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CONDITIONS FOR SOLVABILITY AND COERCIVENESS OF A
FOURTH-ORDER DIFFERENTIAL EQUATION WITH AN
INTERMEDIATE COEFFICIENT

The article considers a three-term fourth-order differential equation with unbounded coefficients.
The coefficient of the intermediate term of the equation is assumed to be a smooth and rapidly
increasing function at infinity. This intermediate term, as an operator, does not obey the
differential operator formed by the extreme terms of the equation. This is precisely what makes
the work unique. Using functional methods, sufficient conditions are obtained for a generalized
solution of the equation to exist, be unique and maximally regular. These conditions characterize
the relationship between intermediate and small coefficients. The differential equation under
consideration is caused by problems of practical processes of stochastic analysis, shaft oscillations,
etc. The article uses such methods as obtaining an a priori estimate of the solution, reducing
the problem above to the problem of invertibility of a third-order differential operator with a
potential of constant sign, and constructing a pseudo-resolvent using correct local operators. In
general, the article substantiates an effective method for solving the main problems posed for
differential equations on an infinite interval in the case of a new equation with an unbounded
intermediate coefficient. Although the coefficients are assumed to be smooth, the work does not
impose restrictions on the variation of their derivatives. This, in turn, allows us to cover a wide
class of fourth-order equations. The methods developed in the work and the results obtained can
be used in the study of the qualitative properties of higher-order differential equations.

Key words: differential equation, variable coefficient, strong solution, correctness, regularity.

K.H. Ocnanos!, E.©. Momnaramu'”
LJLH. T'ymunes aTeIHIAFE Eypasus YITTHK YHIBEPCUTETI, MEXaHIKA-MATEeMATHKA (PaKy/ILTeTi,
Acrana, Kasakcran
*e-mail: yerka2998@gmail.com
Apanbik ko3ddurnmenTi 6ap TepriHmii perti 6ip AuddepeHITNATABIK TeHJEY/IiH eIy »K9He
KO3PIMTUBTLIIK HIapTTapbl

Maxkastata K03 UImeHTTEP] MeHeIMereH TOPTIHI peTTi ymMyteni auddepeHIuaIIbK, TeHIeY
KapacThIpblaran. Temiey iH apaablk MYIIeciHin Ko3DMUIINEHT] Teric KoHe MEKCI3MIKTe KbLITaM
eceTiH (DYHKIUs JIEI ecenTesie/i. ByJl apaJiblk MyIle omeparop peTiHje TeHJAEYiH IeTKI MyIe-
JiepineH KypaJsraH quddepeHnuaibk, orneparopra barbiabaiiapr. 2K yMbICTBIH epeKITeiri OChIH A,
biz ¢pyukmnona abIk omicTepai KOMIaHa OTBIPHII, TEHAEYIIH KAJMBLIAHTAH MENTiMIHIH TaObLIYbI,
ZKAJIFBI3 YKOHE MAKCHMAJIIBI PETYJIsIPJIbl OOTYbI YINIH KETKUTKTI mapTrTap ajablK. by maprrap
apaJibIK, »KoHe Kilt Ko3hPUImeHTTepIin e3apa dbaitlanbIichin cunaTTaiiasl. KapacTeipbuiran aud-
depeHInaAIBIK, TEHIEYre CTOXACTUKAJIBIK, TaJIay/biH, OUNKTIH TepOesiciHiH *KoHe T.0. IMpaKTu-
KaJIBIK, TIPOTIECTEP/IiH Mocesesepl anbin Keaedi. Makasiaga IMIemiMHAiH anpruopJiblK, OarachliH aJLy,
KOWBLIFAH €CeNTi MOTEeHIMA bl TYPAKThl TaHOAJBI Oip yrmiHmm perTi muddepeHnnaapK, onepa-
TOPJBIH, KAaWTBIMIBLIBIK, MOCeJIECiHe KeJITIPpYy, KOPPEKTILI JIOKAJIBJIbI OIepaTopsiap apKbLIbl IICEB-
J0PE30JIbBEHTAHBI TYPFBI3y CUSIKTHI THIH aMaJiiap KOJIaHbLIAbL. 2KaJIbl, MaKaIa MeKci3 apaJibi-
KTa Oepinren muddepeHnuaiiblK TeHIeYIep YIIiH KOWBLIATHIH HETi3ri ecenTep/i KaHa, apaJibk,
K03 DUIMEHTI IIeHe/IMEreH TeHJIey KarJaiiblHIa ey i 6ip TuiMal ojicin uerizgeimsi. Koad-
dunmenTTEp TETIC JIEI ecernTesice e, OJapIblH, TYBIHIBLIAPBIHBIH ©3repyiHe XKYMBICTA, IIEKTEYJIeD
KobLIMaiiIbl. Byi1, €3 Ke3erine, 3epTrreyMen TOPTIHIN PeTTi TEHIEYIep/IiH KeH KJIAChIH KAMTYyTa
MYMKIiHIIK 6epemi. 2KyMbIcTa yKacaaraH 9icTep MEH aJIbIHFaH HOTHUXKEJIEP/Ii KOFaprbl peTTi aud-
depeHImaIIbIK TeHIeyIep/Ii canajblK, 3epTTey Ke3iH/ie naigasanyra 601a/1bl.
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YcioBus pa3pernnMoOCTi U KOIPIIUTUBHOCTU OJHOTO AuddpepeHImaibHOTO
YPaABHEHUS YETBEPTOTO IOPSIKA C IIPOMEXKYTOUYHBbIM KO3 PUImEeHTOM

