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CONSTRUCTION OF A SET OF DIFFERENTIAL EQUATIONS SYSTEMS
AND STABILITY IN THE VICINITY OF A PROGRAM MANIFOLD

The problem of constructing a entire set of differential equation systems for a given program
manifold is addressed. Necessary and sufficient conditions have been compiled to ensure that the
program manifold is integral to the systems being developed. These conditions form a rectangular
linear algebraic system in relation to the required functions. Using the property of a rectangular
matrix, the set of differential equation systems was constructed. Additionally, the problem of
designing indirect automatic control systems with rigid feedback is explored. Since the given
program is not always executed perfectly due to initial or ongoing disturbances, it is reasonable
to require stability of the program manifold with respect to a certain function. This leads to the
analysis of the stability of the system of equations in relation to the given program manifold.
Through the construction of Lyapunov functions for the system in canonical form, sufficient
conditions for the absolute stability of the program manifold are derived. These results can be
applied to the design of stable automatic indirect control systems.

Key words: absolute stability, program manifold, indirect automatic control systems, Lyapunov
function, Lurie-Letov type system.
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Auddepennmanapbik TeHaeyIep »KyNeciHiH »KUbIHBIH KYPYy MeH baraapJ/amMalibiK, KernbdeiiHe
MaHaNbIHAAFbI OPHBIKTBLIbBIK,

Bepinren barmapiamasibik kemnbeitne OoitbiaITa nuddepeHmaiibk TeHaeyep XKyiiecinin 0apJbK,
JKUBIHBIH KYpy Moceseci mrermiimi. Barmapiramansik kenbeliHeHIH KYPBUIBII KATKAH Kyiie YImH
WHTETPAJIIBIK OOTyBIHBIH KAYKETTI YKoHEe YKeTKIMKTI mapTTapbl KypbLIabl. Bysr mapTrrap KaxkeTTi
dyHKIHITapra KATBICTBI TIKOYPBIIMNTHI CHI3BIKTHI aaredpasibiK KyieciH Kypaiiibl. TiKOYpLIIITEI
MaTpUIIAJIAPIbIH, KACHETIH NaiijajaHa OThIPHI, JuddepeHnuaIbK, TeHIeyIep KyNHeciHiH, Kubl-
bl Kypbuiabl. CoHbIMeH Oipre, KaTaH Kepi OailjlaHBICTBI Typa eMec aBTOMATTHIK DacKapy Kyii-
eJiepin Kypy ecebl KapacThIpbLIabl. AJTFAIIKBI XKOHE TYPAKThl TYPTKiIEp Goybl cebenti Gepisi-
red Oargap/ama dpIaiibIM 1oJ1 opblHgasa Oepmeiini. COHIBIKTAH Oargap/iaMaJiblK KOIOeHHeHiH,
©31HiH OPHBIKTBHUIBIFBI TAJa0bl OPBIHILI OOJIBIT TAOBLIAbI. DYIaH KapacThIPBUIBII OTBIPFaH €cell
GarmapJ/iaMaliblK, KOIOeiiHeHIH, OPHBIKTBLIBIFBIH 3epTTeyre KeaTipiaea. JIamnyHoB (yHKIusIapbH
KYPY apKbLIbl OaFmapiaMablk, KOOeitHeHiH, aDCOTIOTTIK OPHBIKTHLIBIFBIHBIH, KETKIJTIKTI IIapTTa-
PBI AJIBIHABL. AJIBIHFAH HOTUKEJIEP OPHBIKTHI TYPa eMeC aBTOMATTBIK OacKapy XKyheaepin Kypyia
KOJITAHBLIA AJIAJIbI.

Tyiiin ce3mep: abCcoOMIOT OPHBIKTBLIBIK, OarIapIaMaJIbIK, Keroeiine, KaHaMa aBTOMaTThI bacKapy
xKyitesnepi, JIsnynos dynkiuscer, JIypse-Jleros Tunti xKyiie.
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ITocTpoenmne mHO>kecTBa cucrteM auddpepeHnaNbHBIX YPABHEHUH U YCTOMYNBOCTH B
OKPECTHOCTHU IIPOrPaMMHOIO MHOT000pa3us

