICTBIH, apTHIKIIBLIBIFGL - TEK OEJIriIl cTaTUCTUKAJBIK, MatimeTrTep MeH Kasakcran Pec-
MyOJIMKACHIHBIH, ayMAFbIHIAFbl OAJIBIK, IMAPYAIIBIIBIFGl 3ePTXaHAJADPBIHAH AJBIHFAH MOJIIMETTED
Heri3iH/e raHa MaTeMaTUKAJIBIK MOJETb Kypy. MareMaTuKaaIbK, MOJE/IbIl IIelny YIMiH OaJIbIK, M0~
MySIUSICHIHBIH TTHAMUKACHIHA 9CEp eTeTiH Oerici3 (pakToprapabl aHBIKTAyFa MYMKIHIIK 6epeTiH
3aMaHayU CTATHUCTUKAJIBIK 9ICTEDP KOJJIAHBLIILI, Oy 60/2KaMIAP/IbIH J0JIIH XKoHe pecypcTrap-
JIbI 6acKapy THIMIIITH apTThIpab.
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MareMaTuieckoe MOZEJINPOBAHNE OIIEHKHU 3araca PbIOHBIX PECYypPCOB

B cdepe poibHOro X03s1iiCTBa O/{HON N3 KJIIOUEBBIX 3314 SIBJISIETCS OIpeJesIieHne OOIero u mpo-
MBICJIOBOT'O 3AITaCOB PBIOHBIX PECYPCOB B BOJIOEME, & TAKXKE YCTAHOBJIEHUE IIPEIEIBHO JIOILYCTUMO-
r'0 YJI0Ba PBIOBI JIJTsI TIO/IEPKAHUS YCTONIUBOCTH IKOCUCTEMBI. MaTeMaTniaecKe MOJIEI UTPAIOT
BaKHYIO POJIb B 9TOM IIpoIiecce, obecrednBas 3hdeKTUBHOE yIIpaBIeHIEe PECYPCaMH U ITPOTHO3H-
pOBaHMe JUHAMUKHU TOIMYJISIIUU PBIO, YTO MO3BOJISIET ODECIIEYUTh YCTONYNBOE Pa3BUTHE PHLIOHOTO
XO3CTBa M 3AIUTY BOIHBIX YKOCUCTEM OT MCTOIIEHUS.

[esibi0 HACTOSIIETO UCCIIEIOBAHUS ABJISETCHA PA3pabOTKa HOBOM MAaTEMATHIECKON MOJIE/N OIEHKN
U3MEHEHHUsl 3aIl1aCOB PBIOHBIX PECYPCOB € MIPUMEHEHNEM KOIOPTHOTO MeToja. B pabore mpejioxen
AJIBTEPHATHBHBIN TIOIX0/] pacueTa M3MEHEHUs 3aaca PHIOHBIX PECYPCOB HA OCHOBE CTATHCTHIECKOI
teopun. [locTpoennast B HacTostmeil paboTe MOJe/Ib IpeCcTaBisgeT coOOi HOBBIN MOJXOJ] pacdera
PBIOHBIX PECYPCOB JIJTsl IIPAKTUYECKOIO IPUMEHEHNsI, KOTOPBIl MOYKeT OBITH IOJIE3€H JIJIsT PHIOOXO-
3IICTBEHHBIX TPEIIPUATUI U TOCYIAPCTBEHHBIX OPTaHOB, 3aHUMAIOIINXCS YIIPABJICHIEM PBIOHBIMUI
pecypcamu.

[IpenmytiiecTBO HacTOsAMIEH PAOOTH 3aK/TIOYUAETCS B pa3paboTKe MaTeMaTHIECKON MOJIE/N NCKITIO-
YUTEJIbHO HA OCHOBE U3BECTHBIX CTATHUCTUYECKUX JAHHBIX U JAHHBIX, IOy YEeHHBIX OT Jab0OpaTopuii
pBIOHBIX X03stiicTB Ha Teppuropuu Pecrybsimku Kasaxcran. [[jist pemeHusi MareMaTUIecKOil MO-
Jesir OBbLIM TIPUMEHEHBI COBPEMEHHBIE CTATUCTUYECKNE METO/bI, KOTOPbIE TTO3BOJISIIOT OIPEIETUTh
Hen3BeCTHBIE (DAKTOPBI, BJIUAMONIAE HA JUHAMUKY MHOIMYJISIIAN PBHIOHBIX PECYyPCOB, YTO IIOBBIMIAET
TOYHOCTD TIPOrHO30B U 3(hPEKTUBHOCTH YIIPABJIEHUST PECYPCaMHU.