B crarhe paccmarpupaercst TpexdiieHHoe judpepeHImalbHOe ypaBHEHNE YeTBEPTOrO MOPSIKA C
HeOrpaHWYeHHbIMEU KO3 dunmenramu. KosdduimeHT mnpoMeKyTOYHOTO UeHa YpPaBHEHUSI el
moJIaraeTcs TJIaIKoW U ObICTPO BO3pacTamomeil (GpyHKImeil Ha OECKOHETHOCTH. DTOT IIPOMENKY-
TOYHBIN YJIeH, KAK ONEePATOp, He MOMInHsAeTCs AuddepeHnaaIbHOMy OEPATOPy, 00Pa30BAHHOMY
KpallHUMU djIeHAMU ypaBHeHUsI. VIMEHHO B 3TOM M 3aKJ/II0YaeTCs YHUKAJIBHOCTH paboThl. Vcmomn-
3y QYHKIIMOHAJIbLHBIE METO/IbI, IOy Y€HbI JOCTATOYHbBIE YCJIOBHUS JJIsl TOTO, ITOOBI 000OIIEHHOE pe-
IIIeHNe yPaBHEHUSI CYIIIECTBOBAJIO, OBLIO €IMHCTBEHHBIM U MAKCUMAJIBHO PETYJISPHBIM. DTHU YCJIOBUS
XapaKTePU3yIT B3aMMOCBS3b IIPOMEXKYTOIHOr0 U MJamnero kosdduruertos. K paccmarpusae-
MoMy A HEPEHITNATFHOMY YPABHEHUIO IIPUBOIST TPOOJIEMBI ITPAKTHIECKUAX ITPOIIECCOB CTOXACTH-
YECKOT0 aHa/n3a, Kojaebanuii Bajga u ap. B crarbe HCHOMb3yIOTCS TAKHE METOJIBI, KAK MOJIyIeHUe
AIPUOPHOI OIEHKHU PeIleHNs, CBeJICHIE TTOCTABIEHHOTO BOIPOCa K 3aJjade obparumocTu gudde-
PEHIUAJIBHOIO OIIEPATOPa TPEThEro IMOPsJIKa CO 3HAKOIOCTOSHHBIM ITOTEHITUAJIOM U IIOCTPOEHUe
[ICEBIOPE30JIbBEHTHI C UCIIOJIB30BAaHNEM KOPPEKTHBIX JIOKAJBHBIX OIEPATOPOB. B 11e10M, B cTaTbhbe
0bocHOBaH 3(M@EKTUBHBII METOJ PEIIeHnsi OCHOBHBIX 3a/1a4, IMOCTABJICHHBIX [jisi JuddepeH -
aJIbHBIX YPABHEHUIT Ha OECKOHEYHOM HMHTEPBAJIE, B CIydae HOBOTO YPABHEHUS C HEOTDAHMIEHHBIM
MIPOMEXKYTOIHBIM KO3(pdurimenToM. XoTst KoahOUIMEHTH! TPeIoIaraloTcs MIaJIKuMuI, paboTa He
HaKJIaJ[bIBaeT OTPpAaHWYEHMI Ha M3MEHEHUEe UX IIPOU3BOIHBIX. DTO, B CBOKI OYEPElb, ITO3BOJISIET
OXBaTUTh UCCJIEJOBAHUEM ITUPOKUIA KJIACC yPABHEHMIT YeTBEPTOrO MOpsiiKa. PazpaboTaHHble B pa-
60Te METOIBbI W IOJIyUYEHHBIE PEe3YJIbTAThI MOIYT OBITH WCIIOJIH30BAHBI [PU WCCIEIOBAHUU Kade-
CTBEHHBIX CBOMCTB AudepeHnina bHbIX YPABHEHII BBICIIUX TOPSIKOB.

