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SOLVABILITY OF INVERSE PROBLEM OF A PSEUDOPARABOLIC
EQUATION WITH FRACTIONAL CAPUTO DERIVATIVE

Inverse problem on recovering the coefficient of the right-hand side for a pseudoparabolic equation
with a Caputo fractional derivative is studied. Overdetermination condition of the inverse problem
is given in integral form. Existence and uniqueness theorems are proved for regular solutions (i.e.,
having all Sobolev generalized derivatives entering the equation) for a pseudoparabolic equation
with the Caputo fractional derivative. Also, we propose an algorithm for numerical solution of the
considered inverse problem. Numerical experiments are carried out for a one-dimensional problem,
illustrating the obtained theoretical results. Inverse problems with fractional derivatives belong to
the class of problems that are associated with determining unknown parameters or functions in
mathematical models described by equations with fractional derivatives. Such problems arise in
various applications where models with fractional derivatives are used, for example, in mechanics,
heat conductivity, biology, finance and other areas.
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Beumiek TybIHOBLIBI IICEBAONApPaboIa/IbIK, TEHJEY YIIiH Kepi ecentin renrimaimiri

KarmyTo Germex TybIHABLIBI TICEBIOMTAPAOOIABIK, TEHICYIIH OH KAKTAaFbl KOA(PDUITMEHTIH KAIIbI-
Ha KeaTipy kepi ecebi 3eprrenren. Kepi ecente KOChIMIA IMAPThI HHTEIPAJILIK, TYP/e OepiireH.
KamyTo Gestiiek TYBIHIBLIBI [1CEBIONAPAOOJIAIBIK, TEHIEY YIIIH KepPi eCenTiH PeryJsipJibl IIeImiM-
HiH (SFHU, TEHJEYTe KATHICATHIH OAPJIbIK, Kajnbuiadrad CoboJeB TybIHABLIADE YIIiH) 6ap KoHe
2KAJTFBI3JIBIFBL TYyPAJIbl TeOPEMAaJIap JIoJiesiieHreH. KapacThIPBLIbII OTBIPFAH KEPi €CENTiH, CaHIbIK,
eIy AJIPOPUTMI JI€ YCHIHBLIFaH. AJIBIHFAH TEOPUSIJIbIK HOTHKEJEpIl cyperTeiiTin 6ip esmemMi
Kepi ecem YIMiH CAHJBIK SKCIEPUMEHTTED KYPriziimgi. Besek TybIHabLIb Kepi ecenTep OOJIIIeK
TYBIHJIBLIBI TEHJIEYJIep apKbLIbI CUIIATTAIFaH MaTeMaTUKAJIBIK MOJIEJIbIepIeri Oelrici3 mapamerp-
Jiepiii Hemece (pYHKIUSIIAP/IbI AHBIKTAyMEH OallJIaHBICTHI ecenTep KjachiHa yKaraabl. MyHmal Mo-
cejiesiep MEXaHUKa, YKbITYOTKI3MIINTIK, ONOIOrus, KAPXKbI YKoHe 0acKa J1a cajaap OeJIIeK Ty bIH b
MOJIEJIBJEP/Il TaliIaIaHaAThIH OPTYPJI KOJIIaHOa bl 00IbICTapa Taliia 00JIaIbl.
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4 Solvability of inverse problem of a pseudoparabolic ...
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PazpenmmMocTh 00paTHOI 3324 TICEBONAPa0d0JINYIECKOTO YPABHEHNUS C JIPOOHOI
npou3BoHoii KamyTo

UccnenoBana obparHast 3a7a9a 110 BOCCTAHOBJIEHUIO KO dUIMEHTa IPABOil YaCTH JIJIsl [ICEBI0NA~
pabosImyecKoro ypaBHeHus ¢ IpoOHOi mponssoaHoit Kanyro. YeroBue nepeonpe;ienenns: 00paTHOR
3a/1a9W MPUBEIEHO B UHTErPaJIbHON dopme. JoKa3aHbI TEOPEMBI CYIIECTBOBAHUS U €NHCTBEHHO-
CTH PEryJIIPHBIX pellleHuii (T.e. UMEIOIUX BXOJMAIIUe B ypaBHeHHe Bce OBOOIIEHHbIE IPOU3BOJI-
ubte CobouieBa) JJisl ICEBIONAPAOOINIECKOIO ypaBHeH s ¢ JpobHoil npousBonHoil Kamyro. Takxe
[PEJIJIOZKEH aJITOPUTM YUCJIEHHOTO PEIleHNs] pAacCMaTpUBaeMoii 00paTHoi 3a1a4u. IIpoBeaeHs! dnc-
JIEHHBIE YKCIEPUMEHTHI J[jIsi OJJHOMEPHOI 3a/1a9¥, WJLIFOCTPUPYIOIINE I0JIyYeHHbIE TEOPETUIECKUE
pesyibraTbl. OOpaTHbIE 331891 ¢ JPOOHBIMU IPOU3BOIHBIMIA OTHOCATCH K KJIACCY 33189, KOTOPbIE
CBA3AHBI C OIPE/IEJIEHNEM HEN3BECTHBIX [IAPAMETPOB Wi (DYHKIHI B MATEMATHIECKUX MOJIEIISX,
OTHMCHIBAEMBIX YPABHEHUSIMHU C JIPOOHBIMY TPOU3BOIHBIME. TaKye 381491 BOZHUKAIOT B PA3JINIHBIX
MPUJIOXKEHUSIX, [JI€ UCHOJIB3YIOTCS MOJIEIN C JIPOOHBIME IIPOM3BO/IHBIMU, HAIIPUMED, B MEXaHUKE,
TeIJIONPOBOIHOCTH, OMOJIOTHK, (PUHAHCAX U JPYTIUX 00JIaCTsIX.

