ISSN 1563-0277, eISSN 2617-4871 JMMCS. Ne3(123). 2024 https://bm.kaznu kz

IRSTT 27.27.17 DOL: https://doi.org/10.26577/JMMCS2024-v123-i3-2

U. Kusherbayeva'* ", S. Altynbek?
L Al-Farabi Kazakh National University, Kazakhstan, Almaty
2K. Kulazhanov Kazakh University of Technology and Business, Kazakhstan, Astana
*e-mail: ulbyke1970@Qgmail.com

FINDING THE SOLUTION OF THE ELLIPTIC SYSTEM OF THE FIRST
ORDER IN THE FORM OF A VECTOR-FUNCTION

The relationship between Douglis analytic functions and the analytic functions of the Laplace
equation for elliptic equations with constant coefficients serves the same purpose. In this sense,
some boundary value problems solved by Douglis using analytic functions remain relevant today.
Douglis’s Bitsadze-Samarsky problem on analytic functions was reconsidered by A.P. Soldatov.
Meanwhile, for certain types of matrices and regions, V.G. Nikolaev proved the existence and

uniqueness of the Schwarz problem solution. In any region G of the complex plane C, we considered

a first order system g—@ —J 0P

ox
the upper half-plane, Imv > 0. In the case where | = 1, J = J(z) is continuous and ImJ > 0, we
obtain the Beltrami equation. In this paper, to find the solution of elliptic equation with constant
coefficient, the corresponding J-analytic system was constructed by choosing the matrix J of size
2 x 2 and J has no real eigenvalues. In the postcomponential notation, the system consists of two
differential equations depending on the variable z. Thus, the solution of this equation was found
using the vector- function.

Key words: analytic function, Douglis analytic function, elliptic system, regular solution, vector-
function.

= F, where the eigenvalues of the constant matrix J € C**! lie in
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Bipinmi peTTi 3/1unTUKAJIBIK >KYHEeHiH MierniMin BeKTop-dyHKIus TYpiHae Tady

Anammrukaneik Gyskimsiap Men Jlamrac tengeyinig apacoiaga kareic 6ap. Cos cuskrer JLyr-
Jinc OOMBIHINA AHAJUTUKAJBIK (DYHKIUAJIAD MEH TYPAKThl KOI(MMOUIMEHTT] JUUITUKAIIBIK TEH-
JleyJiep apachlHJa J1a KaThic 6ap OOJFaHIBIKTAH Ka3ipri yakeiTra Jlyriuc GOHBIHINIA aHAJIMTUKA-
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ecebiHiH, meniMiHIH »KaJrbI3ALIFBIH aJiIbl. Bbiz C' KOMILIEKC »KA3bIKTHLIKTBIH, Ke3 KejareH (G obJIbl-

CBIHJIA Z = X + 1Yy alHBIMAJIbIFa, OAMTAHBICTHI g—q) —-J g—i = F Gipinmi perti »Kyiie KapacThipaMbl3,
MYHTa J 2 X 2 TYpaKThI OJIIEeM/Ti TYPAKTHI MaT}fz)JI/IL[aHbIH MEHIITKTI MOHJIEPI 2KOFaPHI YKapPThI YKa3bl-
KTBIKTa opHayiackad, I'mwv > 0. J = J(z) ysiniccis xone I'mJ > 0 xarpaiina Beabrpavu Tengeyin
ajlaMbI3. Op KOMIIOHEHTI apKbLIbI Ka3CakK, XKyiie z affHbIMaJibira OailjaHbICTBI €Ki OipiHmm per-
Ti nmuddepennuaabK, TeHIEYIEPAeH Kypaaaabl. By xKyiieni Terme-TeHiKKe aifHAIIbBIPATHIH €Ki
BeKTOP-pyHKIMS OepiareH TeHIeyIiH Iemnrimi 60 b TabbLIa b

TvyitiH ce3nep: anasmTukanabik GyHKnud, Jlyrimc 60UbIHITIA aHAJTUTHKAIIBIK, (DYHKIIN, SJIAITH-

KAJIBIK, XKYiie, PEryJspJblK, IIeIriM, BEeKTOP-PYHKIIUSI.
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CylimmecTByer CBsi3b MEXK Iy aHAJIMTUIECKUMEU (DPYHKIUAME U ypaBHerueM Jlamnaca. TouHo Tak ke,
IMOCKOJIBbKY CYIIECTBYET CBsI3b MEXK/Iy aHAJIUTUIeCKUMU (DYHKIUAMHY 110 Jlyryincy u s/ IunTuaecKu-
MU yPABHEHUSIMU C IIOCTOSTHHBIMU KO3 UIMEHTAMA, B HACTOSIIEE BPEMs aKTyaJIbHBI PA3JINIHbBIE
rpaHUYIHbIE 38J[a91, IPUMEHsIeMble K aHajnTrndeckum Gyakiuam no dyraucy. A.I1. Conmaros pac-
cMoTped 3a1a4y bunaaze-CaMapcKoro IpuMEeHUTEIbHO K aHAJIUTUIECKUM (byHKIusM 110 Jlyraucy.
B.I'. HukoJstaeBbiM MoJIyUeHa eIUHCTBEHHOCTD pernerus 3aaaqu IIBapiia /it 0coObIX TUTIOB MaT-
puILI 1 obJIacTeii.

