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COMPUTATION OF FUZZY EIGENVALUES AND EIGENVECTORS OF
GENERALIZED FUZZY EIGENVALUE PROBLEMS USING NONLINEAR
PROGRAMMING APPROACH

Computation of the fuzzy eigenvalues and the associated fuzzy eigenvectors of a fuzzy matrix is
often a more challenging task compared to the classical eigenvalue problem for crisp matrices.
Most of the methods developed so far focus specifically on the standard fuzzy eigenvalue problem
and cannot be directly applied to more general cases. In this paper, we consider the generalized
fuzzy eigenvalue problem (GFEP) of the form AV = ABV in a fuzzy environment, where A
and B are fuzzy matrices and the parameter \ represents the fuzzy eigenvalue. To obtain the
fuzzy eigenpair (5\, \7) of GFEP, we propose a method that converts the problem into a system of
linear and nonlinear equations and then applies interval-based calculations using a few inequalities.
Additionally, we provide a numerical example to illustrate the application of the method and
to verify its efficiency, demonstrating that the proposed approach can effectively compute fuzzy
eigenvalues and eigenvectors in generalized settings.

Key words: fuzziness, fuzzy eigenvalues, fuzzy eigenvectors, generalized eigenvalue problem, fuzzy
triangular matrix.
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ChI3BIKTHI eMec barapJsiamMaJjiay 9iciH maiigajiaHa OTHIPBIN, >KaJNbLIJIAHFaH OeJriciz MeHImikTi
MOHJep MeH MEHIHIKTiI BeKTOpJiapAbl ecenTtey

Besnriciz maTpunianpiy 6eJirici3 MEHIIKTI MOHIEPl MEH COMKeC Y3/IiK BEKTOPJIAPBIH €CEITEY JIDJIPEK
(KJIACCUKATIBIK ) MATPHUIAIAD YIITIH KJIACCUKAJIBIK MEHIIKTI MOHJIED eCelTey MOCeIeCIMEH CAJIBICThI-
pramga Kyp/eipek 6ot Tabbutaabl. Kazipri yakbITKa Jeitin 93ipIeHreH KOMTereH 9aicTep Herisi-
HEH CTAHJIAPTTHI Oesrici3 MEeHMNKTI MOHJIEP €CEeINTey TAIChIPMACHIHA OAFBITTANTAH YKOHE OJIapIbl
KEeHEWUTIIreH »Karaaiiyiapra Tikejeil KoJjgany MyMKiH emec. OcCbl 2KyMbBICTa, KaJIlIbLIaHFaH Oejricis
MeHIIiKTI MoHzaep ecenrey Tarnceipmachl (GFEP) kapacreipeuiags:: AV = ABV, myngarsr A xone
B — 6Genriciz marpunamap, ajgx A — 6esnriciz menmikti Mouai 6uigipeni. GFEP ramceipMachHbIH
Gesriciz MEHIIIKTI MOHIED MEH BEKTODJIAP KYOBIH (:\, ‘7) aJIy VIIIiH, TalChIPMaHBI CBI3BIKTHI YKOHE
CBIBBIKTBI eMeC TEHIEYJIep Kylecine KeaTipeTin o1ic YChIHbLIAAbI, COTAH Keiin OipHerne TeHCi3miK-
Tep/Ii TaiiIaJIaHbIl HHTEPBAJIBIK, ecenreysiep XKypriziaesai. CoHbIMEH KaTap, 9iCTiH KOJIIaHbLITY bIH
KOpCeTy KoHe THIMJIJIIH TeKcepy VIIiH CaHIbIK, MbICAJ OepljireH, OyJI YCHIHBIIFAH TOCUIIIH YKaJl-
MBLJIAHFAH TAIChIpMaJIapia Oesrici3 MEeHITiKTI MOHIEP MEH MEHIITIKTI BEKTOPJIAP/IbI THIMJII ecernTe-
yre MyMKIHIIK OGepeTiHin Kepceres.

