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RECONSTRUCTION THE DOMAIN OF DEFINITION OF SOME
DIFFERENTIAL OPERATOR ON A DIRECTED GRAPH

In this work it is proposed to study differential operators on a graph as an operator composed
of differential operators on one-dimensional arcs and matrix operators on interior vertices of the
graph. The work explores some questions concerning the theoretical side of ordinary differential
equations with integro-differential conditions on stratified sets like graph. The attention will be
paid to reconstruction of the domain of differential operator on directed graph. The reconstruction
of the domain of differential operator means a simple specifying the boundary conditions from
a known differential equations and its known eigenvalues. The paper studies the case of the
second order differential equations with irregular boundary conditions on the vertices of directed
graph. To achieve our goal we use the fact that finite set of eigenvalues serves as additional
information for reconstruction of the domain of the differential operator on stratified set. The
constructive algorithms for reconstructing the domain of definition of differential operator on
directed graph are developed. All boundary functions from the spectral data are uniquely restored.

Key words: boundary functions, differential operator, stratified set, eigenvalues, Fourier
coefficients.
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BarpiTrasiran rpadrarbl auddepeHnnanabiK, ornepaTop/ablH aHBIKTAIY ODJIBICHIH KAJIITBIHA
KeJTipy

By xxymbicTa 6ip esmeM i porasiapiaarbl andepeHITuaIIbIK, OepaTOpIapIaH KoHe IpadThiH
imKki TebesiepiHIeri MaTPHUIAJIBIK, OIEPATOPJAPJIAH TYPATHIH OIEepaTop pPeTiHjAe TIpadTars
JuddepeHInaIblK  OlepaTopapabl  3eprTey yYCbiHbLIaabl. 2Kymbic rpad Topismec crpa-
TUOUKAIUSIIAHFAH KABIHIAPIAFbl MHTErpo-auddepeHImaiiplk maprrapbl  0ap KapamaibiM
b depeHInaiablK TeHAEYIEP/IiH TeOPUIIBIK, XKAFbIHA KATBICTHI KeHOIp cypakTap/Ibl 3epTTeiii.
Barpitranran rpadrarsl  auddepeHnuaNIbK, OMepaTOPALIH  AHBIKTAIY OOJIBICHIH KAJIIBIHA,
KeJITipyre Hazap ayaapbuiansl. JluddepennnaaaplK onepaTop/blH aHBIKTAIY OOJIBICHIH KAJIIIBIHA
KeJITipy yiIiH 6eriii quddepeHnuaabk, TeHIeyIep/IeH XKoHe OHbIH Oe/Iriji MEeHIIKTI MoHIepiHeH
IeKapaJIbIK, IAPTTAPIbLI aHBIKTaY bl Ol1ipei. Byt xxymbic 6arbrrTairan rpadThiH Tebeaepinier
PEeryJIapibl eMec IMeKapajblK, IapTrapbl 0ap ekiumi perri mguddepeHnnaaaplK, TeHIEYIEPIiH,
JKAFJIafibIH 3ePTTeH .
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MakcaTbIMBI3Fa YKETY VIITiH MEHITKTI MOH/IEP/IiH, aKbIPJIbI >KUBIHBI CTPATHMUKAIUITIAHFAH XKIbIH-
na auddepeHnuaablK, OMepaToOPIblH AHBIKTAJY OOJIBICHIH KAJIIbIHA KeJTIPy VIIH KOCHIMIIA
aKmapar peTiHIe KbI3MeT eTEeTiHIH KOJIaHaMbl3. barbITrasrad rpadTarbl guddepeHTnaiIbK,
OIEPATOP/IBIH, AHBIKTALY OOJIBICHIH KAJIIBIHA KEJITIPY/IiH KOHCTPYKTHBTI ajaropuT™i o3ipsieHs.
Bapmbik mekapasblk GyHKIUAIAD CIEKTPIIIK JepeKTepaeH 6ipMoH/Ii Typ/Ie KaaIblHA KeJITipiareH.
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BoccranoBsienue obsiactu onpejiesieHusi oHOTO AudpepeHImaIbHOro orneparopa
HA OPUEHTUPOBAHHOM rpade

