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APPLICATION OF THE POTENTIAL THEORY TO SOLVING A MIXED
PROBLEM FOR A MULTIDIMENSIONAL ELLIPTIC EQUATION WITH
ONE SINGULAR COEFFICIENT

Potential theory has played a paramount role in both analysis and computation for boundary
value problems for elliptic equations. In the middle of the last century, a potential theory was
constructed for a two-dimensional elliptic equation with one singular coefficient. In the study of
potentials, the properties of the fundamental solutions of the given equation are essentially and
fruitfully used. At the present time, fundamental solutions of a multidimensional elliptic equation
with one degeneration line are already known. In this paper, we investigate the double- and
simple-layer potentials for this kind of elliptic equations. Results from potential theory allow us to
represent the solution of the boundary value problems in integral equation form. By using some
properties of Gaussian hypergeometric function, we prove limiting theorems and derive integral
equations concerning a densities of the double- and simple-layer potentials. The obtained results
are applied to find a solution of the mixed problem for the multidimensional singular elliptic
equation in the half-space.

Key words: multidimensional elliptic equations with singular coefficient; fundamental solution;
Gauss hypergeometric function; potential theory; mixed problem; Green’s function.
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Bip cunrynspabik ko3ddunuenTi 6ap ken eJmeMal JUIMITHKAIBIK TeHAey YIIIH apaJac
€cerrTi 1ernryre MmoTeHIUAaJl TEOPUICHIH KOJIaHy

[Torennuas TeopusCH SJTUNTAKAJIBIK TEHJEYJIED VIMH MEeTTIK eCeTeP/Il TAIIayaa Ia, MENryIe e
MaHBI3/IbI POJI ATKAPAJIbl. OTKEH FachIPJBIH OPTACHIHIA OIp CHHTYJISIPIIBIK, Koaddurmenti 6ap eki
OJIIIIEM/T] JITUITUKAJIBIK TEHJIEY/IiH IOTEHIINAJIIBIK, TeOPUChl KypbLLabl. IloTenmnuanap/ist 3ept-
Tey Ke3iHjie OChl TeHJIEY/IiH ipre/i menriMIepinia KacuerTepi afTapabikTail Ko anblia bl Kasipri
VaKbITTa OIp CUHTYJISIPJIBIK, ChI3BIFBI Oap KOII OJIIMIeM Tl JUINIITHKAJIBIK, TEHJIEY/IH ipresi memntimiaepi
6esriti. By makasaga 613 S/ IMITUKAJBIK, TEHJIEYJIEPIiH OChl TYPi YIIiH KOC KoHE Kail KabaTTh
[TOTEHITNAJIAPBIH KAPACThIPaMbl3. [IoTeHITnAa TeOPUSICHIHBIH HOTUKeIEPl MIETTIK eCenTeP/IiH, e~
MIiMIiH WHTErPaJIJIBIK, TeHIeyIep TYPiHAe YChIHyFa MYMKIHIIK 6epemi. ['ayccThiH rumepreoMeTpusi-
JIBIK, (DYHKITUSICBIHBIH Kefibip KacueTTepiH KOJIJaHa OTBIPHII, IEKTi TeopeMaJsiap JDJIeJICHe Tl KoHe
KOC JK9HE YKail KabaTThl [IOTEHIIUAJIAPIBIH, ThIFbI3/bIFBIHA KATHICTHI HHTErPAJIIBIK TEHJIEYJIep IIbl-
FapbLIaIbl. AJIBIHFAH HOTUXKEJIED KAPThl KEHICTIKTErl KOl OJIIIEeM i CUHTYIIAPJIBIK, SJITUITHKAJIBIK,
TeHJIey VIIMH apajiac €CeIlTi IMenryre KOJITaHbLIa b

Tyitin ce3mep: KOm oIeM i CUHTYISIPJbIK JTANTHKAIBIK, TeHIeyaep; iprei memnriM; ayceThim
TUIIEPIeOMETPUAIIBIK, (DYHKITUSCHI; TOTEHITHAJ TEOPUSCHI; apaJac ecell; ['puH QyHKIusACH
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ITpuMmeHneHne Teopum NMOTEHIUAJIA K PEIeHUI0 CMENIaHHO 3a1a4u J1Jist
MHOTOMEPHOTO JLJIUIMITUYECKOTO YPABHEHUS C OJJHUM CHUHTYJISIPHBIM
Ko3ddurimeHTOM