KuroueBbie ciioBa: obparHasi 3ajada, [CeBIOnapabomIeckoe ypaBHEHUE, IpPODHAsi TPOU3BOJI-
nasg Kamyro, npubmmkenusi [ajepkuHa, peryispHoe pelleHne, INCAeHHOe PENeHne, IUCIeHHbIE
IKCIIEPUMEHTHL.

1 Introduction

In this paper, we consider inverse problems for a pseudo-parabolic equation with an integral
overdetermination condition. Local solvability of the inverse problem for a pseudo-parabolic
equation with fractional Caputo derivative is proved. In addition, numerical solutions to the
inverse problem are obtained in this paper. In a particular case, the results make it possible
to solve the problem of determining the intensity of liquid between cracks and pores in the
model equation of filtration in a fractured medium.

In this paper, a fractional differential mathematical model of the geofiltration process
based on concepts of the Caputo derivative is considered. The use of this derivative in the
fractional differential dynamics of filtration processes in porous media makes it possible to
study filtration models of greater generality. We mainly consider theoretical results on inverse
problems for pseudo-parabolic equations with time-fractional Caputo derivatives of the a €
(0, 1] order.

The study of pseudo-parabolic equations begins with the work of S.L. Sobolev [1]|. This
work aroused the greatest interest in the study of nonclassical equations. The term Sobolev-
type equations was introduced by E.R. Showalter |2, 3].

The Sobolev-type equations, referred to as pseudo-parabolic equations, arise in the
description of filtration processes, heat and mass transfer processes, wave processes,
hydrodynamics, and in other areas. A large number of works [1-10] are devoted to the study
solvability of initial-boundary value problems for Sobolev-type pseudo-parabolic equations.

Theory and numerical analysis of inverse problems is an actively developing area of
modern mathematics. Unlike the classical boundary value problems of mathematical physics,
in inverse problems, along with an unknown function that satisfies the considered equation,
the coefficient (coefficients) of the equation, or coefficient that determines the right side of the
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equation, is found. For the correctness of these problems, as a rule, along with the boundary
value and initial conditions, some other conditions, called the overdetermination conditions,
are also specified.

The study of inverse problems for pseudo-parabolic equations began in the 1980s, and,
today, is a relevant and popular area of science. Inverse problems with final time observation
have been well studied, and many theoretical studies have been published for classical partial
differential equations. As a monograph, reference should be made to the works [11-17].

In the paper of A.Sh. Lyubanova [18], coefficient inverse problems have been studied for
a pseudo-parabolic equation of the form:

(u+ Liu)y + Lou = f

with differential operators L; and Ls. Equations of this type arise in modeling heat transfer
processes, filtration processes in fractured media, in mathematical models of two-phase fluid
filtration in porous media, with capillary effects. The leading coefficients of the operators L,
and Ly describe a physical property of the medium (permeability, compressibility, thermal or
electrical conductivity, etc.).

In [19], the existence and uniqueness of regular solutions to the linear inverse problem of
the Sobolev-type equation are proved.

In [20], the inverse problem for a pseudo-parabolic equation with p-Laplacian is
considered. The existence of a weak solution is proved, and the asymptotic behavior of
solutions is shown as t — oo. Sufficient conditions for the "blow up"of a solution in a finite
time are obtained, as well as sufficient conditions for the disappearance of a solution in a
finite time are obtained.

Inverse problems for the Sobolev-type equation were studied in many works of scientists,
such as A.L.LKozhanov, A.Sh.Lyubanova, S.N.Antontsev, H.Khompysh, M.Shahrouzi,
J.Ferreira, E.Pigkin and others [18-24].

Recently, there has been a growing interest in inverse problems with fractional derivatives.
Usually, in these works, the fractional time derivative is considered, we note some of them
[25-29] and many others.

In [28], the coefficient inverse problem for a nonlinear diffusion equation with a time-
fractional derivative is considered:

0%u

5~ V- (a(w)Vu) + f(z,t), (z,t) € Qr,
u(r,0) =0, z €Q,

u(z,t) =0, (x,t)elyx[0,T], Ty C o9,

a(u )n:go(a: t), (z,t) €Ty x[0,T], Ty C 0Q,
u(z,t) = g(x,t), (x,t) €Ty x [0,T], 'y C O,

where Qp = Q x (0,7), the domain Q@ C R" (n > 1) is assumed to be bounded simply
connected with a piecewise smooth boundary I'and I'y NTy =0, [, N Ty =T, meas(I';) #
0, i=1,2.

