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SYMMETRIC BANACH-KANTOROVICH SPACES

Let B be a complete Boolean algebra, let Q(B) be the Stone compact of B, let C, (Q(B)) be the
commutative unital algebra of all continuous functions = : Q(B) — [—00, +00], possibly assuming
the values +00 on nowhere-dense subsets of Q(B). We consider Maharam measure m defined on
B, which takes values in the algebra L° of all real measurable functions. With the help of the
property of equimeasurability of elements from Co.(Q(B)), associated with such a measure m, the
notion of a symmetric Banach-Kantorovich space (E, || - |g) over L° is introduced and studied in
detail. Here E C C(Q(B)), and |- |g — L%-valued norm in F, endowing it with the structure of
a Banach-Kantorovich space. Examples of symmetric Banach-Kantorovich spaces are given, which
are vector-valued analogues of classical LP-spaces for 1 < p < oo, associated with a numerical
o-finite measure.

Key words:: the Banach-Kantorovich space, order complete vector lattice, vector-valued measure,
vector integration, symmetric space.

B.U. Yuun, I''B. 3akuposa*
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Cummerpusinbik, Banax-KanropoBud KeHicrikTepi

B roabik Gysbaik anrebpa, Q(B) B 6yabjik anrebpara CoifKec Kesylni CTOYHJIIK KOMIAKT 6OJI-
et xone L0 (B) := Cu (Q (B)) Q(B)- na anbikTasran xkone + mousepa Q(B)-1arst e xepje
THIFBI3 6OJIMAFaH KUBIHIAPAA FaHA KabblinaiiTeH © : Q (B) — [—o00, 4+ 00] 6apisik e3iiiccis GyHK-
MUATAPIbIH airebpack 607chH. MarapaMubs, BekTop Monai m : B — L0 () emmemmepi xapac-
TBIPBUIAJIBI, OJIAPJBIH MOHIEpP] esneMi o-akpipibl Goaran (2, X, 1) esnemMal KeHiCTIKTeri HAKThI
emmeMIl DYHKIHAIAPFa TepJiK Gap/bIK JKepie TeH 6apJblK Kiaaccrapabiy L0 (Q) asnrebpacobiaza
0oJ1aabI. M eJIIIeMMeH OailTaHbICKaH LO(B ) - JIAFBI SJIEMEHTTEP/IIH TEHOJIIIEM ITIK KACHET] KOMeri-
ven (B, ||| ) cnvmerpusiibik Banax-Kanroposud kenicriri Tyciuiri enrisineni, mynna E C LO(B),
|- |z E—neri L° (Q)-monsai Hopma, 6y HopMa oran Banax-KaHTOpoBIY KeHiCTIriHIH KyPBLIBIMBIH
6epeni. Cummerpustipik Banax-KanropoBud kenicririne Mpicaimap KeJTipijemi, oap CaHmbIK o-
aKBIPJIbI OJIIeMMeH OailTaHbIicKaH KiaaccukaablK LP, 1 < p < 00 KEHICTIKTep/iiH, BEKTOP MOHII

aHaAJIOrTaphbl OOJIaTHI.
Tyitin ce3mep: BeKTOPJBIK uHTEerpasaay, Marapam esmiemi, Tex osmeM, banax — Kanroposud

KEeHICTIri.
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TamkeHTCKUil TOCYIAPCTBEHHBIN TPAHCIOPTHBINA yHUBEPCUTET, TAIKEHT, ¥Y30€KuCTaHn
*e-mail: zg1090Qlist.ru
Cummerpuynble npocTtpancTBa Banaxa-Kaunroposuyua