Teopusa moTeHnuaga UrpaeT MEPBOCTENEHHYIO POJIb KaK B aHA/JIN3e, TAK W B PENIEHUN KPAEBBIX
3a/1a49 JJIs JUIMNTUYIECKUX ypaBHeHuil. B cepeanue mpomioro Beka ObLIa IMOCTPOEHA TEOPHS IIO-
TEHINAJIA JJIs IBYMEPHOrO SJUIHITUYECKOIO YPABHEHUS C OJHUM CHHIYJISPHBIM KOI(MMOUITUEHTOM.
[Ipu n3yvyeHUN NMOTEHIINAJIOB CYIIECTBEHHO U IIJIOJOTBOPHO HCIIOJB3YIOTCH CBOMCTBA (DyH/IaMeH-
TaJbHBIX PEIeHuil JTaHHOrO ypaBHEHWUsi. B HacTosiee BpeMsl y»Ke W3BECTHBI (DYHIAMEHTAJIbHbBIE
peIlleHrsT MHOTOMEPHOT'O SJUIANITUYIECKOTO yPABHEHUSA C OJHOIM JIMHWEH BBIpOXKJIeHUs. B mannoit
CTaThe MBI UCCJIeTyeM MOTEHINAJIBI IBOWHOTO U IIPOCTOTO CJI0EB JJIS TAKOTO POJIA SJLUIMITHIECKIX
ypaBHeHUil. Pe3ysibraThl TEOPUHU MOTEHITNAIIA, IO3BOJIAIOT [IPEICTABUTH PEIIEHNe KPAEBhIX 33129 B
BH/JIe NHTErPAJILHBIX ypaBHeHuii. VIcrnop3yst HEKOTOPhIE CBOMICTBA I'MIIEPreOMeTPHYECKONR (PYHKIINN
laycca, ToKa3bIBAIOTCS TIPEJIE/IbHBIE TEOPEMBI U BBIBOJISITCS NHTEIPAJIbHBIE YPABHEHMS, KACAIOIIHE-
¢Sl IOTHOCTEN MOTEHITUAJIOB JBORHOTO U IPOCTOro cjoeB. [loryuennble pe3yabTaThbl MPUMEHSTIOTCS
K PEeNeHnIO CMEeNMTaHHON 3319y JJIsT MHOTOMEPHOTO CHHTYJISPHOTO SJUTAIITUIECKOTO YPaBHEHUS B
MIOJIyIIPOCTPAHCTBE.

KirroueBble cjioBa: MHOIOMEDHbBIE CHHIY/ISPHBIE JITUITAYECKUE YPaBHEHUS; (DY HIAMEHTAIHHOE
pelienue; runiepreomerpudeckas pyukius ['aycca; Teopus moTeHnaa; CMeranuas 3aa4qa; QyHK-
nus ['puna.

1 Introduction and preliminaries

Potentials play an important role in solving boundary value problems for elliptic equations
since the separation of variables and the Green’s functions allow one to obtain explicit
solutions only for simplest domains. On one hand, the reducing of boundary value problems by
means of double- and simple-layer potentials to integral equations is convenient for theoretical
studies on solvability and uniqueness of solutions to boundary value problems. On the other
hand, this gives an opportunity for an effective numerical solving of boundary value problems
for domains of complicated shapes.

The double- and simple-layer potentials play an important role in solving boundary value
problems for elliptic equations. For example, the representation of the solution of the Dirichlet
problem for the Laplace equation is sought as a double-layer potential with unknown density
and an application of certain property leads to a Fredholm equation of the second kind for
determining the density function (see [1] and [2]).

Interest in the potential theory for the singular elliptic equation has increased significantly
after Gellerstedt’s papers [3,4]. In works [5] and [6], the potential theory was exposed for the
simplest degenerating elliptic equation

*u  0%u 2« Ou

— =0,0<2ax<1 1
or?  0xi  x Oxy ’ @ (1)
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in the domain, bounded in the half-plane ; > 0. An exposition of the results on the potential
theory for the two-dimensional singular elliptic equation (1) together with references to the
original literature are to be found in the monograph by Smirnov [7], which is the standard
work on the subject. This work also contains an extensive bibliography of all relevant papers
up to 1966; the list of references given in the present work is largely supplementary to
Smirnov’s bibliography.