Firstly, the uniqueness of the direct problem is proved. Then continuous dependence of
the solution of the corresponding direct problem on the coefficient is proved. After that, the
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existence of a quasi-solution of the inverse problem in the corresponding class of admissible
coefficients is proved.

In [29], the inverse problem is studied for pseudo-parabolic equations with the final
overdetermination condition:

D u(t) + Lu(t)] + Mu(t) = f(t) in H,

u(0) =y € H,
uwT)=v € H,

where H is a separable Hilbert space, L and M are self-adjoint operators in H. The existence
and uniqueness of a solution to this inverse problem in the Hilbert space is proved.

It is necessary to note that the works [30-45| are also dedicated to solvability and numerical
methods for differential equations of fractional order. In [30-32], [38], [39], [43|, [44], using
the fixed-point theorem, the solvability of local and nonlocal boundary value problems for
fractional Caputo differential equations and some fractional differential equations.

Inverse problems for quasi-linear and non-linear equations with fractional deriva-tives are
not fully investigated, and we hope that this work partially fills it.

2 Problem statement.
In a cylinder Qr = {(z,t) : z € Q, Q C R", 0 <t < T}, we consider inverse problem
for a pseudo parabolic equation with a non-local overdetermination condition. Find a pair of
functions {u(x,t), f(t)}, which satisfy:

Dgy(u — xAu) — alu + ez, t)u = b(x, t)[ul""*u + [Vul? + f(t)h(z, 1), (1)
the initial condition

u(,0) = uo(2), (2)
the boundary value condition

ulg =0, (3)
and integral overdetermination condition:
[ e (o) - xdw)do = p(0) ()
Q
Here @ C R", n > 1, is a bounded domain, boundary 0J€) is smooth enough,

uo(x), c(x,t), b(x,t), h(x,t) and w(x) are known functions, x, a,p and ¢ are positive
constants, D, is a fractional Caputo derivative of the order 0 < a < 1:

1 t Us(:r,s)
Da ’U,((]j t) — F(l,a) 0 (tfs)a dS, 0 < a< 17
0,t ) U/t(xat), a = 1.
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The functions ug(x), c(z,t), b(z,t), h(z), w(z) satisfy the following conditions:
0<d <clx,t) <dy<oo, Y(z,t) € Qr,
0 <b(x,t) <b <00, Y(z,t)€ Qr,
M1)€ Lo (0.T5 € Ly() N Lo (N L2 (D)), p>2,
h(t) = [o Mz, t)w(x)de #0, YVt e[0,T], (5)
hi(t) € Lo (0,T),

w e Wy (Q) NL e » ()N Ly(R), p>2,

[e=]

o(1), DEp(t) € Lo(0,T), o € WHQ) N W),

3 Main Part

In this inverse problem for constants p and ¢, we consider various cases:

1% case, when 0 < ¢ < 1, 2<p<]\2,N27 N > 3.

2dcase,when1§q§1—|— 2<p<N2,N>3
By Vi (Qr), 0 <a <1, we denote a space with the norm

HUH%/%(QT) = HuHioo(O,T; L22(Q)) + HDg,tu”ioo(O,T; La(Q)) +
+ |ul] Lo LI + lullz oz, WQZ(Q)) +
+”D8tu“ ||D6Y7tuHLoo(0,T; W2(Q))

Loo(0,T Wl(Q))

Lemma 1 The problem - 1s equivalent to the following problem for a nonlinear
pseudoparabolic equation containing a nonlinear nonlocal operator of the function u(zx,t)

Dg (u — xAu) — alAu + c(z, t)u = bz, t)|u[P~>u
(6)

+|Vul? + F(t,u)h(z,t), v €Q, t>0,
u(z,0) =up(x), z€Q, wulg=0. (7)

Here

F(t,u) = 5 (Dgep(t) + a [, VuVwdr + [ ez, tyuwde
— Jo bz, t)|ulPuwds — [, |Vu|iwdz) .

Proof 1 Indeed, from it follows that

fQ D§ (v — xAu)wdr — af Auwdx + f c(w, t uwdx ©)
= [ b, O)ulPPuwds + [, |Vul'wdz + [, f(t)h(z, t)wdr,

then, if the conditions and hold, we get

F(t,u) = 4 (t) (Dg(t) + a [, VuVwdz + [, c(z, t)uwdz

— Jo bz, ) |ulPuwds — [, |Vu|iwdz) . (10)
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Therefore, holds.

Now we consider the problem @ - . If holds, then it obviously implies the equality
(10). Thus,

F(t, u) = #(t) (D§o(t) + a [, VuVwdr + [, c(z, t)uwda
—fQ x,t |u|p*2uwdx - 5 |Vu|qwdx)
() (Dg‘tgo —a [, Auwdzr + [, c(x, t)uwdz
—fQ z, t)|ulPPuwdr — [, [Vullwdz) .
Due to @D, we obtain

F(t,u) = 55 (Dge(t) + a [ VuVwdr + [, ez, tyuwde
— [ b, ) |ulP~Puwdz — [, |[Vu|iwdz)

= %(t) (Dgo(t) + [ cla, tyuwdz — [ D§,(u — xAu)wdz
+ Jo, bz, )|ulPuwde + [, |Vu|wdz — [, c(z, t)uwdz

+ [ fO)R(z, hwdz — [, b(z, t)|ufP?uwdz — [, |[Vu|lwdz) .