Kurouesbie cioBa: auddepennuaibHoe ypaBHeHne, IepeMeHHbIH KO3hOUIIMEHT, CUILHOE pere-
HHUE, KOPPEKTHOCTD, PEryJISPHOCTb.

1 Introduction

Let’s consider the equation
Loy =y +r(2)y + q(z)y = F(x), (1)

where we assume that x € R = (—o0,00), r(z) > 0, r(x) € C’l(olc)(R), q(z) is a continuous

function, and F(z) € Ly(R). Let L denote the closure in the Ly(R) norm of the operator
Ly, defined by the equality Loy = y + r(x)y’ + ¢(z)y on the set 084) (R) of continuously
differentiable functions up to the fourth order with compact support. An element y € D(L)
satisfying the equality Ly = F' is called a solution to equation (1). The coefficients of equation
(1) can grow infinitely. It is known that fourth-order differential equations with variable
coefficients are of great importance in physics and engineering |1, 2|. The features of their
research and the obtained results in the case of singular coefficients are presented in the
article [3]. The solvability conditions and maximal regularity of various differential equations
with intermediate coefficients in an infinite interval are considered in the works [4-9].
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2 Research method

The paper uses methods such as obtaining an a priori estimate for the solution of a fourth-
order differential equation with variable coefficients, reducing the problem to the problem
of invertibility of a third-order differential operator with a potential of constant sign, and
constructing a pseudo-resolvent using some correct local operators.

3 Case ¢(z) =0

We take a binomial operator Loy = y® + r(z)y’ with D(Ly) = Cé4) (R), and denote its
closure in Ly(R) by L. We introduce the following notation for continuous functions p(¢) and

v(t) # 0:
nol@) =300 a0 ll0 esocers () = 590 [plso 107 s

Yoo = max(a,(x), Bpu(2)).

Lemma 1. If the following conditions are satisfied for the coefficient r(x):

r(@) =1, 7y < oo, (2)

then the operator L is invertible and for y € D(L), the inequality

IVry'll2 + llyll2 < CliLyll» (3)

is true.
Proof. Transforming the functional (Lgy,y’), we obtain

Loy

! <
Iy ||2_‘ o

2

According to condition (2) and the results of [5],

IVry'lla + 1lyll2 < (1 + 27, 7) r
Closing this inequality, we obtain (3). The lemma is proved.
Let us now consider equation

ly=yW +r(x)y = f(x). (4)

The following statement follows directly from (3).

Lemma 2. Let r(z) satisfy the conditions of Lemma 1. Then the solution of equation (4)
is a unique .

Suppose that the conditions of Lemma 1 are satisfied. From estimate (3) we obtain the
relation \/ry’ € Ly(R) for each y € D(L). According to conditions (2) and estimate (3),
Yy € Lo(R) and ||y ||2 < C||Lyl|2. If we make the notation 3’ = z, then in view of (4), we have:

2O fr(x)z = f(x). (5)

’ Loy

2
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Let L be the closure in the space Ly(R) of the operator Ly : Lov = v® + r(x)v, D(Ly) =
C’(()g) (R). A solution of equation (5) is a function z € D(L) satisfying the equality Lz = f. If
the conditions of Lemma 1 are satisfied and a solution to equation (4) exists, then it is clear
that equation (5) also has a solution. The converse is also true, namely:

Lemma 3. Suppose that r(x) satisfies the conditions of Lemma 1 and equation (5) has
a solution. Then equation (4) is also solvable.