[Tycrs B npousBosibHas 10JiHast OyiieBa airebpa, (Q(B) cTOyHOBCKUI KOMIIAKT, COOTBETCTBYIONIHI
Gynesoit anre6pe B u L°(B) := Cu(Q(B)) anrebpa Bcex HempepbIBHbIX dbynkmuit = : Q(B) —
[—00, +00], onpenenensbix Ha Q(B) n NIPUHEMAOINX 3HAYEHHsI £0O JIMIIb HA HUIVIE He IIOT-
HBIX MHOXKecTBax n3 Q(B). PaccmarpuBaioTcs BeKTOpHO3HAYHBIE Mepbl Marapam m : B — LO(Q)
co sHadenusmu B anrebpe L(Q) Bcex KaccoB paBHBIX TIOYTH BCIOLY JEHCTBUTEIHLHBIX H3MEPH-
MbIX dyHKIMI Ha u3MepuMoM npocrpanctse (2, X, i) ¢ o-koneunoii Mepoii. C 11oMoIpio cBoicTBa
pasHOM3MepuMocTH dy1eMenTon u3 L0 (B), accomunpoBaHHOTO ¢ TaKOit Mepoii 11, BBOJUTCS MOHATHE
CUMMeTpHYHOTO pocTpancTsa Banaxa-Kantoposnua (E, ||-|g) van LO(Q), e E C LO(B),u |||
— L%(Q)-3naunas nopma B E, HaJesIsiomas ero CTPYKTYpoil mpocTpancTsa Banaxa-KanToposna.
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ITpuBoasiTcss mpuMepbl CHMMETPUIHBIX TpocTpaHcTB banaxa-KanTopoBuda, sBIISIONUXCS BEKTOP-
HO3HAYHBIME aHAJOraMu Kiaccudeckux LP-nipoctpancrs, 1 < p < 00, aCCOMUUPOBAHHBIX C IHCJIO-

BOI 0-KOHEYHOH MEpOi.
KuroueBble ciioBa: BeKTOpHOE HHTErpUpoBanue, Mepa Marapam, paBHOM3MEPUMOCTb, ITPOCTPAH-

crBo Banaxa - Kanroposuya.

Introduction

The development of the theory of Banach-Kantorovich space theory began with the
construction of integration for measures with the values in order complete vector lattice
(K-spaces), in particular, in the algebra L°(Q) of all classes of almost everywhere equal real
measurable functions on the measurable space (€2, 3, i) with a o-finite numerical measure .
Important examples of the Banach-Kantorovich spaces include the "vector-valued" analogues
of the L,-spaces, 1 < p < oo [1], 2], and the Orlicz spaces [3|, [4], [5]. If € is a singleton,
then the class of Banach-Kantorovich spaces coincides with the class of real Banach spaces,
important examples of which are functional symmetric spaces. The theory of symmetric
spaces contains many profound results and has important applications in a wide variety of
fields of function theory and functional analysis, in particular, in the theory interpolation
of linear operators, ergodic theory and harmonic analysis (see for example, [6], |7], [8]). The
development of the theory of Banach-Kantorovich spaces naturally involves the introduction
and study of symmetric Banach-Kantorovich spaces. In this paper, we consider a measure m
defined on a complete Boolean algebra B, which takes on value in the algebra L°(Q). With
the help of this measure, the associated distribution function for elements of the algebra
L°(B) = C(Q(B)) of all continuous functions = : Q(B) — R = [~00, +00], defined on
the Stone compact Q(B) of a Boolean algebra B, such that z7!({£o00}) is a nowhere dense
subsets of Q(B), is determined. Then the notion of a symmetric Banach-Kantorovich space
(E,||-|g) over L°(Q) is introduced, where E C L°(B) and || - ||z — L°(Q)-valued norm in F,
endowing it with the structure of the Banach-Kantorovich space. Examples of symmetric
Banach-Kantorovich spaces are given, which are vector-valued analogues of classical LP-
spaces, 1 < p < 00, associated with a numerical o-finite measure. Throughout the paper, we
use the terminology and notation of the theory of Boolean algebras [9], an order complete
vector lattice [10], the theory of vector integration and the theory of Banach-Kantorovich
spaces |1, as well as the terminology of the general theory of symmetric spaces [6].