Dg (1) / D¢ (u — xAu)wdx = 0.

Thus, Dg, (¢(t) — [o(u — xAu)wdz) = 0. Denote v(t) = ¢(t) — [;,(u — xAu)w(x)dz. Then
the function v(t) can be found as a solution of the Cauchy problem: Dg,v(t) =0, v(0) = 0.
(v(0) = 0 follows from the condition (5))). Unique solution of the problem is the function
v(t) =0, consequently, [,(u— xAu)w(x)dr = ¢(t). Lemma is proved.

Definition 1 A weak generalized solution of the problem @ - is a function u(x,t) from
the space V*(Qr), 0 < a < 1 that satisfies the following integral identity:
[ (D§4(u — xAu) — adu + c(x, t)u)wdz

= [, bz, t)|ulPPuwdz + [, |Vul|'wdz + [, F(u,t)hwdz,
almost everywhere t € [0,T], (11)

u(z,0) = ug(x) € T/I(}%(Q) NW2(92),
for all w(z,t) € Ly(0,T; V[O/;(Q))

3.1 Existence of a local solution. Galerkin approximations.

Theorem 1 Suppose that the condition . as well as cases 1 and 2, holds. Then on the
interval (0,T), T < Ty, there exists a weak generalized solution u(z,t) € Vi (Qr) to the

problem @ .

0
Proof 2 In the space W5 (Q)NW3(Q), we choose some system of functions {¥;(z)} forming
a basis in this space. For example,
{ A\I’](I) + /\]\I]](J?) = 0,
\I/j(l')bﬂ = 0
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We will look for an approximate solution of the problem @ - @ i the form

where the coefficients v,k (t) are searched from the conditions:

Jo (D8 0m () (P () — XAV ( ))—avmk( VAW ()
(@, v (8) U () Uy () da = Jo b, t) |~ 2um‘If ( )dﬂf
+ Jo V|1 (z)dx + [o F (tm, )R ;(x)dz, j=1,.

Umo = Um(0) = Y 0k (0)Tg = D~ Wy,
k=1 k=1

moreover,

0
Umo — ug  strongly in W5 () NW3(Q) as m — oo.

Denote

U = {v1m (1), ...,vmm(t)}T,&’ = {ay, ...,am}T,akj = / (VU + x V¥, VU, dz,
Q

Cj = an VUV dr + [, (@, ) Uy 0;d, by
= o b (@, t) [um[P~ 2‘1!k\1f dx—l—fQ\Vum| U da:—l—fQ (U, t) R jd,

Ay ={aji}, Cn = {Cjr}, G (Um) = {bj (V) } U
Then the system of equations and the condition takes the matriz form

A D§ T+ ConTi = G (T,)
7,,(0) = @.

The matriz A,, is invertible. In fact, the quadratic form

3 il = [ e x [ [P, w—zwl,

k,j=1

(12)

(13)

(14)

(16)

is equal to zero if and only if w = 0. Considering the positivity of the matrix A,,, the problem

(16) can be reduced to the following form:

DG 0 + A Coln = ANG (), 0,(0) = 4.

(17)

According to Cauchy’s theorem, the problem has at least one solution v, in some time
interval t € (0,T,,), T,, > 0. At the next step, we obtain the a priori estimates which prove

that the Cauchy problem has the local solution in the interval [0,T].
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Lemma 2 ([41]) For any absolutely continuous function v(t) on [0,T], the following
mequality holds:

1
v(t)Dgv(t) > EDOO"th(t), 0<a<l.

0
Lemma 3 ([44]) If u € W}(Q), we have the inequality:

2

2(1—a) 2 (1— Q)Q&CQ 2
2.0 < C?[Vull% ullss ™ < x I Vulls o + = — lullzq,
where a = (Ugi)N, a<l2<o< 2, N>3.
Lemma implies the following inequality:
- 3 2N
lullge < G (lul3a+xIValle)* 2 <0< =5, N =3,

et )\ ?
where C} = (max{l; %}) .
X —Q

3.2 A priori estimates of Galerkin approximations.

We multiply by vy (t) and sum up both parts of the obtaining equality by j = 1, ..., m.
As a result, we get:

Jo, um D timdz + X [ Vg DG, Vumds + a [ [V, [*dx
+ Jo c(@, t)|um|*de = [, b(z, t)|um[Pdz + [, [Vip|Undz + [ F(tp, t)huy,de.

By using Lemma 3.4 and the condition , we get the inequality:

808, folltnl? 4 x|V Pl + a fy [Pl 4 f, P s
< o 0@, O)|um [Pda + [, |Vt |Tumde + [o F(tm, t)huy,de.