In the paper [8] for an elliptic equation with two singular coefficients

2 2
um+uyy+§ux+§uy:o, 0<2a, 26 <1 2)

the constructed potential theory is applied to the solution of the Dirichlet problem in the
domain bounded in the first quarter {(z,y) : x > 0, y > 0} of the zOy-plane.

In 2020, the first works appeared in which a potential theory was constructed for a singular
elliptic equation when the dimension of the equation exceeds two. In the works [9] and [10],
the Dirichlet and Holmgren problems were solved, respectively, by the method of potentials
for an elliptic equation with the singular coefficient

= 2
HP (1) = g, + x—(juw —0(0<2a<1, m>2) (3)
i=1

in the domain bounded in the subset (half-space) of the Euclidean space R} =
{x = (x1,...,2m) € Ry, : 1 > 0}. This line of research adjoins the works [11] and [12].

However, only two works are devoted to the study of the mixed problem for a singular
elliptic equation by the potential method: in [13] was considered a two-dimensional singular
elliptic equation (1), and the work [14] is devoted to solving the mixed problem for the
equation

2c
uxx+uyy+uzz+?ux:0, 0<2a<1

in a domain bounded in a half-space x > 0.

In the present work we shall give the potential theory for the multidimensional elliptic
equations with one singular coefficient and apply this theory to the finding a regular solution
of the mixed problem for the equation (3)

Naturally, in solving the problem posed for the equation (3), an important role is played
the fundamental solution of this equation. One of the fundamental solutions of the equation

(3) has the form [15]:

q (& ) = kr®* g 2 TOF (% —a,1— ;2 - 205¢), (4)
where T \ 2
L N e m B o
/2T (2 - 2a) <2 a), = (&, &, m), (=1 ok
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F(a,b; ¢; z) is Gaussian hypergeometric function [16, Ch. 2, p. 56]; I'(k) is the gamma function.
The fundamental solution given by (4) possesses the following potentially useful property:

Q(gax”gl (57 )|x1 =0 — =0. (6)

Throughout this paper, it is assumed that the dimension of the space m > 2.

2 Green’s formula

We consider the following identity:

m

:17%“ [uHM™(v) — vH (u (Vg1

i quz)] : (7)

Integrating both sides of the identity (7) in a domain 2 located and bounded in the
half-space x; > 0, and using the Gauss-Ostrogradsky formula, we obtain

[ @) — ol ] s = [ (Bilo] - 0B fu)ds ®)
Q S
where S is the boundary of €2, n is the outer normal to the surface S and

— 9

Bl =aty 0

=1 C

cos(n, ;) (9)

is the conormal derivative with respect to x.
If u and v are solutions of the equation (3), then we find from the formula (8) that

| B = vBu)as = o (10)

Assuming that v = 1 in (8) and replacing u by u?, we obtain

f (gu) o= [ B fulds. (11)

where u () is the solution of equation (3)
The special case of (10) when v = 1 reduces to the following form:

/ B [u]dS = 0. (12)

We note from (12) that the integral of the conormal derivative of the solution of the
equation (3) along the boundary S of the domain 2 is equal to zero.
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3 A double-layer potential w(x)

A surface I' in the Euclidean space R,,, that satisfies the following three conditions is called
the Lyapunov surface [17, Ch.18, p. 354]:

(i).There is a normal at any point of the surface I

(ii).Let x and & be points of the surface I', n and v are normals to the surface I' at the
points x and &, respectively, ¢ is an angle between these normals. There are positive constants
a and &, such as ¥ < ar”.

(iii).With respect to the surface I' we shall assume that it approaches the hyperplane
21 = 0 under the right angle.

Let I' be a Lyapunov surface lying in the half-space 7 > 0 and with the parameter
equation x; = xq(t), ..., Ty = Xy(t), where t == (t1,...,t,,) € P, ® is a domain of ¢. The
boundary of the surface I' on the hyperplane x; = 0 is denoted by ~.

