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NUMERICAL MODELING OF OPTIONS IN DIFFUSION (B, S) STOCK
MARKETS

This article examines the calculation of the option price V (¢, x), the stock price z(t), and the
optimal stopping (execution) time 7; (= t) over both finite and infinite time horizons. It then delves
into determining a fair value for American-style options, leveraging the optimal stopping time
within the framework of diffusion processes in stock markets, represented by (B, S). Additionally,
the article explores the pricing of European-style options, starting with the buyer’s perspective and
then transitioning to the seller’s viewpoint. The problems are solved either analytically, when the
optimal stopping time is pre-determined, or numerically using methods like the sweep method and
finite element techniques.These methods are applied by reducing the problem to Stefan’s problem,
where Y*(t, ) represents the rational option value, 7 indicates the rational execution time, and

x*(t) corresponds to the rational stock price.
Key words: option prices, stock prices, equity diffusion markets, options of American and

European types, Stefan’s problem, numerical modeling.
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duddysmonapik (B, S) akuusiyiap HapBIFBIHAAFBI OMIMOHIAPIBI CAHIBIK, MOJEJIBIEY

Byn makanama onmumon Garacein V (¢, ), aknus Garachin z(t) »koHe TuiMai TokTary (OpBIHIAY)
YaKbITBIH T (= t) aKbIPJIbI 2KOHE IIEKCI3 yaKbIT apaJIbIKTaPbIHA eCelTey IiH epeKIIeiKTep] TAJIKbI-
sanazapl. Keitinipek nuddysusasik (B, S) — HapbIKTapbIHIa THIM/] TOKTATY ME3eTiH eCKepe OThl-
pbill, AMepUKaHJIbIK TUIITEri ONIUOHIAPIbIH, 9/1lJ1 6aFachlH aHBIKTAY MOCeJeCi KapacThIPhLIaIb.
Opan opi, Eyponajibik, Tunreri onmuoH1apabiH 6arachklH TyPhIC ecentey Moceseci 3eprrestei. AJ-
JIBIMEH, OIIMOH CATHIN AJYIIBIHBIH KO3KAPACBIHAH KAPACTBIPBLIBIN, OHBIH OMIMOHBI TAaJIAHAIH,
COJIaH COH, CATYIIIBIHBIH OIIINOHBI KAPACTHIPhLIAALI. BapbiK ecenTep, erep THIM/II TOKTATY yaKbI-
TBHI aJIBIH aJia Oesrii 6oJica, [MoJ1 Myl MyMKIH HeMece CaHIbIK OJiCTep apKbLIbI — KyaJay
JKOHE aKbIPJIbI 3J1eMeHTTeD oicin naitganansin, Credan ecebine Kesrripinin, Y * (¢, ) — ONnuoHHbIH
PaIHOHA ALl KYHEL, T — THIM/] OPBIHAAY yaKBITHI KoHEe x*(t) — akuus GAFachbIHBIH, PAIIMOHAJLIEL
MoHI OOBIHIIA TITeNTiTyi MyMKiH.
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B nanHO#i cTaThe paccMaTpPUBAIOTCH OCOGEHHOCTH BBIUUCJIEHUsT cTouMOCTU oluona V (¢, x), reHsl
akuuy 2(t) U ONTUMAJBHOTO MOMEHTa OCTAHOBKH (WJIM MCTIOJHEHUs1) T (= t) Kak Jyisi KOHEIHbIX,
Tak ¥ Jjisi 0ECKOHEYHBIX BPEMEHHBIX HHTEePBaJIOB. /lajiee usyuyaercs 3aj1a4a onpeiesieHus ClpaBe]l-
JINBOW CTOMMOCTH OIIMOHOB aMEPUKAHCKOI'O THUIIA HA OCHOBE OINTHMAJBHOIO MOMEHTa OCTAHOBKH,
B KoHTekcTe auddy3nonHbix poiHkoB akuumil (B, S). 3arem obcyxKuaercs mpodaeMa onpee/IeHust
panuoHaIHLHON TeHbI ONIMOHOB EBpomneiickoro Tuma. BHadase paccMaTpuBaeTcst CUTyallus ¢ TOY-
KU 3peHusl OKYTIaTes s OIIOHA, TOCJIe Y6er0 AHAJIM3NPYETCS CUTYAIUs C TOYKY 3PEHHS [TPO/IABIIA.
Bce mocraBjieHHbBIE 33/1a9K PEIIAIOTCS TOYHO, €CIU 3apaHee HaiiJleH ONTHUMAJIbHBI MOMEHT OCTa-
HOBKU, JINOO YHCJIEHHO — C KCIIOJIb30BAHUEM METOJOB IIPOTOHKHW U KOHEYHBIX DJIEMEHTOB, IIyTEeM
npeobpasoBanus ux B 3amaay Credana, rue Y*(¢, x) npeicrapiger coboil panuoHAJIbHYIO [EHY
OIIIMOHA, T} — ONTUMAJIBHDIA MOMEHT MCIOJHEHUS, a = (f) — PAIHOHATIBHYIO [IEHY AKIIIH.
KiroueBsblie cjioBa: 1ieHa OIIINOHA, [IeHa, aKIUN, CIIPABEINBLIH 1 dYy3UOHHBIN PHIHOK, OMITUOHBI
Awmepuranckoro u EBponeiickoro tumnos, 3anatda Credana, THCIEHHOE MOJICTHPOBAHNE.