KurodeBble cjioBa: MaTeMaTHdecKasi MOJIEIb, KOropTa, (bYyHKIUs paclpeie/ieHns, prIOHbIE 3alia-
Chbl, pa3pelleHHbIil yJI0B, brnoMacca.

1 Introduction

Assessment of the stock of natural resources, including fish resources, has always been and is
an urgent problem due to economic and environmental aspects. There are a large number of
mathematical models for assessing the stock of fish resources |7, 10, 13, 16, 18]. Moreover, each
model has its own strengths and weaknesses. The main reason for the large number of models
is the lack of all necessary and correct information. The works [1-3, 9, 11] provide descriptions
and comparisons of mathematical models for assessing fish stocks using empirical methods.
One of the main methods for mathematical modeling of the fish life cycle process is the cohort
model (cohort analysis) [14]. In fish population modeling, a cohort is defined as a group of
fish of the same age or year of birth. Cohort analysis involves dividing the research object
into groups according to various characteristics, the so-called cohorts. Cohort analysis can
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be divided into two groups, the first is deterministic, the second is stochastic. The stochastic
method assumes that some or all of the variables and parameters are subject to errors of one
kind or another, and attempts to rationally distribute these errors. Deterministic methods
assume that all parameters and variables are measured without errors |5, 8|. The work [6]
provides a review of existing cohort models based on fish catch and mortality equations.
Cohort models of the state of fish stocks are based on the concept of populations as a
collection of specimens of individual generations, the number of each of which decreases
under the influence of fishing and natural causes.

There are many modifications of cohort models [15]. For their implementation, it is
necessary to have data on commercial catches of the species, their age and size (weight)
composition over a long period of years, as well as abundance indices, the stock-replenishment
relationship, terminal values of fishing mortality and the assumption of separability of fishing
mortality. Depending on the composition of the available data, one or another cohort model
is chosen.

There is also a formal theory of fish life developed by F.I. Baranov, in which a
mathematical model of fish stocks and fishery optimization was built. This theory is quite
widely used in ichthyology. According to the theory of F.I. Baranov, it is possible to regulate
fishing by selecting a certain intensity and selectivity of fishing, i.e. it is possible to bring
the stock into a state that ensures its stable existence, maximum biological production and
economic efficiency of sustainable fishing [4, 17].

According to the research of the famous ichthyologist R.A. Karev. [12]| traditional
mathematical models have a number of disadvantages such as changes in population analysis
can worsen the results, lack of possibility of high-quality results, lack of interactive interaction
between the model and the person, inaccessibility of mathematical models for practitioners.
And the author in his work proposes a descriptive model of the population dynamics
of sturgeon, devoid of the above shortcomings, and a new method for assessing natural
reproduction (natural reproduction of fish from caviar to juveniles in nature) in an unclear
situation.

One of the key areas of research is the dynamic modeling of fish populations. Work [19]
presents a mathematical model that describes the size of the cod population in the northern
seas. In their work, the authors take into account factors such as climate change and human
impacts, offering a tool for predicting changes in long-term population sustainability.

Modeling is an important issue in understanding and assessing the dynamics of fish
populations and the effectiveness of fisheries management. The development of accurate and
reliable models is becoming a necessity in the face of a changing environment and increasing
pressure from human activities. This paper presents a mathematical model that describes
the long-term dynamics of several fish populations in a fishery water body. The model is
based on the generally accepted "cohort"concept and takes into account the factors of annual
mortality and the impact of fishing, which allows more accurate assessment of changes in the
population.

2 Mathematical model

The purpose of this study is to construct a mathematical model to determine the dynamics
of changes in the total amount of fish X* and the production quantity X¢__ of fish, as well as
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their biomass W* (total stock) and W§&__ (commercial stock), respectively, in a certain year.
Moreover, any mathematical model is constructed depending on the available initial data.