1 Preliminaries

Let (Q,3, 1) be a measurable space with o-finite measure u, and let L°(Q2) = L°(Q, %, )
be the algebra of all real measurable functions on (€2, %, ) (functions coinciding almost
everywhere are identified). L°(€2) is an order complete vector lattice with respect to the
natural partial order (f < g< ¢g— f >0 almost everywhere). The weak unit is 1(w) = 1,
and the set B(Q2) of all idempotents in L°((2) is a complete Boolean algebra. Denote L°(2), =
{feL’0): f>0}

Let X be a vector space over the field R of real numbers. A mapping ||-|| : X — L°(Q)
is called an L°(Q)-valued norm on X if the following relations hold for any z,y € X and
AeR:

(1) [lz]l = 0, [zl = 0 & 2 = 0;
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(2) [zl = [A] ll=[[;

(3) [l +yll < l=ll + llyll

The pair (X, ||-]]) is called a lattice-normed space over L(2). A lattice-normed space X is
said to be d-decomposable if for any x € X and any decomposition ||z| = f; + f2 into a sum
of nonnegative disjoint elements fi, fo € L%(f2), there exist z1, 7o € X such that x = z; + zo,
lz1]l = f1 and [zof| = fo.

A net {zy}aea of elements of (X, || -|) is said to (bo)-converge to x € X if the net
{llz — 24|l }aca (0)-converges to zero in L°(S2), that is, there exists a decreasing net {f,} er
in L°(Q2) such that f, | 0 and for each v € T’ there is «a(y) € A with ||z — z.]] < f,
(a > a(y)) [1} 1.3.4] (note, that the o-convergence of a net in L°(Q) is equivalent to its
convergence almost everywhere). A net {7q}aea C X is called (bo)-fundamental if the net
{za — 28} (ap)caxa (bo)-converges to zero.

The Banach-Kantorovich space over L(€) is defined as a (bo)-complete d-decomposable
lattice-normed space over L°(Q2). If a Banach Kantorovich space (X, || - ||) is in addition a
vector lattice and the norm || -|| is monotone (i.e. the conditions |z| < |y| implies ||z|| < ||y||
for z,9 € X ) then it is called a Banach-Kantorovich lattice over L°(Q) (see [1], [2]). Useful
examples of Banach-Kantorovich lattices are constructed using vector integration theory. Let
us recall some basic notions of the theory of vector integration (see [1], [2]).

Let B be a arbitrary complete Boolean algebra with zero 0 and unit 1. A mapping
m: B — L°(Q) is called a L°(Q)-valued measure if it satisfies the following conditions:

1) m(e) > 0 for all e € B;

2) m(eV g) = m(e) + m(g) for any e,g € B with e A g = 0;

3) m(ey) | 0 for any net e, | 0, {e,} C B.

A measure m is said to be strictly positive, if m(e) = 0 implies e = 0. In this case, B is
a Boolean algebra of countable type, thus, in condition 3) above, instead of the net e, | O,
one can take a sequence e, | 0, {e,}nen C B.

A strictly positive L°(2)-valued measure m is said to be decomposable, if for any e € B
and a decomposition m(e) = fi + fo, fi,f2 € L%(Q), there exist e;,eo € B, such that
e =e Ve m(er) = fi and m(ez) = fo. A measure m is decomposable if and only if
it is a Maharam measure, that is, the measure m is strictly positive and for any e € B,
0 < f<m(e), fe L), there exist ¢ € B, q < e, such that m(q) = f |11].

The following statement shows that, in the case of the Maharam measure m, there is a
natural embedding of the Boolean algebra B(f2) into the Boolean algebra B.

Proposition 1 ( [12], Proposition 2.3) . For each L°(Q)-valued Maharam measure m :
B — L°(Q) there exists a unique injective completely additive Boolean homomorphism ¢ :
B(Q2) — B such that ¢(B(R)) is a reqular Boolean subalgebra of B, and m(p(q)e) = gm(e)
for all g € B(Y), e € B.