1 Introduction

Building on the work in [1], this paper investigates various aspects of calculating the option
price V(t,z), the stock price x(t), and the optimal stopping (execution) time 7 (= t) over
finite and infinite time intervals. In then explores the determination of a fair price for
American-style options, utilizing the optimal stopping time within diffusion-based (B, S)-
stock market models. The discussion proceeds to address the pricing of European-style
options, starting with an analysis on the buyer’s perspective, particularly the call option,
followed by a focus on the put option. The problems are solved either exactly when the
optimal stopping time is predetermined or numerically by reformulating them into the
Stefan problem. In mathematical physics, the Stefan problem arises in the study of physical
processes associated with the phase transformation of matter and consists in finding a function
u = u(t, ) that describes the temperature regime of the phases and the separation boundary
x = x(t), t > 0 of these phases.

In the case of standard buyer and seller options, a two-phase situation also takes place —
when searching for optimal stopping rules, we can restrict ourselves to considering only two
simply connected phases: the area of continuation of observations C* and the area DT.

All problems can be solved analytically if the optimal stopping time is known beforehand
or numerically if it is not.

The results of numerical modeling of the Stefan’s problem by the sweep method and
the finite element method for standard call and ask options are presented. As well as a
comparative analysis of the numerical results by the sweep method and the finite element

method (FEA).

Statement of the problem from the book [1]. Standard American-type buyer and seller
options and optimal process stopping are considered in the works [2], [3], [4], [5], (6], [7]-
Numerical methods for solving the Stefan problem and other numerical methods for solving
stochastic (diffusion) partial differential equations are considered in the works [8], [9], [10],

11, [12], [13], [14], [15], [16], [17], [18)-



A. Baitelieva et al. 83

2 Numerical solution of the Stefan’s problem for the call option

In the area O7 = {(t, x) cx<at(t), te [O, T)} consider the equation

oY *(t
D e ) = Ly (e ), )
Y*(t 1 2Y (¢
where = A+7r, LY*(t, z) = rx%+502x288—;2’$) and in the area DTU{(T, ) :

reF } consider

Yi(t, x) = g(x) (2)

at the boundary z* = z*(¢), 0 <t < T, the section of "two phases the Dirichlet condition is
fulfilled:

Y*(t, 2 (1)) = g(2° (1)): 3)

and the Neumann condition:

aY*(t, )
ox

dg(x)
dx

xta*(t)

- (4)

xdx*(t)

Let us discretize the phase domain CT = {(t7 z) : oz < a*(t), t € [0, T)} with ¢

respect to the step 7, t, = nr, n=0,1,2, ..., N, 7 = %, with x respect to the step h,
x; = ih, i = 0,1, .... We also discretize the area DT U {(T, x) X € E} Omit index *

above Y*(t, x)). We approximate by an implicit scheme, and for the discrete domain CZ,
we obtain the difference equation

1
Y+ BY Y = =Y (5)

2,2

+ 5 — l>, v, = —Z55. In the discrete domain

g

2 2
Ty
12

2,.2
. rT; o xy o rT;
where a; = —<—h1 + 55 ), b= (5 + ! .

DT we write the Dirichlet condition (3)):

Y"'=g; or Y" (x;“) = g(xf) (6)

and the Neumann condition (4)):

Y gi+1 — Gi
HT :+T ) (7)

zi=z;+0 zi=z;—0
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If the condition S > 1, is satisfied, equation can be solved, for instance, using the

sweep method. To solve 1’ we ensure that at the boundary (w*)?, the two-phase conditions
@ and are met. At each step, we verify that the "front" (x*):" is defined at a grid point.
If not, we can adjust the step sizes 7 and h.

Next, issues of numerical modeling of the Stefan’s problem are considered. [8], [9], [10],
[17], [18].