As practice shows, on the territory of the Republic of Kazakhstan the main source of
input (initial) information for calculating and constructing a mathematical model of total
and commercial fish stocks, as well as their biomass, are control fishing using the set net
method, permitted fishing and statistical data, which can be expressed as follows:

1. Amount of i-th species of j-th age fish caught in the k-th year using the set net method
denotes AJ;;
2. The mass of the i-th species of fish of the j-th age caught in the k-th year using the set

net method is wfj;

3. Amount of caviar from the i-th species of fish of the j-th age caught in the k-th year
using the net set method;

4. Amount of females, males, juvenile species caught of the i-th species of fish of the j-th
age in the k-th year using the set net method;

5. Allowed catch of the i-th fish species in the k-th year is B¥;

6. Adjustment coefficient between permitted and actual fishing of the i-th fish species is

Bi;

7. Survival rate coefficient of caviar (appearance of fry) z£ and survival rate coefficient up
to one year is 2§ (from statistical data).

where ¢ = 1, m - type of fish, j =0,n; — 1 - age, k = 0,n — 1 - year of observation.
Let’s construct a cohort mathematical model to determine the dynamics of changes in
the amount of fish in the following form:

k kK k
mijﬁ = riz; — (1 + 6:) By (1)
where, xﬁ is amount of i-th species of fish of j-th age in k-th year;
zfj is survival rate coefficient of i-th species of fish of j-th age in k-th year. It is determined

by the influence of various factors: environmental conditions, natural mortality, the presence
of predators and food availability.

B; is adjustment coefficient between permitted and actual fishing of the i-th fish species.
This coefficient takes into account the difference between the officially permitted fishing
volume and the actual catch, which may be associated with various factors, such as
recreational fishing, poaching, as well as other illegal (not accounted for) fishing methods;

ij is amount of permitted fishing of i-th species of fish of j-th age in k-th year, determined
k
by the relation ij = i@jBf, i=1,m,j=0n—-1k=0,n—1
Since the method for obtaining input data (set net method) provides information on the
amount of fish caught starting from the age of 2, we consider the method for solving equation

(1) in two stages.
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In the first stage, we build a model for fish age 2 and more years. If we write down any
amount of the i-th species of fish of the j-th age in the k-th year xk to the initial element,
then equation (1) will be rewritten in the following form

k-1

0 g l " =l k+h 1l A% i ;
Lij—k [1 Zij—k+1 —(1+B)H: (X ”A—JB [1 2 tym v ar Bi ) J >k
1=0 m=h i
H .
. j—1 . 2 J=1 k—j+h g1 . ko
k—j+2 k—j+l AG7 k—j+h k—j+l , Ak .
Tig [z > — (1 + Bi)H> (Z —he— BT [T 2 +A_§Bg)7]§k

h=3 v l=h

(2)

or

( k+1 k k
xz?j_ = .’13‘12212 (1 + 51)322

k41 k ok k
vy = wpzs — (1+ Bi) B

o (s (3)

ij+1

\O = xfniflzfnifl (1 + Bl) m;—1

Let us introduce the following notation

Al]’yl7 (4)
where Afj is the amount of the ¢-th species of fish of the j-th age caught by the set net
method in the k-th year;

~; is the distribution coefficient of the i-th fish species for a specific fishery water body;
t=1m,7=2,n;—1,k=0,n—1.

Let us rewrite equation (3) taking into account equation (4) in the following form

A?Z;rl’yl A1271 12
AZLH% Az:ﬂz i3

A2(1+8,) B
A1+ B,) B

Ak
Afj—rl—ll’yl Az]fyl z] Zg (1 + ﬁl)BZk

Afn —1 k
0= Am —1")/1 ing—1 Z (1 + 51>B

\
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After simple transformations from (5), we determine the survival rate coefficients as follows

( k+1 k k k+1
zh = Ak T+ kB’Y = B_Z)cy' + Aii
(2
i2 Al Al 135 A; Ay
k+1 § k k1
ol = S+ o = aFv o+
= _ = ;
BoAT Ai 178, Aj Afs
k+1 k+1 6
O o
Y +1 k L - ()
YA Alitre A A
b __Bf B y
in;—1 T Ak i — AR i
\ imi—l Ai,nifl 1+ZB,L' Ai,ni—l !