For the case 0 < ¢ <1, 2<p< N 2, N > 3, we estimate the right-hand side of ., and
apply Lemma 3.5, as well as the Cauchy and Young inequality, we obtain

P
2 2 2
< b a0 < Cub (a3 + 1Vl

/b(x )|ty |Pdx
Q

2—q

| fo, [Vt umdx| < ([, |V [*dz)? (fﬂ || 77 qu>
< Hvum” 2,0 |Q|7 HU’mHQQ < C/ ”V m||q+1 > 6 Hvum”Q,Q + Co.

’D&tSD‘ c) 2 ’D&t‘PP 2
i [ DrseOn e Dunde| < S bl g < G ol + ot
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‘ &fg Vi, Vwds fQ x,t) umdx) < |h1\ HvumHzﬂ IVwlly o [tumll, o HhH

2)2P—2 =
< Nl + 22 (o el e Il )
p

_ p—2
<G (||u||2,ﬂ+x||w||2,ﬂ) +% (.hﬂ <l e oIl 2 0)""

T S b, Dl 2umeod fo b, tmda| < 2 fuml g [l 0 1A

P
< Cripy [l 18] 2, g (Iulo + x 1 Vul3g0)”

i Jo Vg |'wdz [o h(z,t) umdq:‘

2—gq

2
< i (o IV Pdz)® (fo lol77d2) [l im0
< HVUmH2Q |Q|7 HWH2Q HhHQQ ||um||2§2

< Cy | Vumllity < 21| Vunlsq + Co.

Now, we estimate for the case when 1 < ¢ <1 —|— , 2<p< ]\QZNQ, N > 3.

N—-2

[l < (o ol #a) ¥ (o) ™

P

1
< G IVunllf) < IVunlg + o < (Nl + X IVullg) " + o

1a fo VinVeds [y h(@, tnds| < 5k V0 1Vl ltn 0 18] 2 g

b
a 2 2 2 2
< 41Vl o+ Cr (lull3g + X I Vullyg)

2 p

—2)2p—2 2 2 -2
+ O (o Vel 01, )

p72

i Jo Vg |'wdz [o h(z,t) umdx‘ <

+2 N-2

=g _<IV 2N
sm(fgmmwmdx) (ol ¥2dz) = 1Al 0 el
1—gq
< Va0 12 % [ Vellyg [l im0

D
2 2 2
< Vunlo+Co < (Jull3q + X IVul}e)” +Co.

Thus, the obtaining estimates yields the inequality:

D&t fQHum’Q + X|Vum‘2]dx + C;O fﬂ[|um|2 + X|Vum’2]dx
< Gy (lumll3 o + X IVunl0)* + i
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where Cy = min{a; ¢} }.
Denote y(t) = HumHgQ +x HVumHgg, then has the form

Dgy(t) + Coy(t) < Csly(t)]2 + Cu.
Hence,

y(t) < Eal( Cot®)y(0) + C [ (t — 8)* L Bu o(—Co(t — 5)*)[y(s)] 2 ds
_I_ fO a IEOJ Oé( CO(t - S)Q)C4d8,

where E, 5(2) is a Mittag-Leffler function:

k

Eop(2) = ZZ"O r oﬁcw)’

k, kiak
B (—pt®) = 372, F(Byk-&-i ’

1)k ktozk

Eaa( Mta) Zk 0 Fak-i—a)

Lemma 4 (/30]) Mittag-Leffler function has the following properties:
For 0 <a <1 and pu > 0, there exists a constant My > 0, such that

0< Eml(—,uta) S

For0 < a <1 and p > 0, there exists a constant M > 0, such that

0 < t* 1B, o(—ut®) < Myt t>0.

(20)

(21)

(22)

(23)

Lemma 5 ([45]) Let x(t), k(t) be positive, continuous functions in ¢ <t < d, and let a, b be
nonnegative constants; further let g(u) be a positive nondecreasing function for uw > 0. Then

the tnequality

z(t) <a+ b/tk(s)g(x(s))ds, c<t<d,

implies the inequality

w(t) < H! {H(a) +b/ctk(s)ds}, c<t<d <d,

where

H(t):/%, (>0, u>0),

and d' is defined so that H(a) + bf k(s)ds lies within the domain of definition of H ' (u),

fore<t<d.
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In , applying and , we get

MyCy
«

y(t) < Myy(0) + 2% ¢ / (t — ) [y(s))Fds.

Applying to which the Bihari lemma, we obtain

y(t) < LQ (24)

1 — Cyta]r=

From this estimate, we can conclude that there exists Ty > 0 such that

[tmlls0 + X [ Vtmllsq < Cr, for allt € [0,T], T < T, (25)

where the constant C7 does not depend on m € N.
Now we multiply (|13 . by Dg vm;(t) and sum up by j =1,...,m. Thus, we get

||D&tumH;Q +x HD&tVumH;Q +a [, Vi D§,Vugds + [, ¢(2,t)tm D§ jundx
= Jo, 0(z, )|t [P 21 DG i d + [, |Vt |* D pmde + [ F(tny, ) DGyt der.