Tyiiin ce3mep: Genricizaik, 6enrici3 MeHMIKTI MoHIEP, OeIrici3 MEHITIKTI BeKTOpJIap, *KaJIbI-
JIAHFaH MEHIMNKTI MOHJEpre apHaJFaH ecel, Oesrici3 yIOyphIThl MaTPHUIA

M. Jlaxou, H. Bopa*, II. IyrTa
Kadenpa maremaruku, Yuusepcurer Jlubpyrapa, Accam, ngust
*e-mail: niranjanborall@gmail.com
Broruncienne HeYeTKNX COOCTBEHHBIX 3HAYUEHHNII U COOCTBEHHBIX BEKTOPOB O0OOOIIIEHHBIX
HEYEeTKHNX 33a4 COOCTBEHHBIX 3HAYEHUII C MCIIOJIb30BAHUEM METO/Ia HEJIMHEITHOTO
IPOrpaMMUPOBAHUSA
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Brorauciienne HeyeTKuX COOCTBEHHBIX 3HAYEHUI M COOTBETCTBYIONIUX HEYETKUX COOCTBEHHBIX BEK-
TOPOB HEYETKON MATPHUIILI YACTO SBJISIETCS DOJIee CJIOXKHON 3a/1a9eil 110 CPABHEHUIO C KJIACCHIECKOM
3a71a49eii COOCTBEHHBIX 3HAYEHUIl JJisi TOYHBIX (KJIACCUIECKUX) MaTpPUIl. BOJBLIIUHCTBO METOIOB,
pa3paboTaHHBIX JI0 HACTOSIIEr0 BPEMEHHU, OPUEHTHPOBAHBI B OCHOBHOM Ha CTAHJAPTHYIO 3aJ1a9y
HEYEeTKUX COOCTBEHHBIX 3HAYEHUN M HE MOTYT OBITh HAIPAMYIO IIPUMEHEHBI K 0oJiee OOIIUM CITy-
qagM. B aTo#t pabore paccmaTpuBaeTcs 00OO0OIEHHAs 3a/a49a HEYETKHX COOCTBEHHBIX 3HATEHUI
(GFEP) sunma AV = ABV B HeueTKoil cpejie, Tie A u B — HeueTKre MaTPHIBL, & HapaMerp A 060-
3HaYaeT HeYeTKOe COOCTBEHHOE 3HaUeHue. [Jisi oy deHnst He4eTKO! mapbl COOCTBEHHBIX 3HAYEHUIT
7 BEKTOPOB (5\, f/) zagadan GFEP npesaraercst MeTo, KOTOPBII CBOIUT 33129y K CUCTEME JIMHET-
HBIX W HEJIMHEWHBIX YPABHEHNUI, [TOCJIE Yer0 BBIMOJHSIOTCS PACIeThl HA MHTEPBAJIaX C MCI0JIb30Ba-
HUEM HEeCKOJIbKUX HepaBeHCTB. Kpome TOro, mpuBOIUTCS YUCTIEHHBIN TPUMED, JTeMOHCTPUDPYIONTHHI
[IPUMEHEHNE METOJIa U IIPOBEPSOIInii ero 3(pPEeKTUBHOCTD, ITOKA3bIBasl, YTO IIPE/JIOXKEHHBIN 101
XOJT TI03BOJIsIeT 3(P(PEKTUBHO BBIYUC/ISITH HEUETKIE COOCTBEHHBIE 3HAYEHUsT 1 COOCTBEHHBIE BEKTOPBI
B ODOOIIEHHBIX 3aJa4ax.

KiroueBbie ciioBa: HEYETKOCTD, HEUETKHNE COOCTBEHHBIE 3HAYUEHUS, HEYETKNE COOCTBEHHBIE BEK-
TOpBI, 0600IITEeHHasT 33/1a9a HA COOCTBEHHbIE 3HAUEHUS, HEUeTKAs TPEYTOJbHAT MATPHUIIA.