Proof. If z € Ly(R) is a solution of equation (5), then there exists a sequence {z,}5°, C
C’(()B) (R) such that ||z, — z|]]s = 0 and || Loz, — f|l2 = 0 as n — oo. Let us take the functional
(Lzy, zn). Repeating the method of Lemma 1, we will see that ||/ zu|l2 < |[Lozn|2. Let
yn(2) be a function such that y/, = z,. Then y, is four times continuously differentiable, and,
according to [5], from the inequality ||v/7 ¢, |l2 < ||[Lozx||2, we obtain the estimate

|ynlls < | Lozall2s 20 € C§V(R). (6)

That is, ¥, € Lo(R). Then, since y,, € C'(()S) (R), there is a number a > 0 such that the equality
Yn(z) = 0 holds for all |x| > a (otherwise the relation y, € Ly(R) is violated). Therefore,
yn(x) € C’é4) (R) = D(Ly). From estimate (6) it follows that there exists an element y € Lo(R)
and the relations ||y, — ylla = 0, || Loyn — f|l2 = 0 as n — oo are satisfied. Consequently, ¥
is a solution to equation (4). The lemma is proven.

4 Separability of a third-order differential operator

Let us assume that the function r(x), in addition to the conditions of Lemma 1, also satisfies
the relation ()

xmeﬂslligﬂlél @ = "
We choose sequences of intervals {A;}32,, {€;}52,, and functions p;(x) € C§°(€;) as follows:
(a) Aj =1, +1), Q= (j— 3.4 +3) for j € Z,
(0) 0<¢; <1, ¢;i(z)=1Vx € A; for j € Z, ?lellz)gé%}f(hog(xﬂ’ |<p;-’(x)\, |90§'3)|) < M.
Then:

Q=2 A, CQCALUANUAL, ANA=0 (j#k), |J A=R,

j=—o00
UGN =0 (lj—ml>2), > ei@)xa,(@) =1,
J

where x4, is the characteristic function of A;. Recall that the sequence {;(z)}32, satisfying
relations (b) always exists.

We extend the restriction of the function r(x) to the interval €; on all R so that the
resulting extension r;(x) (for j € Z) turns out to be a continuously differentiable function
and satisfies the inequalities

1
— inf r(z) <r;(z) <2supr(z), zekR
2 z€8); 2€Q;
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According to (7), such an extension 7;(x) exists. Let 8,;(A > 0) denote the closure in Ly(R)
of the differential operator

Bongz = =¥ + [r;(z) + Nz(x),  Dl(bon;) = CP(R).

Then, it is easy to see that D(6y;) = W3 (R). Therefore, for an element z € D(f,;), the
relations 2 € C?(R) and z(—o0) = z(+00) = 2 (—o0) = 2 (+00) = 0 (k = 1,2) are
satisfied. Taking these equalities into account, we transform the scalar product (0,;z,2) (2 €
D(6;)). Then we have

2
< ———|0xi2]|2-

lells < 5205 1632l
Consequently, R(f,;) is a closed set.

Lemma 4. If the function r(x) satisfies conditions (2) and (7), then R(0,;) = Lo(R) for
A>0.

Proof. If R(0,;) # La2(R), then there exists an element w € Ly(R) \ R(f);), w # 0, such
that the equality

03w = —w" 4 (r;(z) + Nw =0 (8)

holds, where 65, is the operator conjugate to ;. Since the function rj(x) is bounded, by
(8) and condition (2), w € W3(R). Consequently, w € C?(R) and w(—o00) = w(+00) =
w®) (—o0) = w® (+00) = 0 (k = 1,2). Taking these equalities into account and transforming
the functional (03w, w), we obtain the estimate d||w||s < 2[[03 w||2. According to (8), w = 0.
The lemma is proved.
If the conditions of Lemma 4 are met, then, similarly to the proof of Lemma 1, we obtain
the inequality
2
2 < S oN
+ 2\

Consider the following operator Loy = Lo + AE, D(Lgy) = C3(R), where A € R, =
[0,400), and F is the identity operator. Denote the closure of Loy in Lo(R) as Ly. Repeating
the method of Lemma 1, we obtain the estimate

Iz 10x2]l2 (5 € Z, 2 € D(0x;), A = 0). (9)

VI+Azll2 < [[Laz]2 (10)

for each z € D(Ly). Therefore, there exists an inverse operator Ly (A > 0).
Lemma 5. Let the coefficient r satisfy conditions (2) and (7). Then the operator L, is
continuously invertible, and for each z € D(L,) the following inequality is true:

“Z///H2 + ||Irz|l2 + Allz]|2 < C||Laz]|2. (11)