1+8;
Yi
Since our main equation has three degrees of freedom (7,7, k), then in the system of

equations (6) we can fix i, j and represent it as follows

where y; =

( o BO Al

— ij+1

Zij = Ao Yi + a0,
2

1 _ Bil . ij+1

Zz] - Azl yz + Azlj

where i = 1,m,j = 2,n; — 1.
The transition from (6) to (7) was made in order to find an adequate estimate of the
values of y;, since y; can take any value, but should not change sharply from year to year.
Solve the system of equations (7) using the following algorithm:

1. Find the intersection points of all equations of system (7) for fixed 4, j;
2. Collect all points of all ages (at j = 2,n; — 1) for the i-th fish species;

3. Find the mathematical expectation, the dispersion of points from section above 2, and
build a normal distribution;

4. The value of the mathematical expectation is taken as the total value of y;, after which
k

all zz’“] are determined, and therefore are determined, values 7.

Next year and from year to year, additional points are added, therefore, values of

distribution and mathematical expectation change, and the value of y; will be further refined.

After specifying all the coefficients, we find the survival rate coefficient ZZ], and therefore
obtain the fish quantity 27

Based on the found survival rate coefficients z , additional causal chain analysis can be

carried out, both horizontally and vertically. A horlzontal change implies a change by year
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(ecology, droughts, lack of food supply, etc.). Analysis of horizontal changes allows to evaluate
the effectiveness of the remote control system and other related aspects.

Now let’s move on to the second stage. Let’s write an equation to determine the amount
of fish up to the 1st year inclusive.

n;—1

gt =) il (8)

J=my;

where, ,uf’ ; 1s coefficient determining by the product of the amount of caviar of one female
and the proportion of all females of the ¢-th fish species of the j-th age in the k-th year,
which are obtained from set net methods;

m; is age of first spawning of the i-th fish species.

Then, from equation (8), knowing the value z}; and found values x%,, 2, from the first
stage, we will write the following equation to find the amount of fish up to 2 years old

n;—1
3 = 2: bk ok k] k2
/“nga? ic?i0%i1  %i2 (9)
Jj=m;
: o kL
From equation (9) we determine z;;":
k+3
Sl Lig
L ok ok ok k2
Z] =m; :u’z,] zzczzozﬂ

The total amount of fish in a fishery water body can be determined as

1 <~ X7
X= 2

where, X* is an amount of total fish stock in the k-th year of observation; m is an amount of

fish species in the fishery water body; ¥ 1s a distribution of all fish species by amount in the

fishery water body in the k-th year Z i1 r® = 1, information obtained from net set methods.
And the total biomass is determined by the following equation

m m mi— w 37
k __ k g
SNEEDY >
=1 i=1 35=0 gz

where, W¥ is a biomass of the total fish stock in the k-th year of observation;

Wk is a biomass of the total stock of the i-th fish species in the k-th year of observation;

wZ’f ; 18 a mass of caught fish of the i-th species of j-th age in the k-th year;

g¥ is a distribution of all fish species by weight in the fishery water body in the k-th year
Z;”zl g¥ = 1, information obtained from net set methods.

Taking into account that the commercial fish stock is determined from the first spawning
run, this indicator is individual for each species of fish, knowing the amount of fish by the
age, we can determine the commercial fish stock in the fishery water body using the following

formula
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m n;—1 L
Com — m rk )
i=1 j=m; *

where, X%_ is an amount of commercial fish stock in the k-th year of observation;
WE. .. is a biomass of commercial fish stock in the k-th year of observation.

3 Conclusion

In this work, based on the cohort analysis, a new mathematical model has been contructed
to determine changes in the amount of total and commercial fish stocks and their biomass in
a particular reservoir. To solve the model, systems modeling methods and data analysis were
used, which made it possible to take into account complex factors influencing the dynamics
of fish populations, such as survival rates and the level of fishing in the fishery water body.
Modern methods of statistical analysis were used as a research method. A unique method
for finding uncertainty coefficients is proposed. This work is important in the development
of tools for the sustainable management of fisheries resources in fishery water body and
contributes to the effective use of fisheries in the Republic of Kazakhstan.
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