Let Q be a finite domain in R, bounded by the surface I' and the hyperplane z; = 0.
The boundary of the domain {2 on the hyperplane x; = 0 is denoted by I'y. It is obvious that
v is a boundary of the domain I'y: v = 0I';.

We consider the following integral

1M@=Lu®BMM&M%D (13)

where the density p () € C (T), ¢ (&) is given in (4), n is the outer normal to the surface
' and By,[ | is the conormal derivative with respect to £, defined in (9).

We call the integral (13) a double-layer potential with density p(€). When u (§) = 1, we
denote the double-layer potential (13) by w; (z).

We now investigate some properties of the double-layer potential w; (z).

Lemma 1 [9] The following formula holds true:
i(x) —
wi)= [ Bilo@aldd = i) -
where
. _ 20 0q(7; §)
0= [ (255Y)

&= (&, & onm) €T, 1p =27+ (& —1:)*.

1=2

d{’Fl = (1 — 20&)]?%%20{/ rga’mdngl,

£1=0 r

Here the domains €, Ty, v and the surface I' are described as in this section and Q :=
QUTU~yUT,.

Theorem 1 If x € I', then the following inequality holds true:

Cy

|Boc[q (& )] < W’ (14)
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where m > 2 and « is real parameter with 0 < 2a < 1 as in the equation (3), and r and
are as in (5), Cy is a constant.

Proof.
Using the differentiation formula for the Gaussian hypergeometric function, by virtue of
(9), we obtain

(m = 2a)kel 20t

B g (&a)] =
ng[(] (& 7)) r%—Qarm_Q
m r? 1
><F(l—a——,l—a;2—2a;1——2>BfL‘§{ln—} (15)
2 T r
(1 —20) kg2 2

F<1—a—%,1—a;1—2a;1—r—2> cos(n, &;).
r

2—2a -9
7] rm 1

This immediately implies the estimate (14). Theorem 1 is thus proved.

Theorem 2 If a surface T' satisfies the conditions (i)—(iii), then the following inequality
holds true: [, ‘Bffg [q (& 2)]|deT” < Cs, where Cy is a constant.

Proof. Theorem 2 follows from conditions (i)—(i7i) and formula (15).

Theorem 3 The following limiting formulas hold true for a double-layer potential (13):

wit) = ~5u)+ [ n(s) K (s d.T. (16)
1%@=%Mﬂ+ﬁu®K®ﬁ@R (17)
where

p(t) € C(T),s=(s1, 5m) t = (t,-++ o tm) K (si1) = Biy [q (s:0)] (st € 1),

w; (t) and w, (t) are limiting values of the double-layer potential (13) at the point t € T from
the inside and the outside, respectively.

Proof. Theorem 3 follows from Lemma 1 and Theorem 2.

4 A simple-layer potential

We consider the following integral

Mﬂzﬁp@q@@ﬁl (18)

where the density p(z) € C(T) and ¢ (&) is given in (4). We call the integral (18) a
simple-layer potential with density p (&).

The simple-layer potential (18) is defined throughout the half-space x; > 0 and is a
continuous function when passing through the surface I'. Obviously, a simple-layer potential
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v (z) is a regular solution of the equation (3) in any domain lying in the half-space z; > 0.

It is easy to see that as the point = tends to infinity, a simple-layer potential v(x) tends to

zero. Indeed, we let the point x be on the hemisphere given by 22 + ... + 2%, = R?, x; > 0.
Then, by virtue of (4), we have

jo(a)] < / p(0)]la(t: 2)|d,T < CuR>>™ (R = Ry),

where (5 is a constant.

We take an arbitrary point N(xy) on the surface I' and draw a normal at this point.
Consider on this normal any point M (z), not lying on the surface I', we find the conormal
derivative of the simple-layer potential (18):

B, [u()] = / B [q (&) diT. (19)

The integral (19) exists also in the case when the point M (x) coincides with the point IV,
which we mentioned above.

Theorem 4 The following limiting formulas hold true for a simple-layer potential (18):

Bl = 300+ [ () K (st) T (20)
Bl =50 )+ [ p(5) Ka(sit) T (21)

where p € C(T),K (s;t) = B [q(s;t)] (s,t € ), BY[v(t)], and B [v(t)], are limiting
values of the normal derivative of simple-layer potential (18) at the point t € T from the
instde and the outside, respectively.