Pemena 3ajaua mocTpoeHuss BCEro MHOXKECTBA CHUCTEM IUM@PEPEHITUATBHBIX YDPABHEHUA /TSI 3a-
JIAHHOTO ITPOrPaMMHOTO MHOT000pasus. ChopMyInpoBaHbl HEOOXOIMMBbIE U JOCTATOIHBIE YCIOBUS,
IIPU KOTOPBIX ITPOrPAMMHOE MHOT000Pa3ue SBJISeTCA NHTErPAJIBHBIM JJIs pa3pabaTbiBaeMOll CHCTe-
MBI. DTH yCJOBHS 0OPA3yIOT MPSMOYTOJBHYIO JIMHEHHYIO aJiredpandecKyio CUCTEMY OTHOCHTEb-
HO TpebyeMbix pyHKImA. C UCIOIB30BAHNEM CBONCTBA IPSIMOYTOJIBHON MATPUILI OBLIO IOCTPOE-
HO MHOXKECTBO cucreM juddepeHimaibHbiX ypaBaeHnii. PaccMoTpera Tak:ke 3a/1a9a IOCTPOSHMS
aBTOMATUYECKNX CHCTEM HEMPSIMOTO YIIPABJICHUSA C KECTKAMH OOPATHBIMU CBSI3AMU. 3aJaHHAS
IIporpaMMa He BCerJia BBIIIOJIHAETCS TOYHO U3-3a CYHIeCTBYIONINX Ha4YaJbHBIX U IIOCTOAHHBIX BO3-
mytenuit. ITostomy TpeboBaHme yCTONYMBOCTH CAMOIO IPOTPAMMHOIO MHOTOOODAa3Us SBJISETCS
neobxoauMbiM. Toria HaIla 3a/1a9a CBOJIUTCA K UCCIETOBAHUIO YCTOMIMBOCTU IIPOrPAMMHOTO MHO-
roobpasusi. C momotpio mocrpoenusi GyHknuii JIsmyHoBa Jjist CHCTEMBI B KAHOHUYECKOH (hopme
BBIBOJSTCS JTOCTATOYHBIE YCAOBUS aDCOIOTHON yCTOWIMBOCTH TPOrPAMMHOIO MHOTO00Opa3us. JTh
Pe3yJIbTATBI MOT'YT OBITH MIPUMEHEHBI JIJIsi TPOEKTUPOBAHNS YCTOWIUBBIX CHCTEM HEIIPSIMOTO aBTO-
MaTHU4YEeCKOI'0 yIIpaBJIECHU.

KuroueBble ciioBa: abCco/OTHAS YCTOWIHUBOCTD, IIPOIPAMMHOE MHOT00Opa3ue, HelpsiMble CHCTe-
MBI aBTOMATHIECKOI'0 peryaupoBanusi, (pyukims JIsmyHnosa, cucrema tuia Jlypose-Jlerosa.

1 Introduction

Inverse problems in ordinary differential equations dates back to the fifties of the last century.
In this direction N.P.Erugin’s article is fundamental |1]. In his work, Erugin formulated and
solved the problem of forming a system of differential equations corresponding to a given
integral curve. His approach, in particular, generalized problems related to determining the
forces and moments that result in motion with specified characteristics, making it one of the
possible motions of a mechanical system. This line of inquiry later evolved into broader
problems, such as constructing differential equations systems, automatic control systems
designed for a specific manifold, inverse dynamics problems, and the formulation of systems
for programmed motion. A comprehensive review of these investigations can be found in [2]-
[5].

In this article, we address the more general problem of developing a complete set of
differential equation systems for a specified program manifold and explore the construction
of indirect control systems based on this manifold.

In the phase space X", we choose a simply connected closed domain G (p):

Gp) ={tx):t e IN|w(tz)]| <p<oo}, I=]0,00). (1)

It is important to mention that the domain G (p) can also be multi-connected consisting
of finite simply connected continuous sets, and a manifold located at ¢ = ¢y in one of these
domains remains in it for all ¢ > t,.

Within this domain , we address the problem of formulating a set of ordinary differential
equations’ systems for a given smooth program manifold €(t), expressed in the following form:



50 Construction of a set of differential equations’ systems ...

i=f(tx), (2)

where f,x are n-dimensional vectors, f € R" is continuous with respect to all variables and
the existence conditions of the solution x(t) = 0 are satisfied; and the program manifold 2(t)
defined by the following equations

Q) =w(t,x) =0, (3)

would be integral for them, where an s-dimensional vector w (s < n) is continuous in the
domain including the manifold (¢), along with its partial derivatives.

Definition 1. The manifold €(¢) would be called a program (integral) manifold of the
system (2) if from z(to) € Q(to) follows x(t) € Q(t) for all t > #,.

To address the problem, we will apply N.P. Yerugin’s method [1]. Using this approach,
necessary and sufficient conditions are established to ensure that the given integrals indeed
form a program manifold for the system of equations being constructed. These conditions are
later utilized as equations to define the required functions for constructing the corresponding
set of differential equation systems.

According to a given program manifold a set of systems differential equations describing
the motion of material systems is constructed. For the systems under construction, the
necessary and sufficient conditions are composed the program manifold is integral.