Proof. Let K= sup % For z € D(6,;), we have
z,teQ;,|le—t]<1

z,t€Q;,|lv—t|<1 T(t)

. , r(x
() 12"l < <3+2 sup Q) 16352112 < (3 +2K7) 652 2.
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Using (9) and simple calculations, we get

. / 2 2 2\1/3
@) 120 < (5255 )  3+2K3" 10z

9 1/3
(idd) [[2"]]2 < (3+2K%)(|0x;2]l2, = € D(0or;) = CH(R).
J+ 2\
Let f € C3(R), and M, and B, be operators acting according to the following formulas:

M)\f = Z ¢j9;j1(XAjf)7
J

Baf =Y o003 (xa, ) + 3D (63 (xa, £)) 3D 665 (xa, )"
J J J
It is easy to see that the equality
LA(Mf) = (Bx+ E) f (12)

holds. Considering that Q; Ny, = 0 if [j — k| > 2, we obtain the following inequality:

IBAfIl < 9M? (Z 1655 Ocas DIIZ + D 19083 (xa, Y3+ H9(9§j1(><Ajf))”H§> :
J J J

According to (i), (i), (i7i), we have the following estimates:

. 2\’
e

2/3 2
163 (s, DY 1B < ((5 ) <3+2K2>1/3> I, £ 1B

2

1/3
H(%l(mjf))”H%S(((s ) <3+2K2>2/3) Ixa, 713 G ez).

Hence,

2

1/3
) <3+2K2>2/3> 112

(13)

2 92 2/3
1Bfllz < 9M* +9( ) (3+2K2)1/3+9(

o+ 2A 0+ 2A 0+ 2A

If we choose the number A\g so that

2

2 2 2 2 2\1/3 2 3 2\2/3 2
<
9M 5+2A0+9<5+2)\0) (3+2K7) +9<5+A0) (3+2K7) < 5,
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(0 < B < 1) then ||Bal|L,®)—ro®) < B (A > Ao), where || - ||, (r)—1,(r) is the operator norm.
So, for any A > )¢, the operator E + By is boundedly invertible, and its inverse (E + By)™*
satisfies the estimates

A+B) " <NE+B)<A=8" (A=) (14)

From (12) it follows that
Li'=M(E+ By, A> . (15)

By (10), ||z|l2 < ||Lxz]|2 for z € D(Ly) and A > 0. Then, according to the well-known
statement [10] (p. 350), the operator L, is continuously invertible for any A > 0.

Let us prove estimate (11). It suffices to show that |[(r + A)z||2 < C||Laz|l2 (A > Ao >
0,z € D(Ly)). By (14) and (15), [|(r + X)L < (1= B)7Y[(r + A) M|l (A > Ao), and

rW+AM@ﬂ@s3§j(wmm@+m3/”muwgu%ﬂﬁm>.

j:—OO TL’EQJ' —_

Taking into account the property (b) of the sequence {¢;(z)}32,, we have
1(r + NMfl3 < 12K + 1) f3 (A= Ao). (16)
If z € D(Ly), Lyz = f (A > )\), then 2z = L' f. Therefore, according to (15) and (16),

10+ N)2ll2 < 2V3(K* + DII(E + B [Ifll: < 2V3(K* + 1)(1 = B) M| flle- - (17)

Then
1272 < (2VB(K2 + 1)1 = 8)™ + 1) [Ifll2 (18)

By (18) and (17), |[2"||2 + ||rz|l2 + || Az]l2 < (6V3(K*+1)(1 — 8)~! + 1) || f||2- The lemma is
proved.

Thus, if conditions (2) and (7) are satisfied, then, according to Lemma 3, the following
estimate is valid for the solution y of equation (4):

Iyl + lrg'll < (V32 + 1)(1 = )7 +1) | £l (19)

Remark 1. The statement of Lemma 5 remains true if condition (2) is replaced by
r(z) > 4§ > 0.