B nmannHoit pabore mpejaraercda u3ydarh JaudddepeHIaibHble OllepaTopbl Ha rpadax Kak ole-
paTop, COCTaBJIEHHBIN 13 JuddepeHIraIbHBIX OlIEPATOPOB HA OJHOMEDHBIX JIyraxX U MaTPUIHBIX
0OIepaTopoB Ha BHYTPEHHUX BepiinHax rpada. B pabore mccieqyrorcss HEKOTOPhIE BOPOCHI, Ka-
CAIOIINEC TEOPETHUIECKON CTOPOHBI OOBIKHOBEHHBIX MM hepeHIINaTbHBIX YPABHEHNIT C HHTETrPO-
b depeHIMaIbHBIMA  YCJIOBUSIMIA Ha CTPATU(UIIMPOBAHHBIX MHOXKecTBax Tuma rpad. Ocoboe
BHUMaHIE OYIET y/Ie/I6€HO BOCCTAHOBJIEHUIO 00JIACTH OIpeeseHus quddepeHnuajibLHOro ornepaTopa
Ha HalpasyieHHOM rpade. Boccranosienne obactu onpeenenns auddepeHInaibHOro oeparopa
O03HAYAET MIPOCTOE OIpeJIeIeHNe I'PaHNYHbIe (DYHKIUNA U3 U3BECTHOTO UM (EPEHIINATBLHOTIO YPaB-
HEHUsI U €r0 U3BECTHBIX COOCTBEHHBIX 3HaYeHmil. B craTbe uzydaercs ciaydaitl quddepennnaabHbIX
YPaBHEHUII BTOPOrO MOPSIIKA C HEPErYASPHBIMU I'PAHUIHBIMHU YCJIOBUSME Ha BEPIIUNHAX OPUEHTHU-
poBamnnoro rpada. s 1ocTrKeHusT HAIIEH TIeJTU Mbl UCIIOJIB3yeM TOT (DaKT, ITO KOHETHBIH HabOP
CODCTBEHHBIX 3HAYEHWIl CJIYKUT JIOIOJHUTE/IbHON mH(MOpMaIueil Jjisi BOCCTAHOBJIEHHUS 00JIACTU
omnpe/iesenns JuddepeHnnagIbHOro orneparopa Ha CTPATHMUIMPOBAHHOM MHOXKecTBe. Pazpabo-
TaHbl KOHCTPYKTHUBHbBIE AJITOPUTMBI BOCCTAHOBJICHUS 00JIACTH OIpe/ieieHus auddepeHnaIbHOrO
omeparTopa Ha OpueHTHPOBAHHOM I'pade. Bee rpanmdnbie byHKINN U3 CIEKTPATHHBIX TAHHBIX BOC-
CTAHABJINBAIOTCS OJHO3HAYHO.

KuroueBble cjioBa: rpaHUYHbIE YCJIOBUS, HuddepeHITNaIbHBIN OTIepaToOp, CTPATUMUITNPOBAHHOE
MHOXKECTBO, COOCTBEHHBIE 3HaUeHNsI, K03 duimenTsr Pyphe.

1 Introduction

In this paper we want to develop a general theory to analyze the reconstruction the domain of
definition of differential operators in stratified sets. Boundary value problems for differential
equations on network-like sets (geometric graphs, trees) are often presented in natural science
and technology (see [1-4] and the literature therein). Therefore, the analysis of boundary value
problems for system of differential equations is of interest beyond the field of mathematics.
Graph-like spaces have also been used as models in mathematical biology, for example, for a
human lung, neural networks etc. |5]. Penner and et al applied graph-like space with a large
number of vertex and edge to encode the structure of a protein in [6]. Recently, quantum
models have successfully been used to carbon nano-structures |11|7].

The possibility of recovering differential operators on graphs from the Weyl functions,
from the system of spectra was investigated in [8-10]. Thus, various boundary value problems
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for differential equations have been investigated on graphs as stratified sets. However, the
range of unsolved problems arising by analogy with the problems for differential operators on
standard domains (segments, rectangles, multidimensional segments) is far from exhausted
and it requires additional research.