Let Q(B) be the Stone compact of a complete Boolean algebra B, and let L°(B) :=
Cx(Q(B)) be the algebra of all continuous functions z : Q(B) — [—00,400], such that
71 ({£o00}) is a nowhere dense subsets of Q(B). Denotes by C(Q(B)) the Banach algebra of

all continuous real functions on @Q(B) with the uniform norm ||z||.c = sup |z(t)].
teQ(B)
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We denote by s(z) := sup{|x| > n~'}, the support of an element z € L°(B), where
n>1

{lx| > A} € B is the characteristic function yg, of the set E, which is the closure in Q(B)
of the set {t € Q(B) : |z(t)| > A}, A € R.

Let m : B — L%()) be a Maharam measure. We identify B with the complete Boolean
algebra of all idempotents in L°(B), i.e., we assume B C L°(B). By Proposition 1, there exists
a regular Boolean subalgebra V(m) in B and a Boolean isomorphism ¢ from B(f2) onto
V(m) such that m(p(q)e) = gm(e) for all ¢ € B(Q2), e € B. In this case, the algebra L°(Q)
is identified with the algebra L°(V(m)) = C.o(Q(V(m))) (the corresponding isomorphism
will also be denoted by ), and the algebra C.(Q(V(m))) itself can be considered as a
subalgebra and as a regular vector sublattice in L°(B) = C(Q(B)) (this means that the
exact upper and lower bounds for bounded subsets of L°(V(m)) are the same in L°(B) and
in L°(V(m)). In addition, L°(B) is an L°(V(m))-module.

Denote by S(B) the vector sublattice of L°(B) comprising all B-simple (finite-valued)

elements, i.e. z € S(B) means, that there is a representation x = > aye;, where g, ..., a, €
i=1
R and ey,...,e, € B are pairwise disjoint. Let m : B — L) be a strongly positive

measure on a complete Boolean algebra B. If © € S(B) then we put by definition
I, (z) = / xdm = Zakm(ek) (x € §(B)).
k=1

This formula correctly defines a linear order continuous operator I,,, : S(B) — L°(Q) |1, 6.1.1,
6.1.2].

We say that a positive element x € L°(B) is integrable by m, or m-integrable if there is
an increasing sequence (,)nen of positive elements in S(B) (0)-converging in L°(B) to x and

the supremum sup | z, dm existing in L°. In this case, the sequence of integrals (1, () )nen
neN
is (0)-fundamental sequence (see |1, 6.1.3]). Therefore, we may define the integral of x by

putting
I (x) ::/ xdm = (0)- lim [ z,dm.

n—oo

An element z € L°(B) is integrable (= m-integrable), if its positive part x, and the
negative part z_ are integrable. Denote by L'(B,m) the set of all integrable elements and,
given r € L'(B,m), put

nta) = [ wdmi= [ aodm [ o am

It is known, that L'(B,m) is an order-dense ideal in L°(B) and I,,, : L'(B,m) — L°(Q)
is a linear operator. For each x € LY(B,m), let ||z, := [ |z|dm. Then (L'(B,m), ||z||1,m)
is a lattice-normed space over L(Q) (see |1, 6.1.3]).

Let p > 1, and let
17(B,m) = {x € L°(B) : |a}" € L'(B,m)},

1
||| pm == [/\x!”dm]", x € LP(B,m).

The following is known
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Theorem 1 ( [1/, [2]). Let m: B — L%Q) be a Maharam measure. Then
(). (LY(B,m),||z||im) s a Banach-Kantorovich space over L°(2), moreover,

LNV (m)) - L (B,m)  L'(B,m), / ola)zdm = a / dm,

for every x € LY(B,m), «a € L°(Q);
(ii). (LP(B,m), ||x|lpm) is a Banach-Kantorovich space over L°(12).

In what follows we identify ©(L°(Q2)) and L°(V(m)), and instead of ¢(f) we will write
f e L.