0P 0P

— —J—=F,
Jy ox
3aJTAHHAS IOCTOSHHBIMU MATPUYHBIMEA KO3MDMUITUEHTaAME, 3aBUCAIINME OT EPEMEHHOM 2 = & + iy
B obstactu G Ha KOMILIEKCHOI mtockoctu C'. Matpura nmeer pasmep 2 X 2 1 cOOCTBEHHbBIE 3HAYECHUST
[IOCTOSTHHON MaTpuIlpl J Jexkar B BepxHeii nosymiockoctu, Imv > 0. B cayuae, korma J = J(z)
nvernpepbiBed u I'mJ > 0, Mbl nojiydaeMm ypaBHeHue Bejbrpavu. Eciin 3amucars depe3 KaxKyro
KOMIIOHEHTY, CUCTEMa COCTOUT W3 JBYX JudepeHna bHbIX YPABHEHUI IEPBOr0 MOPSIIKA, 3aBU-
cAmuUX OT mepeMeHHoit z. TakuMm obpa3om, pelleHue JaHHOIO ypaBHEHHUsI OBbLJIO HAWIEHO B BHJE
BEKTOP-QYHKITAN

KuroueBble cjoBa: aHajuTudeckas QyHKIMA, aHaIuTHIecKass GyHKius mo Jlyriucy, saamnTa-
yecKasl CUCTeMa, PEryJisipHOe pellleHne, BEKTOP-(YHKIIMS.

B nannoit pabore paccMaTpuUBaeTCs JUIMINITHYECKAs CHCTEMa IEPBOTO IOPSIKA

1 Introduction

Analytic functions are known to provide the solutions of elliptic equations, and the Laplace
Pu  *u
92 " o
function. I.N. Vequa [1] created a unified approach to the study of this concept. By considering
the solutions of elliptic systems of two equations with two unknowns reliant on two variables,
L. Bers [2] and I.N. Vequa expanded the concept of analyticity. The general solution and
derivatives of an elliptic system were further investigated by A.B. Bitsadze [3] using an
analytic vector function. These solutions are called generalised analytic functions. By defining
the class and algebra of functions satisfying the main part of elliptic systems consisting
of 2r equations with 2r unknowns relying on two variables, A. Douglis [4] established the
groundwork for J-analytic functions. These functions have been referred to as hyperanalytic
(r is a positive integer).

This system can be represented by a single "hypercomplex" equation in Douglis algebra;
he presented a complete study of the theory of hyperanalytic functions in [4]. These topics
can also be considered in Wendland’s monograph [5]. Later B. Boyarsky [6], D. Horvats [7],
R. Hilbert [8], A.P. Soldatov [9] and others improved it. They developed an analogue of
the theory of analytic functions. These functions are also called Douglas analytic functions.
A.P. Soldatov demonstrated how analyzing the elliptic system with the Douglis analytic
function considerably simplifies the analysis of A.B. Bitsadze. The relationship between the
analytic functions of the Laplace equation and elliptic equations with constant coefficients is
the same as that of the Douglis analytic functions. Several boundary value issues applied to
Douglis analytic functions are still relevant today since complex analysis has been generalized
in the plane and has many real-world applications. The Bitsadze-Samarsky problem for .J-
analytic functions was considered by A.P. Soldatov. The Schwarz problem’s uniqueness for
particular types of matrices and regions was discovered by V.G. Nikolaev [10].

equation’s Au = = 0 solution is known to define the real part of an analytic

0:® + A(2)® + B(2)® =0
coeflicients A(z), B(z) of the system z € G belong to the class of functions L,(G), p > 2 in
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the G-bounded region, p-integration satisfies the “weak” condition. If the coefficients A(z),
B(z) tend to infinity at an isolated point in the region G, then the order of the singularity
must be less than one. The case when the point singularities of the coefficients are not less
than unity was first discovered by [.N. Vekua considered quasi-summarizable by introducing
the class of functions. More precisely, he considered a class of coefficients such that pA and
YB € L,(G), p > 2 are analytic functions of ¢(z), ¥(z), 2 € G. Solution of the system of
coefficients of the quasiset
O(2) = U(z)expw(z)

in the form Here U(z) is an analytic function z € G,

_ 1 p(QA(C) 1 $(Q)B(Q) ()
w(z)—w(z)é/ - dgdner(z)é/ c—> q)(odgdn

This formula establishes a connection between the set of solutions of the system by
quasi-summarizable coefficients and analytic functions of the complex variable. If B(z) = 0,
then w(z) and ®(z) are independent of each other, and the efficiency of the system solution
increases. If B(z) # 0, the quasi-summarizability condition is too general to solve the system.
Therefore, researchers work with a specific object.