In this identity, we take out the third and fourth terms on the right side, then it will be written
in the form

||D&tumH;Q +x HD&tVumH;Q = —a [, Vun D§ Numdz — [, c(x, t)tun D tmd

26
+ Jo 002, )|t [Pt DGyt di 4 [, |Vt | "D iy ds + [ F (U, ) DG iz (26)

Let’s estimate the right side of ([26] . ), for the case when 0 < ¢ <1, 2<p< ]\2/N2’ N > 3.

I3

< by Nl < Ciby (a3 + X [ Vumllg)

/ b(x,t)|uy,|Pdx
Q

2 q

|fQ |Vum|qD(‘itumdx| < ([ |Vup*dz)*? (fQ | DG i, |2 qu)
1—g
< IVl 190" [ D umll, < 5 | DG emly g + Co

2
a / Vit DG Ve < X (| DG, Vu|[} , + & [ V|2,
Q 4 ' X ’

1 7

—/ (@, 1)Uy DGyt d
Q
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| [, b(, t) ]um|p_2umD8‘tumd:c| < by [ [Um [P D | d

< by (Jiy [umdz)? (f9|um\N(p “d

< b Hum!lpg ”Um”mp 2 o |1 DGt 2x_g,

3p4
bC

X

<0G D5Vl < %HD&NumHi,m

L [, Dge(t)h(, t)D&tumdx]

|D§ .|
< P Wl | DE ],

= | g
1 « 7|D&t¢|
< 14 HDO,tumHz,Q 2h2 HhHQ,Q'
1 «
‘h—la Jo Vun,Vwdz [, h(z,t)D tumdx‘
1 a 2 7||Vw|\2 allbl3 .o
Sy HDOJUWHZQ 203 Cs.

h%fﬂ z, t)umwdz [o, h( gtumdx‘

< |§?12| HumHQQ kuzﬂ HDatumHQQ ‘hH2Q

7¢2, w3 o |13
L 1Dg tmll; ¢ + TSR

1 a H2 COQHw”2 Q||h||2 Q
14 HDO,tum 2,0 + 705 2h3 ’

IN

IN

‘hl Jo bz t)|um|p*2umwdx Jo Mz, t) D§ e
< el el o 1Dgetn g Il
e ot
<O el it Q|u||m+x||Vu||m) | D8 em,
< B Dgallg + 70T OF o 1

o V| wdz [, h(w, t)D&tumd:c’

2—q

|h1 (fQ|Vum|2dx) (fQ jw|7= qu) ’ HhHQ,QHD&tUmHQ,Q

| /\

1 N—2
)N <fQ ‘D&tum|%d$) 2N

; 2
< Vw5 0 19077 lwllo 1ello.0 | D5 im0, < 35 |1 D5 st ., + Co

N+2

‘fﬂ |Vum|qD8"tumdx} < <fQ |Vum|mdx> fQ |D(O)é,tum|mdm>

< Cn HV“mHgQ HVD&tUmHg,Q < % HDS‘,tV“mHQ,Q + Ca.

N

Similarly, we estimate for the case when 1 < g <1+ < N, 2<p< N 2, N > 3.

—2
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3a?

a < X
a0 [ T D5 Tt a”D Tty + 5 1Vl

‘—/Qc(m,t)umD&tumdx < HD tum||29+3601 ||um||29
fo b(w,t)\um]p_QumDatumdw’ <b fQ |t [P Dyt | d
N_2
< b1 (Jo lumlPda)* (Jo lunl ™5 dw) ™ (fo |DG il F2d)
3p—4

<0G (D5 T < G+ 305,V

2x

= [ D o(t)h(a, t)Dgitumdx\

| 0t90| | 0t¥7|

< Ty Ml || D8 il < 35 D8+ = Il
| fo VunVeds [, b, 1) Dg ]
< o IDg 2+ ”W”Z? a2,
1—12HD(?¢umHm 3HVWHZ§HhHm .
L e, tumewda [, h( g“tumda:‘
602

|h | ||um||2Q ||WH2Q HDO tumHQQ ||h||2Q

36k w30 A3
= D5 [ + =2 o llumlz

Cho Hsz o 20
12

HD 0,t mH2Q 3Cs

‘i be z, )| [P upwde [ h(x,t)D&tumd:B‘

|h | lamlly g 1oll 0 (| D8 ]| g 1l

p—1 bl ;1
<07 rlela bl (||u||m Fx(IVula) * (| Dg il

b
< 5 ID5aunl} 4307 2 2 el il

1
i Jo VU |fwdz [, h(z,t)Dg tmda

7‘1

< i (o |V Pd)E (fo lwl755d2) ™ [l D5 ]
1
< [Vl o 19077 ol [10llo | Dl < 15 1D [, o + Co



16 Solvability of inverse problem of a pseudoparabolic ...

Substituting the obtained inequalities into , we have
108 wlls o, + X/ DG V| , < Cs, for all t € [0,7],T < T, (27)

Now we multiply by Ajum;(t) and X\;jDg vm;(t) and sum up by j = 1,...,m. Similarly,
doing the same calculations as in obtaining estimates and , as a result we have the
following estimates

| Al o + X[| D5 A5, < Co, forall te[0,T], T <T, (28)

3.3 Limit transition.

The obtained estimates , and for0<qg <1+ %, N > 3, imply the following
statements, respectively:
0
Uy, 18 bounded in Lo (0,T; WHQ)) N Loo(0,T; WE(K2)),
0

Dg umis bounded in Lo (0,15 Wy () N Loo (0, T; W5 (€2)),

Moreover, due to the conditions on p:
U [P, 15 bounded in Loo(0,T; L»(Q),2<p< <&, N >3.