1 Introduction

The concept of eigenvalues and eigenvectors plays a pivotal role in various mathematical
disciplines and finds wide variety of applications in fields such as physics, engineering,
and computer science [12|. However, when dealing with systems that involve uncertainty,
imprecision, or vagueness, the classical eigenvalue problem framework has a failure to provide
comprehensive analysis. To address this limitation, the concept of fuzzy eigenvalue problem
has emerged as a powerful tool for handling fuzziness and uncertainty in eigenvalue-based
analyses [6]. The fuzzy eigenvalue problem extends the classical eigenvalue problem by
incorporating fuzzy set theory, which allows for the representation of uncertain or imprecise
information in a more flexible manner. In a fuzzy eigenvalue problem, the eigenvalues and
eigenvectors are expressed as fuzzy sets or fuzzy numbers, enabling the capture of various
degrees of membership or possibility. It is important to note that solving the fuzzy eigenvalue
problem can be computationally challenging due to the increased complexity introduced by
the fuzzy or uncertain nature of the data. Therefore, specialized algorithms and numerical
techniques are often required to obtain meaningful solutions. There are different approaches to
solve the fuzzy eigenvalue problem, such as interval analysis 20|, fuzzy-affine approach [19],
etc., depending on the specific context and requirements of the problem. The goal is to
obtain a fuzzy solution that characterizes the uncertainty in the eigenvalues and eigenvectors
based on the uncertainty in the input matrix.The system of nonlinear equations AV = AV
where A = (@i ) nxn, Vvt = (01, U2, ..., Up)1xn such that a;, 05, \ are fuzzy numbers, for all
i,7 = 1,...,n is called a dual fully fuzzy linear system (DFFLS). The common approach
for solving a DFFLS is the aw — cut theory and interval calculations. It was Buckley [6] who
introduced a — cut approach for finding eigenvalues of fuzzy matrix, but this has a limitation
due to the fact that only fuzzy positive matrix was considered. Buckley et al. [§] introduced
another approach for calculating fuzzy eigenvalues. Their method utilized artificial neural
networks for this purpose. However, similar to the previous methods |6, this approach also
exhibited certain restrictions and deficiencies. Also, for more references, see 7). Using the
same « — cut approach Chiao [10] studied the generalized fuzzy eigenvalues of the form
Av = ABv under some restrictions. Dehghan et al. [11] presented several methods to solve
square and non-square fully fuzzy systems, including the Cramer’s rule, Gaussian elimination,
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LU decomposition (Doolittle algorithm), and linear programming (LP). However, the non-
negative solutions doesn’t exist in their approaches. A useful approach with parametric
functions and variables provided by the system’s fuzzy coefficients was proposed by Vroman
et al. [24]. Additionally, they demonstrated that their algorithm is superior to Buckley’s
approach. Theodorou et al. [22| explored the fuzzy eigenvalues of the corresponding fuzzy
analysis. To transform the fuzzy system into an classical one, they used a two-step process.
Later, Yiannis et al. [26] developed a practical method to use Corresponding Analysis with
fuzzy data to complete this theoretical result. Tian |23| proposed an extension of crisp
eigenvectors of a crisp matrix to fuzzy eigenvalues. His work focused on studying the structure
of fuzzy eigenspaces and the relationships between crisp eigenspaces in a crisp matrix. Based
on this analysis, Tian then examined a system of fuzzy linear equations and provided a
solution for it. Xia & Friswell [25] proposed a perturbation approach which provides the
precise maximum and minimum of the structural eigenvalue’s first order deviation to set
tighter boundaries on the eigenvalues of a structural vibration problem with unknown fuzzy
parameters.In Allahviranloo et al. [5], a technique to solve fully fuzzy linear system (FFLS)
was proposed. To do this, they solved a 1-cut of an FFILLS, assigned some unknown symmetric
spreads to each row of the solution, and then calculated the symmetric spreads by solving
a 2n-linear equation system.. In Allahviranloo et al. 3|, the authors presented a practical
method for solving DFFILS. They approached the problem by considering the 1-cut of the
system and then devised a method to allocate unknown symmetric expansions for each
cut of the system. By using interval algebra, they formulated a system of linear equations
to calculate fuzzy eigenvalues and fuzzy eigenvectors. Few literature on computations of
fuzzy eigenvalues and fuzzy eigenvectors are available in [1], [2],, [9], [20], [21], |15], and the
references therein. In 2016, Mahato [17] extended the interval filtering method used by Hladik
et al. [13] to propose interval and fuzzy filtering techniques to reach tighter limitations of
GFEP. Rout and Chakraverty [19] proposed an effective approach to address the fully fuzzy
non-linear eigenvalue problem of a damped spring mass structural system. Their suggested
method was based on a fuzzy affine technique. They found that this approach yielded better
enclosures compared to standard fuzzy arithmetic. Recently, Khosravi et al. [16] provided
a new approach for finding fuzzy triangular matrix’s eigenvalues and fuzzy eigenvectors.
First they obtained the eigenvalues and eigenvectors of the matrix by solving 1 — cut of
the system.Then based on this solutions the system is converted to nonlinear programming
problem to obtain the support of the triangular fuzzy eigenvalues and eigenvectors. Till now,
researchers have developed various methods for solving DFFLS. But, for solving GFEP,
no specific method are available in the existing literature. Existing literature of GFEP
ensures the exploration of even more diverse and intricate fuzzy systems. It has various
application in diverse scientific domain such as decision making under uncertainty, fuzzy
pattern recognition [14], correspondence analysis [22]|, and damped spring-mass structural
system [19]. Inspired by the works of Khosravi et al. [16], in the current paper, we propose
a method for finding fuzzy eigenvalues and fuzzy eigenvectors of GFEP using a nonlinear
programming approach.