The element z € L°(B) is called L%(Q)-bounded, if there exists an element f € L%(Q),
such that |z| < f. Denote by L>(B,L°(f2)) the set of all L°(Q)-bounded elements from
L°(B). Tt is clear that L>(B, L)) is a subalgebra in L°(B), as well as order complete
vector sublattice in L°(B), moreover, L°(Q) C L>(B, L°(Q2)), C(Q(B)) C L>(B, L°(Q)).

For each = € L*°(B, L°(Q) put

lelloo oty = iE(F € L), : [2] < f}.
It follows directly from the definition of element ||z||o zo() € L)+ that |z| < [|z|so,r0(0)-
Proposition 2 ( [13], Propositions 4 and 5) . The map
I loe.zoq@ = L(B, L7(€2)) — LY(Q)

is a L°(Q)-valued d-decomposable norm on L>*(B,L°(Q)). Moreover, if |y| < |z|, y,z €
L>(B, L%(Q)), then [[yllce,o@) < lI#]lso,Lo@)-

Theorem 2 . (L>(B,L°(Q)), || - [|co,z0()) %s the Banach-Kantorovich lattice over L°(S)

Proof. According to Proposition 2, (L>(B, L°(Q)), || |oc,r0(0)) is & d-decomposable lattice-
normed space over L°(£2).

It remains to show that this lattice-normed space is (bo)-complete. Take an (bo)-
fundamental net {z,}aca C L>®(B,L°(Q)). Then by the definition of fundamentality, net
(ta — %8)(a8)caxa  (bo)-converges to zero. Hence, there exists a net {h,},er | 0, hy €
L>(B, L°(2)) such that for any h, there is «a(y) € A, that

|Ta — 28] < ||Ta — 25]|0o,00(0) < hy forall a>aly), B> aly). (1)

This means that the net {z,}aca is a (0)-fundamental net from order complete vector lattice
L>(B,L°(€2)). Consequently, this net (o0)-converges in L*(B, L°(Q2)), i.e., there exists an

element x € L>(B, LY(Q)), for which z, ) 4 In particular, for each fixed 8 > «(y) the
net {Zo — Tstaca, aa(y) (0)-converges in L(B, L(2)) to element @ — x4(,). Hence by (1)
we have |z —x5| < h, € L®(B,L%(Q)) for all B > «a(vy), which implies the inequality

|z — 25]|00,00(02)) < by forall B> a(y).

This means that the net {z,}aca (bo)-converges to the element x € L>(B, L°(Q)). O
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2 Symmetric spaces of Banach-Kantorovich

Denote by L°(€2). the set of all positive elements A € LY (Q) such that s(\) = 1. It is clear
that for any A\ € L°(Q),, there exists A\™' € L°(Q),, such that A- A\7! = 1.

Let m be L°(Q2)-valued Maharam measure on a complete Boolean algebra B. In the rest
of this section we assume that m(1) = 1.

Definition 1 . Let 0 < z € L°(B) and h € LY (). The L°(Q)-valued distribution
function n, : LY (Q) — LY(Q); is defined by setting

ne(h) :=m({x > h}),

where {x > h} € B is the idempotent in the algebra LY(B), which is the characteristic
function X,z of the closure Ey(x) of the set {s € Q(B) : x(s) > h(s)}.

Proposition 3 . A mapping n, is decreasing, and right-continuous, that is, if h, €
LY, (Q),n=0,1,..., and h, | ho, then ny(ho) = sglzl) Ne(hy)

Proof. The first statement follows from the following implications
h1 < hy = Eh1 (x) D) Eh2($> = {x > hl} > {IE > hg} = 7]36<h1) > ﬁx(hg)

To establish right-continuity, let ¢, = {x > h}, (h € L} (Q)), and fix hy € LI, (Q).
The sets Ej,, (z) increase as h,, decreases, and Ej,(z) = |J Ep,(z). Hence, by the monotone
n=1

convergence property of measure m,

Ne(hn) = m(qn,) T mM(qne) = Ne(ho). O

Proposition 4 . Suppose x,y,x, (n = 1,2,...) belong to L°(B), and let h,g € LY (Q).
Then

() of |z < |yl, then mg (k) < my (h);

(“) ng|m|(h) = 77\z|(§);

(46i) if £ >0,y >0, hy,hy € LY (Q), then nyyy(h1 + he) < ny(he) + ny(he);

() if |zn| 1 |z], then ng,|(h) T N (h) for every h e LY (Q).