The above reasoning allows us to pass to the limit in .

4 Uniqueness of a weak generalized solution.

Theorem 2 Assume that holds and 1 < q < 1+ %, 2<p< ]\Q,—TQ, N > 3. Then the

generalized solution of the problem @ - on the interval (0, T') is unique.

Proof 3 Suppose that the problem (6)) - (7)) has two solutions: ui(x,t) and us(z,t). Then their
difference u(x,t) = uy(z,t) — ua(x,t) satisfies the homogeneous initial condition u(x,0) = 0
and the equality

Er
= Jo 0(z, 7) (Jur[P7?uy — Jua|P~2ur) wdz + [, (IVua]® = [Vug|?) wdz
+ Jo(F(ur, 1) — F(ug, 7)) hwdz.

Ja (D&tu cw+x N, Dg, <8“> : g—;‘i + aVuVw + ¢(z, t)uw) dx

Due to w(x,t) € Ly(Qr), as w(x,t) we can take u(x,t), i.e. put w(x,t) = u(x,t)
Jo (D§u-w+ xD§,Vu - Vu+ a|Vul]? + ¢(x, t)|ul?) de =
= Jo bz, 7) (Jua [P~Pur — |ua P~2un) udz + [ (IVu|* = [Vuo|*) udz (29)
+ [o(F(uy, 7) — F(uy, 7)) hudz.

Using the in equality

[Jur™ = o™ < m (a7 + ™) s — wof ,m > 0,

[ [™uy — Jua| " us| < (m+ 1) (Jug[™ + [ua|™) Jug — ug|, m > 0.
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to the right-hand side of @, we have
| [0z, 7) (Jur [P = Juo ") udz| < by(p— 1) f (lua P72 + [ua]?~?) udw

N—-2

< bilp - (fﬂ<|u1|”+\ur“ )fumdx A
< o= ) ((Jalun 5 ) 4 (Jylual ™5 ) ) (Jpusa) T

0 0
Then by the Sobolev embedding theorem W3 (2) C L an () and W3(Q) C Lyw-2(Q), 2 <

N-—-2

p<N2

In this case, taking into account smoothness class of solutions uy(x,t) and us(z,t), we get
the estimate:

/ bz, 7) (Jur [P ur — [uelP"%us) udz
Q

Similarly, we estimate

<G (Jull3q + X IVule) (30)

| o, (IVu]? = [Vus|") udz| < q [, (\Vul\q ' Vg |q N |Vl |u|da:
< (Jo (ol Vel"™) " o) ™ (Jy ul”da)? (J [V )
<a( (ol Tul V) V4 (fg Tl V) )

N-—2
< (Jyutzde) ™ ([, 1VuP dr)* < G (Jul g+ x [Vuls,)

1
‘h_ Jo b, ) ([w[P~2ur — JuaP~?us) wdz [, hudz
1

wibi(p—1 B B
< S il g o (P + ™) ulds
w1b1(p—1) 1 _ _oN2 3
< S0 (o (b= - ual=2) )l gl
wiby(p — 1) RS VPN (31)
< ool (Jaunb s+ =) o)™ (Jouede) ™ Il g
w1b1(p— ) 1 ) N(p 2) N
< 200t g (S b ) ¥ (Jy b))
N-—2
2N 2N
< (Jpui=da) ™ Julyg < Cs ([l + x I Vulg)
|-a f, VuVewds f, hudz| < i [Vl o Vel ulyq 1Al )
< Gl o+ xIVull})
(33)

fﬂ ot hude| < 5 8 lllog el 1l 1Al

< E ol Wllg uli2a < Cs (llulg + X IVullg) -
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Due to - and Lemma 3.4, we obtain
a
5D8, [ollul® + x| Vul?|de + 5 Jo IVul?dz + Coy [, |ul*da

(34)
< Gy (||u||§,g +xIVulg)

Denote y(t) = [,[lul* + x|Vu|?|dz, then inequality (34) can be written in the following
form

D y(t) + Coy(t) < Coyl(t),
y(0) =0,

hence, Having applied lemma of Gronwall-Bellman [46], we obtain the validity of the following
estimation we get:

lu(z, 0)|5.0 + X [IVu(z,0) 54 <
< Myy(0)Ea, ((oﬁr(a))é ta) —0, 0<t<T < oo,

which implies [,[|ul* + x|Vu|*|dz = 0 almost everywhere on the time interval (0,T'), which
means uniqueness of the weak generalized solution.