Making use of these formulas, the jump on the normal derivative of the simple-layer
potential follows immediately:

By [w(®)]; = By [v(t)]. = p(t). (22)

For future researches, it will be useful to note that, when the point x tends to infinity,
the following inequality:

|Bo o(®);| = CLRT*™, (R 2 Ry)

is valid, where C} is a constant.
In exactly the same way as in the derivation of (11), it is not difficult to show that Green’s
formulas are applicable to the simple-layer potential (18) as follows:

/ xfai; (%)dm _ /S o(@) B2, [v(x)], dS, (23)

/ | xfai <§—;>dx _ /S o() B, [v(x)], dS. (24)

Hereinafter, (' := R\ is a infinite domain.
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5 Integral equations for denseness

Formulas (16), (17), (20) and (21) can be written as the following integral equations for
densities:

/K sit) p(t) d,T = f(s), (25)

/K (t; ) d,I' = g(s), (26)

where A = 2, f(s) = —2w;(s), g(s) = 2B} [v(s)l., A = =2, f(s) = 2we(s), g(s) =
2B, [v(s)]; -

Equations (25) and (26) are mutually conjugated and, by Theorem 1, Fredholm theory
is applicable to them. We show that A = 2 is not an eigenvalue of the kernel K (s,t). This
assertion is equivalent to the fact that the homogeneous integral equation

—Q/Kst s)d,L =0 (27)

has no non-trivial solutions.

Let po(t) be a continuous non-trivial solution of the equation (27). The simple-layer
potential with density p (t) gives us a function vy (x), which is a solution of the equation (3)
in the domains € and §2'. By virtue of the equation (27), the limiting values of the normal
derivative of BY, [uy(s)], are zero. The formula (24) is applicable to the simple-layer potential
vo(z), from which it follows that vg(x) = const in domain 2. At infinity, a simple layer
potential is zero, and consequently vg(z) = 0 in €', and also on the surface I'. Applying now
(23), we find that vy(z) = 0 is valid also inside the region €. But then BZ, [vy(s)], = 0, and
by virtue of formula (22) we obtain pg (t) = 0. Thus, clearly, the homogeneous equation (27)
has only the trivial solution; consequently, A = 2 is not an eigenvalue of the kernel K (s;t).

Similarly, one can show that A = 2 is not an eigenvalue of the kernel K (s,1).

6 The uniqueness of the solution of the mixed problem

We apply the obtained results of potential theory to the solving the boundary value problem
for the equation (3) in the domain €.

The mixed problem. Find a regular solution of the equation (3) in the domain € that
is continuous in the closed domain 2 and satisfies the following boundary conditions:

By [ullp = ¢(z), e, u(0,2") =7(z"), o' € Ty, (28)

where ' = (z9, 23, ..., Z,); @(x) and 7(2') are given continuous functions.
The uniqueness of the solution. We consider the identity (7). Integrating both sides
of this identity along the domain 2. and using the Gauss-Ostrogradsky formula, we obtain

/ 22 [WH? (0) — v (u)] d = / (uB2, o] — vB,[u])dS.

00
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Here €). is a sub-domain of €2 at distance ¢ from its boundaries I' and I'y. One can easily
check that the following equality holds:

. . B %0 . 2cx
/stl ut, <u>dx_/5x1 ;(al’z) e / Zaxz ( ’)dx

Application of the Gauss-Ostrogradsky formula to this equality after ¢ — 0 yields

/ MZ (ax,)de: /F @)+ /F u(@)p(@)d,T, (29)

ou
where v(z2) = 111210:&1 . x' eTy.

If we consider the homogeneous mixed problem, then we find from (29) that

/ MZ (axlfd:c =0.

Hence, it follows that u(x) = 0 in Q. Therefore, the following theorem holds true:

Theorem 5 If the mixed problem has a regular solution, then it is unique.

7 Green’s function revisited

To solve this problem, we use the Green’s function method. First, we construct the Green’s
function for solving the mixed problem for an equation in a domain bounded by an arbitrary
surface and domain. In the end, we show that, thanks to the Green’s function, the solution
of the mixed problem in a special hemispherical domain takes a simpler form.