The differential operator acts as a system of differential equations on each edge and the
system is coupled via boundary conditions at the boundary vertices in order to assure the
self-adjointness. One of the main questions is: what conditions at the vertices of the graph are
the most "natural" ? The standard answer is the Kirchhoff conditions. In monograph [11], the
vertices of graphs are divided into two types: boundary vertices and interior vertices. If we
assume that the Kirchhoff conditions or conditions from [12,/13] hold at the interior vertices,
there is still a problem of determining conditions at boundary vertices.

From a mathematical point of view, graphs are interesting in that they are a good model
for studying the properties of systems depending on the geometry and topology of space.
Graphs are composed of zero-dimensional and one-dimensional manifolds, and in this sense
it is interesting how the mixed dimension affects to certain properties of mathematical objects
defined on graphs.

This work presents methods for determining spectral data to identify the boundary
conditions of boundary value problems for second order differential equations on directed
graphs.

The traces of the initial operator regularized in the sense of V.A. Sadovnichy [14] are
used as additional information used to identify the boundary coefficients for one-dimensional
differential operators on an interval. The some result in this regard can be found in |15.|16].
However, this paper highlights that not every finite set of eigenvalues is suitable for unique
reconstruction of the domain of the second order differential operator on stratified set.

In this work, differential equations on stratified sets can be proposed as a crossbreed of
matrix and differential operators. Thus, the analysis of above mentioned differential equations
is an urgent problem.

Our goal is to investigate the unique reconstruction of the domain of definition of
differential operators on the directed graph. The method for reconstruction of the domain of
definition of second order differential operator on a graph are developed. We have uniquely
reconstructed all boundary functions by the spectral data. The results presented here is based
on the method developed by Kanguzhin B.E.

2 Unique reconstruction of the domain of differential operator on an interval

Let b < 0o be given the differential expression

n—1
ly) = 4™ () + Zpk(x)y(k)(x), 0<z<b
k=0
with regular coefficients
pr € C*0,b],k=0,1,...,n— 1.

We consider the following differential equation

ly) = f(z), 0 <z <b. (1)
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First we state the direct problem: what additional conditions must satisfy the solution
of equation so that equation ([1)) with any right-hand side f(x) € L?*(0,b) has a unique
solution with a priori estimate

Il z20) < Clf(@)lz2008), 0 <2 <D, (2)

where C' does not depend on f7
This question is answered in the following theorem, which follows from the work of M.
Otelbaev [17].

Teopema 1 (Otelbayev theorem.) A)FEquation with integro-differential conditions of
the following form

b
VI0) = [ 1) = 0. = 1 3
0
for arbitrary set of boundary functions
(01(), ..., 00 (7)) € L*(0,b) ® ... ® L*(0,b)

has a unique solution y(x) for any right-hand side f(z) from L*(0,b), moreover inequality
(@ holds.

B) The inverse statement also holds. If equation with some additional linear conditions
has a unique solution with requirement (@ for any right-hand side f(x) from L*(0,0), then
there exists the set of boundary functions (o1(z), ...,0n(x)) € L*(0,0) ®...® L*(0,b) such that
the additional conditions are equivalent to the conditions of the form (@

So, specifying coefficients po(-), p1(+), ..., Pn_1(-) of equation and boundary functions
oo(+),01(*)y ..., 0n_1(+) from the spectral data leads to unique reconstruction of the BVP (|1)-

1st BVP
l(y) = f(z), 0 <z <D,
b
y0) - [ 1o o
0
Yy V0)=0,v=2,...,n
2d BVP.

I(y) = f(z), 0 <z <D,

b
v = [t = 0 =12
0

yD0)=0,vr=3,..,n.

Furthermore, in a similar way third and so on (n — 1)-th boundary value problems can
be defined. Consequently, the BVP on n-th step synchronizes with the 1st BVP — .
Hence, all boundary functions can be uniquely reconstructed by the the spectra of the given
BVP.
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3 Reconstruction of the domain of differential operators on directed graph

Let & = {V, ¢} be a directed graph [18]. The set of vertices, we denote by V. The set of
arcs, we denote by €. We represent below the directed graph & with four vertices and three
arcs, taking vertices 1, 2, 3 as exterior and vertex 4 as a interior (Fig. 1). We denote arc by
a = [l,m],a € ¢, with vertices [ and m. The arc a = [I,m] has orientation from [ to m. We
take arcs with the length 27.
We consider the space
Ly(S) =[] L(a)
ace
with the elements
(=) = [Ya(z0),a € E]T