2 Constructing a set of systems of ordinary differential equations according to a
given program manifold.

Necessary and sufficient conditions that the given manifolds Q(¢) will be integral for a system
of differential equations (2) we get

_6w

w—a%—Hf(t,x):F(t,x,w), (4)

: : . ow

here the vector-functions f(¢,x) are the right-hand parts of the equations (2), H = s
X

is the Jacobi matrix, F'(t,z,w) are arbitrary functions that vanish on a program manifold
. From these conditions, the right parts of the desired system of differential equations are
determined. At the same time, arbitrary functions F'(t,z,w) and the undefined right-hand
sides (n — s)-dimensional vector function f5(t) are subject to conditions for the presence of
a solution to the constructed system of equations .

The Jacobi matrix is

8&)1 8w1

oz Oy
H = ..

80.;3 aws

oz 0zn

In the future the s-dimensional vector function F'(t,z,w) will be called the Erugin
function, satisfying conditions F'(¢,z,0) =0 [2].
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Suppose that the rank of the rectangular functional matrix H € RG*™ has s,s < n
at the all points of the manifold (¢) and introducing notation through yi,...,ys, some s
components of z and through z, ..., 2,_,, the remaining components of x, we presented the
matrix H in the following form:

H(t,z) = Hi(t,y) + Ha(t, 2),

where H; is non-degenerate (s X s) matrix, and Hs is a rectangular [s X (n — s)] matrix:

w1 L. w1 owi L. w1
9y1 0ys 021 O 2n—s
Hl = . e ce , H2 = .
Ows . Ows Ows L. Ows
oy 0ys dz1 O2n—s

In this case, equation will be written as follows:

where fi (t,y,2) is s-dimensional, fs(t,y,z) is (n — s)-dimensional vectors satisfying the
condition for the existence of solutions y(¢) = 0, z(¢) = 0 and conditions (4)) will be written
in the following form

o= %—‘j + Hi(t,y) fi (t,y, 2) + Halt, 2) fa (£, 2) = 0. (6)

The problem of constructing is solved by finding the entire set of right-hand sides of the
systems fulfilling equality @
Let’s choose the right part of equality as follows

w=F(ty,zw), (7)
where F(t,y, z,w) is some continuous the Yerugin vector-function, satisfying a condition
F(t,y,z,0)=0. (8)

Then equating the right sides of equations @ and @), we get a system of linear algebraic
equations with respect to fi (t,y, z) and fs (¢,y, 2):

0
Hlfl (t,y,2)+H2f2 (t7y72) :F(t7yasz)_a_(;' (9)

the solution of which contains an V (n—s)-dimensional vector-function f; (¢,y, z) and depends

ow
on the expression F(t,y,z,w) — —.

Choosing fs (t,y, z) as an arbitrary function we find the desired function f; (¢, v, 2) :
From equation @ we find

&u]'

fit,y, z) = H{' [F(ta?J?Z,w) — Hyfy (t,y,2) — a7
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Therefore, we obtain the required set of differential equations systems in next form
&,u]

{ g =Hj"' {F(t,y, z,w) — Hafa (ty,2) — Fn (10)

z= f2 (t7y7 Z)

In general, the problem under consideration has an ambiguous solution, since s < n and
arbitrary functions F' and f; are present. Ambiguity can be utilized to solve inverse problems
in combination with stability and optimality problems of a given program manifold. We will
discuss stability issues in detail henceforward.

Thus,the right-hand system is constructed in the form like . Here an arbitrary
function fy(t,y, z) satisfies existence condition of the solution z = 0, the Yerugin function
F(t,y, z,w) has property . The function F(t,y, z,w)is such that the trivial solution w = 0
from is stable for all x from the domain . This implies that the program manifold €2(t)
will be stable with respect to the vector function w. Subsequently, in numerous cases, the
problem of constructing equations of motion for which the integral manifold €(¢) has the
property of stability is reduced to choosing F'(t,y, z,w) as follows that the trivial solution
w = 0 from (7)) will be stable.

3 The program manifold’s absolute stability for systems automatic indirect
control with rigid feedbacks.

Now let’s consider the problem of constructing automatic indirect control systems with
feedbacks over a given manifold. Together with the system , we consider the indirect control
system with feedback on the coordinate & of the control organ of the following structure [2]:

i=f(tz)-Bg tel=|[0, c0), (11)
=¢(0), o=Puw-0QK,

here x € R" is a state vector, a vector-function f € R"™ to be defined, satisfying the Lipschitz
condition of existence of a solution z(t) = 0, and B; € R"™", P € R*" are constant
matrices, ) € R™" is constant matrix of rigid feedback, (o) is function differentiable with
respect to o, satisfies next conditions

0(0)=0A0<c"p(oc) <o' Ko VYo #0. (12)

Here K = KT >0, K € R™™".

If a condition £ = 0 is fulfilled on the manifold w = 0, then for the system , the
manifold Q(¢) will be also integral. To do this, it is necessary and sufficient to satisfy the
Q # 0.