3 Numerical modeling by the method of double-sweep method the Stefan’s
problem for standard call options

As a first example for a call option, we consider an American call option with financial
variables K =10, 0 = 0.6, r = 0.25, 6 = 0.2, 2o = 10 and 7' = 1. For these data, proposes a

value of Y* (O, K ) = 2.18728, which corresponds to the variant shown in following Figure
The selected values for the test data (K =10,0=0.6,r=0.25,6=0,T = 1) are shown

in Table 1 and visualized in Figure 2]
Table 1: Values Y*(0,z) of the American call option at K=10, 0=0.6, r=0.25, 6=0, T=1.

m (grid dimension), Y%, | Sweep method | Finite element method (FEM)
100 2.181171 2.186701
200 2.186031 2.187181
400 2.186941 2.187251
800 2.187191 2.187271
1600 2.187261 2.187281

Sweep method (red points) and FEM (blue points)
8

50 T — T . . T T o <
2,18 o
a5}
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5| i 2,182
U 1 1 1 L L 1 1
0 0 20 30 40 50 60 70 80 90 100 : : : : . . . |
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Figure 1: American call option pricing for K =
50, 0 = 04, r = 01,6 =0, T = 5/12 (grid Figure 2: Convergence of the price an American

dimension 1600 x 1600) call OptiOH Y*(O, l’) (K = ].O, g = 06, r= 025,
6=02T= 1) with grid dimension.

As a second example for call option, we consider an American call option with financial
variables K =50, 0 =04, r =0.1, 0 = 0, o = 50 and T' = 5/12. For these data proposes a
value of Y* (O, K ) = 21.28638, which corresponds to the variant shown in Figure
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The selected values for the test data (K =50,0=04,r=01,0=0,T = 5/12) are
shown in Table 2 and visualized in Figure [4]

90 100

Figure 3: American call option pricing for K =
50, c = 04, r = 01,0 =0, T = 5/12 (grid

dimension 1600 x 1600).

Table 2: Values Y*(0,z) of the American call option at K=50, 0=0.4, r=0.1, 6=0,

21,286+
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Figure 4: Convergence of the price of an
American call option Y*(0, z) (K =50, o = 0.4,
r=0.1,6 =0, T =5/12) with increasing grid

dimension.

T=5/12.
m (grid dimension), Y% . | Sweep method | Finite element method (FEM),
100 21.280341 21.285981
200 21.285171 21.286281
400 21.286051 21.286351
800 21.286281 21.286371
1600 21.286351 21.286381

4 Numerical modeling by the method of running the Stefan’s problem for

standard put options

As the first example for a put option, we consider an American put option with financial
variables K =10, 0 = 0.6, r = 0.25, 6 = 0.2, xg = 10, T' = 1, which is shown in Figure

This curve, shown in Figure [0 defines the option’s early exercise strategy.

As a second example for a put option, we consider an American put option with financial

variables K=50, 0=0.4, r=0.1, §=0, 20=50 and T=5/12, which is shown in Figure [7{| We
also calculate the point x*(0) for early exercise of the put option. Numerical results are given

in Table 3 and illustrated in Figure [§

T
1600
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Figure 5: American put option pricing function
Y*(0, z) for K =10, 0 = 0.6, r = 0.25, 6 = 0.2,
2o = 10, T = 1 (grid dimension 1600 x 1600).

50 T T
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201 B

Figure 7: The pricing function Y*(0, z) of an
American put option at K = 50,0 = 0.4, r = 0.1,
d=0,T =5/12 (grid dimension 1600 x 1600).

Figure 6: Time structure of the early exercise
boundary z*(t) of a put option K = 10, o = 0.6,
r=025,0=0T=1.

Sweep method (red points) and FEM (blue points)
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Figure 8: Convergence of the price of an
American put option (K =50,0 =04, r =0.1,
60=0,T= 5/12) with increasing grid dimension.

Table 3: The boundary z*(0) of the early exercise of the K=>50, 0=0.4, r=0.1, §=0, T=5/12.

m (grid dimension), Y%, | Sweep method | Finite element method (FEM)
100 40.93651 37.70211
200 37.04091 37.00011
400 37.04091 36.65201
800 36.58081 36.30571
1600 36.35291 36.30571
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Figure 10: Structure of the free margin z*(t) of
Figure 9: Structure Y*(¢, ) of an American put an American put option.
option.

5 Conclusion

The advantage of finite difference methods (the sweep method) compared to the finite
element method (FEA), in particular, the solution by the sweep method provides knowledge
about the development of the option value function for each time step, i.e. the entire term
structure of an American put option can easily visualize. See Figure [9] The accuracy of the
sweep method is higher than FEA, see Figures and [8] At present ¢t = 0, which is the
"leading edge" of the surface, the shape of the cost function Y*(0, x) can be clearly seen,
as shown in Figure [9] By selecting the Y*(¢, z) functions for each ¢ during the life of the
option, one can obtain a complete term structure, and by the maturity date T" approaches
the non-smooth payoff function Y* (K — x)Jr. Of the entire surface of options, of particular
interest is the development of the high contact point over time, namely x*(¢), which is shown
in Figure[10] This curve can be obtained by projecting the upper contact point at each time
step onto the z*(¢) — t-plane, and it determines the option’s early exercise strategy.
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