(where — = (z,,a € €), and ][, is the Cartesian product of the spaces) and with a finite

norm
Iy / (o) [2de.

ace
€ a

In the standard way we introduce the space

W3(S) =Y W3(a).

ace

Figure 1: Distribution of the solutions on the graph-star (boundary vertices are painted)

We consider operator B defined by the following differential expressions

y;-'(a:j) = My;(z;), 0 <z; <2m, j=1,3 (4)
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in the domain D(B) = WZ(S) and with the Kifchhoff low at the interior vertex

y1(0) = 32(0) = y3(0), (5)
Y1(0) = 95(0) +y5(0)

and with boundary forms

Uu(y1) =0,
{ Uai(y1) =0, (6)

U13(y3) =0,
{ Uss(ys) = 0, (8)

at the boundary vertices, where

( 27
Un(yr) = yi(2m) — [y (z1)711(z1)day,
< :
Uai(y1) = 14(2m) = [y (21)T21 (21)das,
\ 0
( 2
Ui2(y2) = ya(2m) — f Yo (22)T12(x2)dxs,
0
27
Un(y2) = y5(27) — [ 5 (22)Taa(22)ds,
\ 0
( 27
Urs(ys) = ys(27) — [ y5(x3)T1s(ws)ds,
0
27
Uas(ys) = y5(21) — [ y5(3)Tas(w3)dws.
\ 0

Here the set of functions o, 09; (j = 1, 3) are called boundary functions.

Teopema 2 Conditions ([6])— (@ for differential operator B on the graph-star S is uniquely
identified by the spectral data.

Proof. We need to identify the unknown boundary functions

01j5, 025 (=13
by using sets of eigenfunctions

Aj < Aoy < (9)
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One set of eigenvalues A\j; < Ag; < ... is given. In any case as the spectral data we
consider eigenvalues () of the initial operator, namely of problem ), (5), (6). (7). ().
Boundary conditions of the problem — cannot be identified uniquely by the spectra
@D. Therefore we need some auxiliary spectral data. As auxiliary spectral data we can
take the spectral characteristics of the similar operators.

We construct the following algorithm to solve the problem.

Step 1. In this step we construct the second spectral data. Here we take 097 = 0.
And we consider the following auxiliary problem

= A\yp, 0 <my <2, (11)
2
y(2m) / ! (@2)on (a1 = 0, (12)
0
y1(27) = 0. (13)

By Otelbayev theorem (Theorem , the problem — has a solution. Then the set
of eigenvalues of the the problem — we denote by p11 < g <
In a similar way, by taking 95 = 0, we establish that the following problem

Yy = Ay2, 0 < 19 < 2m, (14)
21

yo(27) — / o (02) (o) s = 0, (15)
0

yo(2m) = 0 (16)

has a solution by Theorem |1} The set of eigenvalues of the the problem — we denote

by 12 < po2 <
In a similar way, by taking g93 = 0, we establish that the following problem

= \y3, 0 <3 <2, (17)
27
y3(27r) — /yg(.Tg)Elg(flf?,)d.Tg = O, (18)
0
y3(2m) =0 (19)

has a solution by Theorem |1} The set of eigenvalues of the the problem — we denote

by p113 < pigz <
Step 2. Now we will restore the boundary functions oy, 012, 013 of the problems -

(13), (14)- (16), (L7)- (19), respectively, on the graph Ly(S).Then we denote by 1,1 (z1) =
Yi(T1, fin1), Yn2(T2) = ya(@2, fing), Vn3(¥3) = ys(z3, pn3), the eigenfunctions of the problems

. . . (]E[) (17)- (19), respectively. Moreover it is known that ¢/,;(27) = 0(j =
1, 3) by conditions . (6], (19).