If we choose the Yerugin function linear with respect to the vector-function w,then taking
into account the necessary and sufficient condition that the manifold Q(t) is integral to the
system , we will arrive at the Lurye-Letov type system in coordinates (w,§):

w=-Aw—B¢, tel=|0, c0),

E=p(0), o=Pw—QE (13)
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where nonlinearity satisfies conditions , and —A is Hurwitz matrix, A € R***, H =

ow
—, B=HB
ax7 17

F(t,z,w) = —Aw. (14)

Definition 2. If a program manifold () of an indirect control system, with rigid feedback
is globally stable on solutions of system for any w(ty, zo) and nonlinear function of control
(o), satisfying conditions , then it is called absolutely stable with respect to the vector-
function w.

Statement of the problem. For any w(to,zo) and nonlinear function of control (o)
determine a sufficient condition of absolute stability for the program manifold €(t) of the
indirect control system with rigid feedback, relative to the vector function w.

For system we construct a definitely positive Lyapunov function of the following form

[

V = wl Low 4+ 20T L& + €T Lyé + / ©"(0)Bdo, (15)
0

under the conditions

Ly Ly

I =
| L

’ >0, [=diag(pi,...,H) >0, (16)

which are equivalent to the following inequalities:
Ly>O0ALy— LTL; Ly > 0.
The derivative of the function in time ¢ by virtue of the system has the form
—V =W Cow + 2w C1€ + €7 g€ + 20T Crip(0) + 267 Cs0(0) + T o) pe(a) > 0,

where
Co=ATLy+ LyA, C,= LB+ A"L,,g= BL, + LyB7,

1
Co=—L; + EATP@C?; =—L,+ B"PB,p = BQ.

In order for it to be —V > 0, it is sufficient to fulfill Sylvester’s conditions:

Co Cp Cy
Cl g Cs| >0, (17)
¢y G p

these conditions are satisfied when if one of the groups the following inequalities are true

Co Cp O
Co>0/\g—0f00_101>0/\ C,T g Cs | >0,
Cy C3 p
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Co Ci (O
g>0Ap—Clg'Cs>0n| CT g Cs3|>0.
C; C3 »p

Theorem 1. Let there be matrices L > 0, § > 0 satisfying condition , the nonlinear
control function ¢(o) satisfies conditions and the Yerugin function is chosen in the form
(14). Then, for absolute stability of the program manifold of Lurye-Letov type systems with
respect to vector-function w, it is sufficient fulfillment of the generalized Sylvester’s conditions

(17).

Now, using a non-degenerate transformation
w=—Aw— B¢, o=Plw-Q¢,

we present the system to new coordinates (w, o), which are convenient for conducting
research in applied problems:

w=—Aw — By(o), tel=][0, c0),
{=¢(0), &=Po—Qp()

Here the nonlinearity ¢(o) satisfies the following conditions, which are equivalent to the

conditions :
©(0) =0A0 < (o) K Vp(0) < pT(0)o Yo #0. (19)

(18)

For system we construct a Lyapunov function of the following form
V=w'Low+ 20" Lic 4+ 0" Lyoc > 0. (20)

The Lyapunov function will be definitely positive if the following inequalities are fulfilled

L>0ANLy—LTL'L; > 0. (21)
Differentiating the expression in time ¢ by virtue of the system , we get
—V =w"Cw + 207 Cp + 2" (ATLy — PLy)o + 20" (BT Ly + QLy)o. (22)
Applying the s-procedure [6], when performing the equalities
PL,=A"L,, 2B"L,+Q"L,=E. (23)
from (22)) we get
—V =wl'Cuw+2wTCp + T Chp+ S > 0,

where

C=LA+A"L—-20,P", C,=LB+L,Q, Cy=K"=Y
Here S is defined by the following formula

S = (plo—TKEVy) > 0.



S.S. Zhumatov et al. 55

In order for it to be —V > 0, it is sufficient to fulfill Sylvester’s conditions:

CCT gl >0, C>0AC,—Crc™ ey > 0. (24)
1 2

Theorem 2. Let the Yerugin function was chosen in the form , the nonlinearity
¢(0) satisfy conditions and the conditions are valid. Then, for absolute stability of
the program manifold of Lurye-Letov type systems with respect to vector-function w, it is
sufficient to satisfy Sylvester’s conditions .

Comment 1. The equalities (23] play an important role in the construction of Lurye-
Letov-type systems to define the matrices P and ().

Over the past decade, work has been underway to the construction various of autonomous
and non-autonomous basic and indirect systems of automatic control on the given program
manifold possessing of quality properties and solving of different inverse problems of
dynamical systems, to study of stochastic stability (see |7]- [17]).
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