The rest of the paper is organized as follows: Section [2| contains some basic results, which
will be used in the whole work. Section [3] contains main result to obtain the eigenpair of the
generalized fuzzy eigenvalue system. In section [4, numerical examples are presented to check
the efficiency of the method and finally in Section [5|a conclusion is drawn on the whole work.
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2 Preliminaries

The following definitions and basic results will be used throughout the research works. R
represents the set of real numbers and ® stands for usual Kronecker product.

Definition 1 [16/ An interval number [n] is defined as the set of real numbers such that
n] =[nn]={reR:n<z<n}.

Definition 2 [16] Let [m] = [m,m] and [n] = [n, 7] be two interval numbers, then the basic
arithmetic operations of interval numbers is defined as below

[m,m] + [n,7] = [m+nm+7], [mm]—[nn]=[m-nm-n,
L B p=min{m.n,m.n , mn, m.n}
[m, ) [, 7] = [p, ] {1‘7: max{m.n,m.n , m.n, M0},

(1)

[km, km] k>0
[k, km) k <0 where k € R.
Definition 3 [3/ The width of an interval number [v] = [v,7] is defined as W([v]) =7 — v.

Definition 4 [18/ A fuzzy number A is a fuzzy set on the real line R, must satisfy the
following conditions.

1. pj(zo) is piece-wise continuous.
2. There exists at least one xy € R with p;(zo) = 1.

3. A must be normal and convex.

Definition 5 Triangular Fuzzy Number (TFEN): [18] A TEN A is a fuzzy subset of real line
R, whose membership function 1z satisfies the following conditions.

1. pyg is continuous mapping from R to the closed interval [0, 1].
T 0, where —oco < z < aj.

x) 18 strictly increasing with constant rate on ay < x < by.

x) 18 strictly decreasing with constant rate on by < x < ¢y.

.03.@74:\9@.‘\5
d>x

i) =
pz(x)
pilz) =1, where v = by.
1)
pi(x) =

x 0, where ¢; < x < 00.

Definition 6 [10/ a — cut of a fuzzy number m is defined as [m|* = {z € R : m(x) > o}
where 0 < a < 1 and the support and core of m are defined by the sets S(m) = {r € R :
m(z) >0} and C(im) = {z € R :m(z) = 1}.

Clearly, for TFN m = (my, ma, m3) we have S(m) = [my, m3] and C(m) = my.
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Fow two fuzzy numbers m = [m(«a), m(a)] and 1 = [n(«a),7(«)], and k € R, the o — cuts of
m +n and k.m are defined as

[+ n]* = [m]* + [7]* = [m(a) + n(a), m(a) + ()],
[ — 7| = [m]* — [A]* = [m(a) — n(a), m(a) — n(a)], @)
e eal [km(a), km(a)], k>0,
(k] = k.[m = —
[km(a), km(a)], &k <O0.