5 Main Result

Theorem 1. If the functions r(x) and ¢(x) satisfy conditions (2), (7), and 7,, < oo, then for
any f € Lo(R), there exists a unique solution y of equation (1). Furthermore, the following
inequality holds for y:

Iz + [l llz + llayllz < CI1f]l2- (20)
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Proof. Let us replace z = t/a (a > 0) in (1). Denoting y(t) = y(a='t), 7(t) = r(a='t),

q(t) = q(a™'t), F(t) = a*F(a™'t), equation (1) becomes
Loaf = §V(t) + a *F(1)F (1) + a~*q(t)7(t) = F (). (21)

Denote the closure of the operator logj = §@(t) + a 3717 (t), 7 € CSY(R), in the norm of
Ly(R) as I,. From the condition 7(t) > 1, it follows that 1 > #=! > #72. The coefficient a37(t)
of the operator [, satisfies the conditions of Lemma 3. Consequently, [, is a continuously
invertible operator, and

171l2 + lla=*77 |2 < Calllagill2, 7 € Dla)- (22)
It is straightforward to calculate that v,-45,-371 = 74,1 < 00. Therefore,
la™*@gll2 < 2Ya-1ga-371 007G |2 < 27a-1g.0-37,1 Callladl2- (23)

Using the substitution = a~'7, we obtain that v,-154-371 = Ja-1g4-371. Let us prove the
equality
lim ’?(a—4q7a—3f71) (a) = 0. (24)

a—00

Let g € D(l,). Since [, is a closed operator, there exists a sequence {g,}52, C 054) (R) such
that ||, — 7ll2 = 0, [la¥n — laF]l2 = 0 (n — 00). Let {7,}°°, and a number Ny be such that
supp Jn C [—No, No]. Denote

N _Ja(t), te[=No,NoJ, _ )7, t e [=No, Nol,
qN‘)(t)_{o, t ¢ [—No, Nol, TNO(LL)_{O, t & [—No, No).

According to (23), for each § € C’(()4)[—N0, Nyl, we obtain the estimate:

||a_4QNog||L2[—N0,N0} < 2’711*451\70 a 37N, 1 (CL) H a_ngo Q,HLQ [—No,No]-

x 1/2 No a6 1/2
a G (t)dt < / _ dt) =
NO( ) a1z T?Vo (t)

x 9 1/2 No a7 1/2
- at < ‘
a”'q°(t)dt (/G_lx 20 dt) <y, <00 (26)

Further,

a
OéCl_A‘qNo:0«_37:N0 (a’) = sup </
x>0 0

(1_1
o (]
0<x<Np 0
Therefore,

a 'z ) 1/2 No 1/2
e ([ ewa) ([ ) -

alz 1/2 No  q 1/2
= ([ o) ([ ) =

—1
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Similarly, we have:

0 1/2 a lz 1 1/2
lim su / 2(t dt) / dt =0.
a—>00 *NOSI;<O ( a~lz 1 ( ) ( —No r? <t>

From the last two equalities follows (24). Therefore, there exists ay > 0 such that
4CqY(a-4g.a-371)(a) < 1 for all @ > ag. From (23), it follows that

e L., -
la™*qgll> < Sllagllz (a2 ao). (24)

By theorem on small perturbations of linear operators, the operator L,j = lo§ + a~*G(t)i(t)
is closed and boundedly invertible. Thus, for each F(t) € Ly(R), equation (21) has a unique
solution §. It remains to show the validity of estimate (20). It is easy to see that ||l,g(l2 <
2| Ll According to (22) and (24), [[§W]|2 + [la=*7F'[|2 + la™*qgll2 < (Ca + 1/2)[la7]-

From the last two inequalities we have ||§* (¢)]|2 + [|a =377 ||2 + [[a 7|2 < (2(Co+1)||LaF]|2,
or equivalently,

la™y @ (@™ )|z +lla™"r(a )y (™ )2+ [la~ ala™ t)y(a™ D)l < (2Ca+1) ™" F(a™"t)]|2.

Putting ¢t = az, we obtain inequality (20), where C' = 2C, + 1. The theorem is proved.

6 Conclusion

The paper studies one fourth order three-term differential equation (1) with an intermediate
term. A special case is considered where the intermediate term as an operator does not obey
the differential operator formed by the extreme terms of the equation. Sufficient conditions
for the existence of a strong solution to the equation, its uniqueness, and maximal regularity
are shown. For this purpose, such methods as obtaining an a priori estimate of the solution,
reducing the problem to the study of properties of one of the third-order differential operator
with potential of constant sign, and estimation using local operators were used. The obtained
conditions are specified in the form of an integral relation between the intermediate and small
coefficients of the equation and allow us to cover a wide class of differential equations of the
fourth order. The methods developed in the paper and the results obtained can be used in a
qualitative study of singular differential equations of higher orders.
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