Proof. (7). If |z| < |y, then {|z| > h} < {|y| > h}. Consequently,
Mei(h) = m({|z| > h}) <m({ly| > h}) = ny(h).

(i1). Nglal (h) = m({glz| > h}) = m({|z| > £}) = nu (5)-

(it7). If s € Q(B) and x(s) + y(s) > hi(s) + ha(s), then either z(s) > hy(s) or
y(s) > ha(s). Therefore {x +y > hy + ha} < {x > h1} V {y > hyo}. Consequently,

Nety(h1 4+ ho) =m({x +y > hy + ha}) <m({z > hi}) + m{y > ha}) = nu(ha) + 0y (he).

(iv). We fix h € LY, (Q) and put Gi(z) = {s € Q(B) : |z(s)| > h(s)}, Gr(x,) = {s €
Q(B) : |za(s)| > h(s)}, (n = 1,2,...). Since |z,| < |zpyal, then Gi(z,) C Grp(Tpir).
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Furthermore, the condition |z,| 1 |z| imply that Gi(z) = | Gi(z,). Hence, by the
n=1

monotone convergence property of measure m,

Man| () = m({|zn| > h}) T m{{|z| > h}) = ne(h). O
Examples 1 . 1. Letz=e€ B and he L9, (). Then
ne(h) =m({e > h}) =mle), if h<1, andn.(h) =0, if h>1.
2. It will be worthwhile to formally compute the L°(Q)-valued distribution function n, of
a positive B-simple element x € S(B). Suppose

n
Tr = § Ak Cr,
k=1

where o, . .., o, € RT =(0,00), and ey, ..., e, are pairwise disjoint elements of B. Without
loss of generality we may assume that ay > as > ... > a, > 0. If h € L} (Q) and
h > ay -1, then clearly n,(h) = 0. However, if as -1 < h < ay -1, then {x > h} = ey,
and so ny(h) = m(ey). Similarly, if ag-1 < h < ay -1, then {x > h} = e; V ez, and so
nz(h) = m(e; Vea) = m(er) + m(ez). In general, we have

k
ne(h) = mle;) if apsr1-1<h<ap-1(helLl (Q),

i=1
where k=1,2,...,n, and ap.1 =0.
Definition 2 . Positive elements x,y € L°(B) are called m-equimeasurable, if n, = n,, i.e.,
m{z > h} =m{y > h}
for all h € LY ().
Examples 2 . 1. Two idempotents e1,es € B are m-equimeasurable if and only if m(e;) =
m(es) (see Example 1.1.)
2. Let v,y € S(B)y, v =Y apep and y = > Prgr, where ag, fbr € Ry, a1 > ay >
k=1

- k=1
o>, >0, B> By > ... > 06,>0, and {ex}, respectively, {gr} are pairwise disjoint

elements of B. By Example 1.2, we have

k
ne(h) = Zm(ei) if a1 1< h<ag-1,

=1

k
ny(h) =Y m(g:) if Brer 1< h<pBi-1(hell (Q),
=1

where k=1,2,...,n, and api1 = Ppi1 =0.

k k
From equality n,(t) = n,(t) we get ay, = f and > m(e;) =Y m(g) forallk =1,...,n.
=1 =1

=

Of the last equalities by k = 1 we have m(e;) = m(gy). Further, if k = 2 the equality



V.I. Chilin, G.B. Zakirova 87

m(er) + m(e2) = m(g1) + m(ga) is true, thus m(es) = m(gs), etc., when k = n we get
m(en) = 1m(gn)-