In this paper, the solution of elliptic system with constant coefficient is reduced to the
condition B(z) = 0 by searching in the form of vector function.

2 Materials and Methods

Consider the following equation in any domain G of the complex plane C:

1 | -
%@—5J82®+§AJCI>+§BJ<I>:O (1)
Where we aim to find a regular analytic solution belonging to the class
-2
Cal@), a=F—= 2)
p
Here, 0 < 3 < 1 is the elliptic condition, J € C"™! is a complex matrix, and A, B € L,(G),
p > 2.
b
In the case [ = 1, J(z) = i, A= a(_@), B = @, a(p), b(p) € C|0,27] the equation
z z Z
becomes:
1 10(p)=
agq>—5§az®+—a(fo)d>+——(ﬁ0)<b=0 (3)
Z 2 z 2 z

The solution to the Beltrami equation in the class C(G) N W, (G), 1 < p < 2 was found
in [11].Here,G:{Z:rei¢ :0<r <R, 0§¢§2W},R>O.
This work considers the case [ = 2. Let J be a nilpotent complex matrix of size (2 x2). For

each complex number z = x-1+y-i, using the identity matrix I, z; = z-1+y-J = ( g z )

we obtain the matrices:

A, - ReA ImA B o_ ReB ImB
T 0 ReA )’ 7 0 ReB
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The fundamental elements of analytic functions J have been extended in works [4-9]. We
seek the solution in the vector-function form:

P — Red (I)l
Imd (I)Q
. : L= b, . .
The corresponding conjugate function is: ® = o, ) Applying the Wirtinger formula to
— D9
. b,
the vector-function o we get:
2

6<I>1 8<1>1 0P, _ @@
_ 8x "oy ox 0
R de, 0w | 20=| oe, o,
ox 8y ox oy
Rewriting equation in matrix form, we obtain:
0P — 0, Py + Re(A+ B)Py + Im(A— B)dy, =0, (4)
&Z(I)Q - Re(B - A)@Q =0

We obtain a system of differential equations depending on the variable z. The solution to the
second homogeneous equation in this system is:

Oy(2) = Uy (2) - eap //ReA BYE e

where Up(z) € Up(G), Up(G) — is the set of analytic functions.
Using the solution , we introduce the notation:

()

F(z) =: 0,99 — Im(A — B)(2) - ®a(2)
Thus, the first equation of system can be written as:

0:®; + Re(A+ B)®;, = F (6)

The general solution of this inhomogeneous equation is equal to the sum of a specific

inhomogeneous equation solution and the general solution of the related homogeneous
equation. The homogeneous equation’s general solution:

8:®1 + Re(A+ B)®; =0

The general solution of the equation will be in the following form:

B1(2) = Us(z) - eap //R6A+B dédn
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where Uy (z) € Up(G).
To find a particular solution of the inhomogeneous equation @, we first show that the
equation (@ and:

Oz(exp(w(2))®1) = F(z)exp(w(2)) (8)

Let us show that the equation is mutually pairwise Here
—1 Re(A+ B)(
/ [ EEE 2 sy + (o),

where ®(z) € Up(G). In equation (7)), following the property of the derivative,
O exp(w)dsw + exp(w)0:Py = F exp(w)

Re( A + B)({)

and considering that 9:®y(z) = 0 and dw = 0: ( ff dfdn) = Re(A +

B)(z), we get equation (G). The solution to equation (§ . is as follows
o Crpleta) =te) - 1 [ FELEE
From this equation,

B (2) = Us(2)eap(~wl // e‘“’ ”) dédy

where Us(z) € Up(G). From the form of the integrals on the right-hand side of equations ()

-2
and (7)), it follows that the solution belongs to the class Co(G), o = b=z
p

Thus, the following theorem is valid.
Theorem. The functions ®1(z)Py(z) found using formulas and are solutions of
the elliptic system in the class gwen in any domain G of the complex plane C.

3 Conclusion

The fundamental solution of the generalized Beltrami system

d d
oe 0% _
dy ox
is of the matrix-function form )
E(z) = —=z;!
(2) omi
In other words, for a continuous differentiable function F(z),
1 -
(TF)(2) = 5 /(t — 2)7 F(t)dtdt,
c

the integral is a classical solution to the generalized Beltrami system.
In this article, using theoretical functional methods, the solution of the Beltrami system
in vector-function form was found.
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