Definition 1 We refer to G(x;€) as Green’s function of the mized problem, if it satisfies the
following conditions:

Condition 1. The function G(x;&) is a regular solution of the equation (3) in the domain
Q, except at the point &, which is any fized point of ).

Condition 2. The function G(z;§) satisfies the boundary conditions given by

By, (G (@6l =0, v €T; lm G(x:6) =0, 7T, (30)
Tr1—r

Condition 3. The function G(x;&) can be represented as follows:

G(x;€) = q(z;€) + v(x:§), (31)

where q (x;€) is a fundamental solution of the equation (3), defined in (4) and the function
v(x;€) is a regular solution of the equation (3) in the domain Q.
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The construction of the Green’s function G(z, §) reduces to finding its regular part v(x;§)
which, by virtue of (30), (31) and (6), must satisfy the following boundary conditions:

By [o(z:O)lr = = B, g (:9)]Ir, (32)
V(2 €)]4y—0 = 0- (33)
We look for the function v(x; &) in the form of a double-layer potential given by
0@ = [HGOa(Ga) . (34)
r

where ¢ := ({3, ..., () are integration variables over the surface I'.
By virtue of (6), a condition (33) is satisfied. Taking into account the equality (16) and the
boundary condition (32), we obtain the integral equation for the density p (s;€) as follows:

W (5€) +2 / K (G 1 (G €) deT = —2B2 [q(n: ), (35)

where 1 := (01, ..., m)-
The right-hand side of (35) is a continuous function with respect to s (the point ¢ lies
inside Q). By Theorem 1, Fredholm theory is applicable to the equation (35). In section 5 it

was proved that A = —2 is not an eigenvalue of the kernel and, consequently, the equation
(35) is solvable and its continuous solution can be written in the following form:
() = ~2Bilam )+ 4 | R(Gms—2) Bicla (Gl (36)
r

where R((;m; ) is the resolvent of kernel K((;n), n € I'. Substituting (36) into (34), we
obtain

v(r,§) = —2/ q(¢;§) B¢ la (¢ 2)] d<F+4/ / R(¢;m;—2) q (n;x) By [q(¢;6)] dcL'd, T (37)
I rJr
Let A(n; z) be a solution of the integral equation
A z) + Q/FK(U; OAC; 2)d I = —2q(n; ). (38)
Then
Ay ) = —2q(n; x) +4/FR(77; ¢;—2)q(¢;w)d,T. (39)

Multiplying both sides of (39) by By, [q(n;§)], integrating by 7 over the surface I'; then
we get

/F A ) B2, [q (m:6)] d,T = —2 / 4l 2) B [q (:6)) d, T

r

+4/F/FR(77; ¢ —2)q(C ) B, g (7€) deTd, T,
or, by virtue of (37)

o(a1€) = / NG 2) B g (m:6)] T (40)
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Lemma 2 [f points z and € are inside domain Q, then Green’s function G (x; &) is symmetric
about those points.

From the lemma 2 and formula (31) it follows that its regular part v(zx;¢) is symmetric
with respect to the points  and £. Then the formula (40) can be rewritten as

o (15 6) = / A(G:E) B2 [q (G )] deT (41)

An equation (41) shows that v(z;€), as a function of z, is the potential of a double layer
with density A(¢;€). Then, according to the formula (25), we have

wl5§) = 33w + [ Kp NGO,
r
whence by virtue of (38) and (31)

G(n; &) = =Am; ), nel. (42)

Note that the Green’s function Ga(z; &) of the Dirichlet problem for the equation (3) in
the work [9] is sought in the form

Go(7;€) = q(x;€) + va(w;€),

where ¢(z;€) is the fundamental solution, which is simultaneously present in the
representation (31) of the Green’s function of the mixed problem for the equation (3).
For a domain {2y bounded by a hyperplane z; = 0 and a hemisphere given by

xy+ s+t a2, = R

Green’s function of the Dirichlet problem has the following form:

Goz (23 €) = q (;8) — (g)m—za q (93; ]:—225) , (43)

where
GH&+ 6 =0

It is easy to show that its regular part vy(x; ) can be represented in the form

vol: ) = — / NG ) B, [0a(GE)) T,

where \((;z) is a solution of the equation (38). Now subtracting from (31) the expression
(43) and taking into account (40), (42) and (43), we get

G(x;€) = Goo(z; &) + Ha(x; §),

where

Hy(2:€) = / MG ) BE [Goal G )] dT. (44)
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8 Solving the mixed problem for equation (3).