Thus the elements x and y m-equimeasurable if and only if ap = Br and m(ex) =
m(gy) forall k=1,....n

3. If x and vy are positive elements of LY(B) and m{z >t-1} =m{y > t-1} for all
t >0, then

m{x <t-1}=m{y<t-1} and m{s-1<x<t-1}=m{s-1<y<t-1}

forany 0 < s < t.
Indeed, m{z <t-1} =m(1)—m{z >t -1} =mQ) —m{y>t-1} =m{y <t-1}.
Further, using the equalities {s-1 <z <t-1}={r>s-1} —{z>t-1},{s-1 <y <
t-1}={y>s-1} —{y >t-1}, we get

m{s-1<z<t-1}=m{r>s-1} —m{z >t -1} =
m{y>s-1}—m{y>t-1} =m{s-1 <y <t-1}.
The following theorem establishes the equality of integrals for m-equimeasurable elements.

Theorem 3 . If x,y are m-equimeasurable, where y € L*(B,m), then x € L*(B,m) and
[ zdm = [ ydm.

Proof. Let x,y € S(B);, * =Y axer, and y = > Brgr. Then by m-equimeasurable
k=1 k=1
x and y (see Example 2.2.),

/Sﬁdm = iakm(ek) = iﬁkm@k) = /ydm.

Let now x € L%B);, 0 <y € L'(B,m) and 7, = n,. Let us, first assume that
y € C(Q(B)). Recall that by assumption m(1) = 1, and therefore C(Q(B)) C L'(B,m)),
in this case, ||yll1m < [|ylleol. Without loss of generality we may assume that ||y < 1.

Since 1, =1, then m{z >1} =m{y > 1} =0, that is ||z]~ < 1.
Consider the following two increasing sequences of positive simple elements

2m 2m

Z Lew) 13, yn—(zk Lo 1y,

2n
k=1 k=1

Wheree:{ 1<:c<2in 1}, gk:{k—’nl-1<y§2%-1}.Since77x:77y,then
m(ex) = m(gx) (see example 2.3.), and therefore
on on
k—1 k—1
/%‘ndmz Z on m(ey) = Z on m(gr) = /ynme/ydm-
k=1 k=1
Hence,

/xdm = (0)- lim [ x,dm = /ydm.
n—oo
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Now let y be an arbitrary positive element L'(B,m). Consider two increasing sequences
of positive elements of C(Q(B))

InziﬂpnTﬂf, yn:anTyy
where p, ={x <n-1}, ¢, ={y <n-1}. Using example 2.3., we obtain
m{z, >t- 1} =m{zp, >t -1} =m{t- 1<z <n-1}=m{t-1<y<n-1} =

=m{yg, >t-1} =m{y, >t-1}

for any t € R*. Since y, is an integrable element of C(Q(B)), it follows from the above,
that f Tpdm = fyndm. At the same time, there is a limit

n—o0 n—o0

(0)- lim [ z,dm = (0)- lim [ y,dm = /ydm.

Hence x € L'(B,m) and [zdm = [ydm. O

Corollary 1 . Let 0 < x € L%B) and 0 <y € LP(B,m), p > 1. If = and y m-
equimeasurable, then x € LP(B,m) and ||z|/pm = |Yllpm-

Proof. Since y? € L'(B,m) and
m{:rp>t-1}:m{a:>t%~1}:m{y>t%-1}:m{y”>t-l}

for any t € R*, p > 1, then for the elements 27 and y? the proof of Theorem 3 is preserved,
by virtue of which we obtain

2P € LY(B, m) and /x”dm = /ypdm,
ie.x € LP(B,m) and |zlpm = |Yllpm. O

Definition 3 . Let E - be a nonzero linear subspace in L°(B) with the property of ideality,
i.e. forx € L%(B) andy € E, from |z| <l|y| it follows that x € E. Consider the L°(2)-
valued norm ||-||g on E, which endows E with the structure of a Banach-Kantorovich lattice.
We say that E is a symmetric Banach-Kantorovich space over L°(Q), if m-equimeasurablity of
the elements x and y, where x € L°(B),, 0 <y € E, implies that x € E and ||z||g = ||y| &

The main and most important examples of symmetric Banach-Kantorovich spaces are the
spaces LP(B,m), 1 < p < oo, and L>(B,L°()).