Definition 7 16/ For two arbitrary TFNs M = (my,mg,ms) and N = (ny,ng,ns),
addition, subtraction, and scalar multiplication are defined as follows:

M + N = (my, ma, m3z) + (n1,n2,n3) = (M1 + ny,ma + ng, m3 + n3z)

M — N = (my1,mg,m3) — (n1,n2,n3) = (M1 — ng, My — Ny, M3 — ny)

- k.my, k.ms, k. k>0

k.M = k:.(ml,mg,mg) = ( ma, f.Mma, TI’L3), -
(k’.mg, l{?.mg, k.ml), k < O.
Definition 8 [16/ A vector V = (0,,0,...,0,)", % € TFN, 1 < i < n, is called o TFN
vector. We denote it by X € TFNj'.

Definition 9 [19/ A matriz [N] = (fi,g) of order m x n can be referred as fuzzy matriz , if
each element (M) forp=1,2,...,m and ¢ =1,2,...,n is a fuzzy number.

Definition 10 16/ The TFN A £ 0 is called the generalized fuzzy eigenvalue of the fuzzy
matrices A and B, if there is a fuzzy eigenvector V- # 0 such that AV = ABV.
It can be written in n X n nonlinear system of equations as follows:

(G110 + G19Ts + ... + Q1 Tn = Mb1y@y 4 biaTy + ... + b1, )

o101 + ol + ... 4 Gonln = Mbo1 Dy + bagls + ... + bon¥y,)

G101 + oD + ..+ ATy = N1y + oD + ... + D)
where Qy,q, A, qu and Uy, 1 < p,q <n, are fuzzy numbers.

Definition 11 [16/ The n x n nonlinear system

([a0)*[01)" + [@12]* (0] + ... + [@1a)* (0] = [A

[G21]*[01]% + [G22]*[D2])* + ... + [G2n]

Q
N
2
Q
Il
S

[Gn1 | [01]% + [@n2)“[02]® + oo + [Gnn) [00]® = [N *([bn1]*[01]% + [br2]®[02)* + ... 4 [ban]®[0n]Y)
(4)
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is called the a — cut system of the generalized fuzzy nonlinear system where [a,y,|®, [}\] ! [qu]a
and [0p]*, 1 < p,q < n and o € [0,1], are the a — cut of the fuzzy numbers apq, A, bpy and
Ty, respectwely Its matriz form is written as [A]*[V]* = [N*[B]*[V].

3 Main result

In this section, we extend the results of section 3.1 of [16] to obtain the eigenpair (\, V) of
the GFEP AV = ABV such that , a; >0ora; <0Oandb; >0,1<14,5<n.
Now, to obtain a suitable solution , we have to solve the fuzzy interval system

A @ [V = M1 @ [Bly ® [V]4, (5)

[Alo ® [V]o = [Mo ® [Blo ® [V]o. (6)

First, by solving the system [5 I we obtain the eigenvalues A;” * and corresponding
eigenvectors V; .1 < i < n for the crisp system [A];, [B];.After obtaining the eigenpairs for the
crisp system |5 lnext we determine the left and right width for the eigenpairs (A\;, V;), 1 < i < n.

Consider the eigenpair (A, Vi), m € {1,2,...,n}

Now, we put the following restrictions to obtain the left and right boundaries of the
eigenpair (A, Vin)

1. We consider the fuzzy eigenvalues to be positive.
2. We consider the entries of matrix B to be positive.

Then using the results of Section 3.1 of [16] we consider the following two cases:
Case I: 0 ¢ S(V}),1 < j < n. Consider the following partition.