Let & := (&1, ..., &n) be a point inside the domain €. Consider the domain €. 5 C © bounded by
the surface I'. which is parallel to the surface I'; and the domain I';. lying on the hyperplane
xr1 = 0 > €. We choose € and 0 so small that the point z, is inside €2, 5. We cut out from the
domain 2. ;5 a ball of small radius p with center at the point zy and the remainder part of
Q. 5 denote by Q 5, in which the Green’s function G (z;¢) is a regular solution of (3).

Let u(z) be a regular solution of the equation (3) in the domain €2 that satisfies the
boundary conditions (28). Applying the formula (10), we obtain

[ (@Bl - b ) x| (B (6] - OB ).y T

s

- /C (GBS, [u] — uB2, [G]) d,C,.

P

Passing to the limit as p — 0 and then as ¢ — 0 and § — 0, we obtain
Main result.

Theorem 6 Let the Lyapunov surface I' approach T’y at right angles. Then the function

w9 = [ 7@ a2

is a solution to the mized problem for the equation (3) in the domain Q, where p(z) € I' and
7(2) € I'y are a given functions with conditions (28).

K m/F (#)G (x;€)d, (45)

Tr1=

Proof. The proof of the theorem 6 is similar to the proof of the theorems in [9] and [10].

We remark that the solution (45) of the mixed problem is more convenient for further
investigations. The resulting explicit integral representation (45) plays an important role in
the study of problems for equation of the mixed type (that is, elliptic-hyperbolic or elliptic-
parabolic types): it makes it easy to derive the basic functional relationship between the
traces of the sought solution and of its derivative on the line of degeneration from the elliptic
part of the mixed domain.

In the case of a hemisphere €2 the solution (45) assumes a simpler form:

u(€) =(1 - 20) ksl / r (&)

I'

G+ (@i— &)2]

=2

o—

dm’rl

S (R e P of BIUEE.

=2 =2 j=1,57#i

+/Ff<x'>[Hz<x;s>n dr1+/F (2)C (#; €)d,

where Hy(z;€) is defined in (44).
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9 Conclusion

In constructing the potential theory, fundamental solutions of the given elliptic equation are
played an important role. In a recent work [15], the author managed to find all fundamental
solutions of the multidimensional elliptic equation with several singular coefficients

m n
2&2'

—1 Ty

1=

k=1

in explicit form, where m is a dimension of the elliptic equation, n is a number of the singular
coefficients (m > 2, 1 <n <m); a4 are real numbers and 0 < 2ay. < 1, k = 1,n.
In addition, particular solutions of the more general equation

k k n n
0%u 2a; Ou 0%u 2a; Ou -
- ou O T o1
L O +Z x; 0z, Z Ox2 + Z x; Oxj’ ab
j:1 J ]:1

j=k+1 J j=k+1

are currently known [18].
It should be noted that the work [19] is also devoted to the hypergeometric expansions of
solutions of the degenerating model parabolic equations of the third order

"y uy — tkymumx — th"uyyy =0, m,n, k = const > 0. (46)

The equation (46) has 9 linearly independent particular solutions which are expressed by, so
called, a Kampé de Fériet’s double hypergeometric series |20, p. 27|. In a recent work [21],
expansions of the Kampé de Fériet’s functions are established.

Despite the fact that fundamental solutions, particular solutions and expansion formulas
are known even for a more general equation, the construction of potential theory for a singular
elliptic equation was limited to the equations with one singular coefficient (3) and one paper
[8] has been devoted when the number of singular coefficients exceeds one, but a dimension
of the equation is equal to 2 (see Eq. (2) in Section 1).

For the future, it would be interesting to apply potential theory to the solution of boundary
value problems for elliptic equations with two or more singular coefficients, for example, in
the beginning for the equation

2 2
um—i—uyy—i—uzz—i——aux—l——ﬁuy:(), 0<2a,260<1, z>0,y>0.
Zz )
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