Namely
{ Unj(5) = y;(), png) # 0,
ni(2m) = 0.
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Hence it follows that 1,,;(27) # 0(j = 1, 3). Then we can take as follows 1,,;(27) =1 (j =

1,3). Namely

Y; (2, fnj) = €08 \/imzzj, 0 < z; <271 (j =1,3). (20)

At the interior vertex 4 the functions satisfy . By substituting the solution ([20)

into the condition , , , we have

2w

1 - /:un] COS / Mmjmjalj(xj)dxj =0, .7 =1, 27 3.
0

Consequently,

2

1
/COS\/,unj(L’jEU(ZEj)d.’Ej = r, j = ]_, 2,3 (21)

nj
0

The expression on the left-hand side of the equation are the Fourier coefficients of
expansion of the function o1;(z;),0 < ; < 27 (j = 1, 3) into the Fourier series. So, we have
identified the boundary functions o;(z;),0 < z; < 27 (j = 1, 3).

Thus, we found oy (+), o12(+), o13(+).

Step 3. In this step we restore unknown boundary functions o9;(x;),0 < z; < 27 (j =
1,3) by given eigenvalues A\;; < Ay; < ... and boundary functions oy;(x;),0 < z; < 2 (j =
1,3) from previous step. For this we represent the auxiliary functions xi;, x2; (j = 1,3) in

the following form
X1 (x4, \j) = cos /N (5 =1,3).

Hence we have the conditions le(27r,)\j) = 1(j = 1,3), then for its derivative is
X1, (27, A5) =0(j = 1,3).
Now the function x2j(x;, A;) can be chosen so that to be a solution of the problem

Xlzlj(xja Aj) = Aixzi(x), Ag), 0 <y <27 (j = 1,3), (22)
2w
X2;(27) — / Xa;(75)T1j(25)dr; =0, (23)
0
Xp;(2m) = 1. (24)
Then the functions x1;(z;, A;), x2; (2, A;), 0 <z; <27 (j =1,3) form a fundamental set

of solutions, since they are linear independent functions

X15(2m, ) = 0,x5;(2m, A;) = 1(j = 1,3).
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Now we return to the initial problem ., ., @ . . If \; =\ ( =1,3), then
the general solution of the equation can be expressed via fundamental set of solutions

x1; and x2;(j = 1,3) :
Ur(y;(j, Anj)) = CriUn(x15 (25, Anj)) + CoUr (X2 (25, Anj)) = 0, (4 =1,3).
Hence

CrUr(x15(5, Anj)) = 0 (j = 1,3), (25)

since equality implies that
Co;Ur(x25 (w5, Anj)) = 0 (7 = 1,3).
Now the substitution into the conditions @, , , gives
Us(y; (25, Anj)) = CriUz(x15(25, Ang)) + CaUa(x2i (5, Anj)) = 0 (= T, 3).

Consequently, we can choose

Coy — — Uz(le(Ijainj)) =

i Us(x2; (5,
or
C1j = Uaxz), Coj = —Ua(xy) (1 =1,3).
So, we obtain the following equations

Y (5, Anj) = Ua(X25(25, Anj) ) X153 (755 Ang) — Ua(xaj (75, Ang) ) Xoj (5, Anj) (J = 1,3).

Since x2j(xj, An) is the solution of the problem , , , then Uy;(x2;) = 0, hence

Urj(x1 (25, An))Usj(x2i (25, An)) = 0 (5 = 1,3).

Thus

Uzj(X2j (5, A)) x=r,= 0 (j = 1,3).

If Uyj(xa;) =0, then the functlons le (arj, )\nj) are the eigenfunctions of the problems

. . . (14), , , , . Then the Values)\ will be eigenfunctions
of the problems , (112) . . . ., ., ., .Hence Anj = Hnj, then

Uj(x1;) # 00 = 1,3).

Therefore we require that A,; # pn;. Then

Uaj(x2j(xj, A)) |/\:/\nj: 0(j=13).
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since the eigenfunctions

pro

We rewrite the last equality

2w

X/2j(27T, )\n) - >\nj /X2j(l’j, )\nj)ﬁgj(xj)dxj =0 (] = 1,_3)
0

And by it is known that x5;(0, \n;) = 1, then

2

1 R
/ij(xj, Ang)02j(aj)dwy = — (j = 1,3).
nj
0

The functions oy;(z;), 0 < x; < 27 (j = 1,3) can be identified from the last equation,

% ( = 1, 3) serve as the Fourier coefficients of these functions. The
nj

of the of the theorem is complete.
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