Nt = {jIV; = 0&V; £ 0)

N=={jlV; <0}

A; = {jlai <0 & ai; # 0}

Al = {jlai; > 0},i=1,2,..,n

B:_ == {.]|sz 2 0},@ = 172, .., n

We consider only positive fuzzy eigenvalues.So we have,

)\k:aA}ka >0

Therefore, we can rewrite equation |§| based on the signs of eigenpairs(\,,, V;,) from equation
as follows:

> ay @)@, T+ Y lay, @)@, T+ Y lay, @)@, T+ Y lay, @] ©)[v;, 7]

AFN+ AFN- AN+ A7 N-

= D M @D (b, bl @ [0, 5] + D by by @ [0, 5]}, 1 < i < (7)

BN+ BN~
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where,
D lay @l @ [, 7] = ) layvy,am3),
A;_‘-NJr Aj'N+
> My, @) @ [0, 75 = Y [agv), aiv5),
AfN- AfN-
> Moy @5l @ [v, T3] = Y ey, avy),
ATN+ AN+
> ay @) @ [, 75 = Y (@515, agv;).
A7 N- A7 N-

and the right hand side equation [7] can be expressed as:

Doy M @ £ ) [big, b] @ [0, 5513 = D [ebigvg, Mgy,

BN+ BN+

s M@ {0 by, big] @ [0, 351} = > Pabigog, Aabiyy).

BfN- BN~

Case II: 0 ¢ S(\;) then \g, A, Ay >0
Pt = {j|V; 2 0 &V; # 0}
“={jlV; <0}

Therefore, we can rewrite equation |§| based on the signs of eigenpairs(\,,, V;,,) from equation

[ as follows:

> oy aglo, v+ Y ey, @)@ v 4+ Y lay, @)@ [0, 05+ ) ay, @5]@

Afpt AfpP- A7 Pt A7 P~

= D M @) by by @ [0y, 55+ D [big, big] @ [0, 75}, 1< i <.

B p+ B} p-

Where,

> a5 @ vy, 7] = Y lagon + Tijvz2, @050,

Afp+ Afp+
Z [%’ CL_U] ® [U_J, E] - Z [a_@]v_w ajVj1 +%Uj2]’
Afp- Afp-

Z [%? @_m] ® ['U_], @] = Z [%@’ %vﬂ +W’J’Uﬂ]?
A7 P+ A7 P+

[v;, 751

(10)
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> laiy, @) © [T = Y lagvj + Gjvge, aiv;)- (11)
A7 P A7 P

UﬂZO,UjQSO,lSan.

and the right hand side equation [10] can be expressed as:

e M@ {0 (i, big] @ [0, 751} = Y byt + bijvga), Mebigvg),
B p+ B P+

s M@ {0 (i big] @ [, 5513 = D Dbigvg, Me(bigvogn + bijvjo)]. (12)
B} p- B} p-

Where v;; + vjo = v; or v;1 + vj2 = U; Now,by solving Case I and Case II, we can find the
values of A\ . \x and v;,v;,1 < 7 <mn, which is a suitable solution for the system

Another important point is to control the width of the fuzzy eigenvalue A and fuzzy

eigenvector v, (j = 1,...,n) in the a — cuts.So, we use the following nonlinear programming
models:

Model 1: Max M\, — Ak , where the objective functions are Case I or Case 1L
Model 2: Max Z;L 1 U; — v; , where the objective functions are Case I or Case II.
The above two models can be easily solved by using LINGO 20 software.

4 Numerical examples

Example 1 Consider two fuzzy matrices A and B’N, assuming that the TFN \ = (AN N is
a fuzzy eigenvalue and the fuzzy triangular vector V. = (01,09) is a fuzzy eigenvector of the
system, we have:

[—4 —3 —2] [1231]@:}3; o[ 246 23 @
— { 13 5] [—5—3—1]“ @] A{ 45 6] [0.724]H @2}
ol B T IR st | e | ERY [ I e

where vy, 09 are TFN. Now, 1 — cut of the above system is

-3 2 v A 4 2 U1

3 -3 (%) o 5 2 (%) '
Using MATLAB the crisp solutions are obtained as:

\_ [ 008 0 o [ 08213 04500
- 0  17.0878 " T | —1.0000 —1.0000|"

Now, considering only the positive crisp eigenvalue Ay = 17.0878 — 5\1 = [\, 17.0878, \y]
and
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[ 04509 [ [v11,0.4509, vy)]
- { —1.0000} — V= { [021, —1.0000, v35
system as follow:

R I | VRN B Bt I e

]] , we simplify the O — cut of the above

N [—4, =2] * [v11, v12] + [1, 3] * [v21, v22] — D, o] 2, 6] * [v11, v12] + [1, 3] * [va1, V2o]
[1, 5] * [1}11,’012] + [—3, —1] * [Ugl, UQQ] ’ ’ [4, 6] * [/01177)12] + [07, 4] * [Uzl, 'UQQ]
[—4v12 4 3va1, —2011 + V92 2011 + 3va1, 6U12 + Vo]
= (A1, Aao].
- |: [’UH — V29, 5’012 — 31}21] [ b 2] [41)11 + 4’021, 61}12 + 0.71}22]
. [—4via + 3vg1, —2v11 + V9] _ (A2 % (2u11 + 3v21), A * (6v12 + v22)]
[UH — V22, 5U12 — 31)21} [)\2 * (4'1111 + 41)21), )\1 x (6’012 + 0.71}22)] '

Now, Model 1 and Model 2 can be formulated as
(—dvyy + 301, = Mg * (2011 + 3v21)

—2011 + Vo2 = Aq * (6U12 + v22)
V11 — Va2 = Ao * (4vq1 + 4vg)
Model 1: MAX z=X 3 — Ay s5.t. { Huig — 3ug; = A\p * (6v1g + 0.7v90) ,

v11 < 0.4509, v15 > 0.4509

vg1 < —1.0000, vy > —1.0000
\)\1 < 17.0878, A1 > 0, Ay > 17.0878

[011, V1, Ulz]]
[U21, V2, 1122]

(—4v1o + 3var = Ao * (20111 + 6vr12 + 3v21)

—4v112 — 20111 + 3U201 + Va22 = Ay * (6v12 + 3v291 + V222)
V111 + D112 — U221 — Va2 = Ao * (4111 + 6vr12 + 4va1)
b1z — 3vg; = Ay * (6012 + 4vga1 + 0.7v290)
v11 = V111 + V112 < 0.4509, v1o > 0.4509
Model 2: MAX z=X o — A1 s.t. < v91 < —1.0000, V99 = V991 + Vg9 > —1.0000 ,
v111 = 0,v111 < 20 % 51

v112 < 0,v119 > —20 + 20 % s¢

U221 2 0, U221 < 20 * 59

Ug22 < 0, 0990 = —20 + 20 * 59
(A < 17.0878, A\ > 17.0878, A\; > 0.

3 ~ + V112, U1, U12)]
where Ay = (A, A\, Ao] and V = i T
1= 2 [Va1, V2, Vagy + Vag2)

Then, using LINGO 20 software , we will see that Model 1 is infeasible and Model 2 has
the following solution:

A2 = 25.0303,\; = 0.4297

V12 = 12.9569 , U111 = 0.4047,U112 = 0.0000

Vo1 = —1.0000 , U991 = 20.0000 ,U299 = 0.0000.

where \; = (A1, A, Ao] and V= {
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So, the required fuzzy eigenvalue and fuzzy eigenvector of GFEP is obtained as:

A= (0.4297,17.0878,25.0303)

01 = (0.4047,0.4509, 12.9569)

09 = (—1.0000, —1.0000, 20.0000)

The membership function of the generalized fuzzy eigenvalue and eigenvectors are shown in
Figure [1] and Figure[3

Fig 1: The diagram of generalized fuzzy eigenvalue in 0-cuts
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Figure 2: The diagram of generalized fuzzy eigenvectors v and v

5 Conclusion

We described a unified framework of GFEP. We computed fuzzy eigenvalue pair of GFEP
using nonlinear programming approach. In the suggested method, there are few limitations for
the choice of sign of the eigenvector V. We calculated the fuzzy eigenvalues and eigenvectors
in O-cuts of the system using the suggested approach. Finally, numerical examples are
demonstrated to check the feasibility of the method, and it ensures that the approaches are
efficient and workable to compute the fuzzy eigenpair for the GFEP. Study on k-parameter
eigenvlaue problems may be considered as a new avenue of future research in this area.
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