Theorem 4 . (i). (LP(B,m), || - |lp.m) is a symmetric Banach-Kantorovich space over L°(Q)
for every 1 < p < oc0.
(40). (L®(B,L°(Q)), || - lloo,r0(0)) 18 a symmetric Banach-Kantorovich space over L°(Q).
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Proof. (i). According to |1, Section 6.1], linear subspace L'(B,m) C L°(B) has the ideality
property, moreover, the norm || - ||, is monotone, and the space L'(B,m), equipped with
this norm, is a Banach-Kantorovich lattice. It remains to apply theorem 3, by virtue of which
the pair (L'(B,m), || - [[1m) is a symmetric Banach-Kantorovich space over L%(€2).

Now let |z| < |y|, = € L%B), y € L?(B,m), where 1 < p < oo. Since |z[P < |y|P €
LY(B,m), then |z|P € L'(B,m) and

205m = 1P lm < Wy llm = 1yl15m

and therefore ||z]lpm < |Yllpm, 1€ || - lpm is L2(Q)-valued monotone norm on LF(B,m),
which endows LP(B,m) with the structure of a Banach-Kantorovich lattice over L°(Q). It
remains to apply Corollary 1, by virtue of which the pair

(LP(B,m), || - llpsm) is a symmetric Banach-Kantorovich space over L%((Q).

(4). By Theorem 2, the pair (L>(B, L(2)), || - [|oo,z0()) is & Banach-Kantorovich lattice,
moreover, it is clear that L>°(B, L%(2)) has the ideality property and the norm || - ||, ro(0)
is monotone on L*>(B, L°()).

Let z € LY(B), y € L>(B, L°(Q)), and let = and y be m-equimeasurable. Assign h(e) =
|Ylloo,00) + €1, € > 0. Since h(e) € L5, (), then

milz| > h(e)} = m{lyl > h(e)} = 0.

Hence, |z| < h(¢), and therefore = € L>®(B, L%(2), moreover, ||z|lw, 0@ < h(e) for every
e > 0. From this it follows that ||2||sc,zo@) < [|Ylleo,00)-
Let’s put now hy(e) = [|2]|oo o) +€ -1 € LY (), € > 0. Using equalities

mily| > hi(e)} = m{[z[ > hi(e)} = 0,

we get that ||y|le, o) < hi(e) for every e > 0. This means that ||y|le o) < ||7]]oo,L00)-

Thus, [J2]lee,00) = [[Ylle.0()-
Consequently, (L>(B,L°(Q)), || |lso,.0(0)) is a symmetric Banach-Kantorovich space over
LY(Q). O

Following the general theory of functional symmetric spaces, consider a space L'(B,m) N
L>(B, L°(Q) with a norm

[ zinzee = 2 ]l1m V |2lloo,20(@)s & € LY (B,m) 0 L*(B, L(4)).

Proposition 5 . (LY(B,m)NL>(B,L°(Q)), |||l z1nz=) is a symmetric Banach-Kantorovich
space over L°(2).

Proof. Since m(1) =1, and for every z € L>°(B,L%(2)) the inequality |z| < [|z||s0 10
is true, then L°°(B LO(Q)) € LY(B,m), moreover, ||z|l1m < ||2|lco,0(0)- Hence, L'(B,m)N
L‘X’(B,LO(Q) L>*(B, L°(Q)) and ||z]|1,m V [|Z|lso,0() = [|Z]lc,z0()- Thus, the pair

(LY(B,m) N L=(B, LX), | | rar=(B, L(Q)) = (L=(B, L*(Q), || - lloo, o)

is a symmetric Banach-Kantorovich space over L(2) (see Theorem 4 (44)). O
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