From Lemma 1, we can establish solvability of the inverse problem - . Let u(x,t)
be a solution to the initial-boundary value problem - @) from the space u € Vi (Qr)
(Theorem 1). Obviously, the function f(t) from belongs to the space Loo(0,T). This
proved statement means that the found functions u(x,t) and f(t) give a weak solution to the
1mverse problem.

5 Numerical example. Formulation of the problem

We consider the problem

ou|?

ox

= |u|’u+

+f(Oh(z, 1),

80'5u B 80.5 a2u B 82u
0t05  9t05 \ Ox2 02

u(z,0) =0, u(0,t) =u(l,t)=0,

/0 w(z, t)(w(z) —w"(x))dx = e(t),

where p = 4,q=5,w w(z) =x —x,e(t):® E_I—t’

) x—x2)+%( t+2)+2<§+\/1_5>

1 4
v (Gt
5 3 1
+18) (@ = a?)’ — |5+ 1F ] - 202,

x,t)
11
— (& +
( ;
We reduce the inverse problem to the direct problem

aO.Su 80.5 <82U) 82’&

q

+ F (t,u) h(z, t),

ox

_ 0
- Yy |
ot0-5  9t05 \ Ox2 02
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u(z,0) =0, u(0,t) =u(l,t) =0,
where
t)+ fol Uy - W' (z)dr — fol ul’"*u - w(x)de — fol 241" w(z)da
ha(t) ’

hi(t) = fol h(zx,t) - w(z)dz = 301\1/_ (215 + 1) + é <t_ + \/)

11 3
L (2 o L
[ — JE— 6 _ — | —
1260 \ 2 212

To solve the problem, we apply numerical methods. To check the obtained solutions, the
numerical solutions are compared with the analytical form, which looks like as u(z,t) =

(5+1) (=22, 1(t) = VE

DO&
F(t,u) = 0.

2

5.1 Numerical algorithm

For a numerical solution of the posed problem, finite difference approximation is used. To
discretize the fractional differential operator, the Grunwald-Letnikov definition is used.

+1-j +1-j ntl-j
1 n+1 un+1—k (a) i 1 Zn—i—l (uzrl T —2u] Tpul™ J) o B
Ate 2ak=0 Ui k Ate 24j=0 Az? j

(2T o) g " F (t w)h(ty),

1 1
Az

where (‘;) is a generalization of binomial coefficients.
The basis of the numerical method is the Thomas algorithm, which can be reduced to
such an analogue as

1 1 1
Aultl + Bul 't + Cult! = d;,

where A = (—1), B=2+ Az?), C = (-1);

di= At* <A1’2F(tn, w) - b, ty) +uly — 2ul +ul + Ax?|uf PPl 4 Artd |2 _Au?‘l
+Zn+1 ( ) ( Z-:f—k _ 2u?+1—k i u;zj—ll—k_ AIQU?H—/C).

The problem is reduced to solving a system of linear equations:

).

Buit™ 4+ Aubtt =d,, i =1,
Cu"+1 + Bu”+1 + Aul! = dl-, i=1,N—1,
C’u"+1 + Bu"Jrl =dy, i =N.

We solve the numerical solution in the form

n+1l __ n+1
ui ™ = oquy + B,

A B = di—CBi—1
B+CO¢1 1’ L B+CO‘1 1’

To find the value of ap, By, uy'', we use boundary value conditions.

where o; = —



20

Solvability of inverse problem of a pseudoparabolic ...

u(x,t)

Figure 1: Comparison of the obtained numerical results with the analytical results

u(x,t)
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Figure 2: Change in time u(x,t) at x=0.5
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value

t=1

Figure 3: Change in absolute value at over time

2t = |u(wy, t,) — w(ws, t,)|, where u(z,t) — analytical solution,
w(zx,t) — numerical solution n = 1500

At Az MaZo<icNi1|2']
1073 1/10 0,00028
1/20 0,00012
1/40 0,00015
1/80 0.00017
1/100 0.00018
1/160 0.00019
10~* 1/10 2,81 %1075
1/20 1,14 %1075
1/40 1,4%107°
1/80 1,6 %107°
1/100 1,65 %107°
1/160 1,73%107°
107° 1/10 2,83 % 107°
1/20 1,14 %1076
1/40 1,38%10°°
1/80 1,57 %107°
1/100 1,62 %1076
1/160 1,70 %« 1076
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t=1

0.009
0.008
0.007
0.006
0.005
0.004
0.003
0.002
0.001

[F(t,u)-f(t)]

o
)

0 0.2

Figure 4: Comparison of F(t,u) and f(t) at versus time

6 Conclusion

The paper combines rigorous mathematical analysis with practical methods of numerical
solution, which makes it a significant contribution to the study of inverse problems with
fractional derivatives. The proof of the existence and uniqueness of solutions, as well as the
development of an algorithm and numerical experiments, provide a comprehensive approach
to studying the problem under consideration. The results obtained can be useful for specialists
involved in both the theory of fractional equations and their applications in various scientific

and engineering problems.
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