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CONDITIONS FOR SOLVABILITY AND COERCIVENESS OF A
FOURTH-ORDER DIFFERENTIAL EQUATION WITH AN

INTERMEDIATE COEFFICIENT
The article considers a three-term fourth-order differential equation with unbounded coefficients.
The coefficient of the intermediate term of the equation is assumed to be a smooth and rapidly
increasing function at infinity. This intermediate term, as an operator, does not obey the
differential operator formed by the extreme terms of the equation. This is precisely what makes
the work unique. Using functional methods, sufficient conditions are obtained for a generalized
solution of the equation to exist, be unique and maximally regular. These conditions characterize
the relationship between intermediate and small coefficients. The differential equation under
consideration is caused by problems of practical processes of stochastic analysis, shaft oscillations,
etc. The article uses such methods as obtaining an a priori estimate of the solution, reducing
the problem above to the problem of invertibility of a third-order differential operator with a
potential of constant sign, and constructing a pseudo-resolvent using correct local operators. In
general, the article substantiates an effective method for solving the main problems posed for
differential equations on an infinite interval in the case of a new equation with an unbounded
intermediate coefficient. Although the coefficients are assumed to be smooth, the work does not
impose restrictions on the variation of their derivatives. This, in turn, allows us to cover a wide
class of fourth-order equations. The methods developed in the work and the results obtained can
be used in the study of the qualitative properties of higher-order differential equations.
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Аралық коэффициентi бар төртiншi реттi бiр дифференциалдық теңдеудiң шешiлу және

коэрцитивтiлiк шарттары

Мақалада коэффициенттерi шенелмеген төртiншi реттi үшмүшелi дифференциалдық теңдеу
қарастырылған. Теңдеудiң аралық мүшесiнiң коэффициентi тегiс және шексiздiкте жылдам
өсетiн функция деп есептеледi. Бұл аралық мүше оператор ретiнде теңдеудiң шеткi мүше-
лерiнен құралған дифференциалдық операторға бағынбайды.Жұмыстың ерекшелiгi осында.
Бiз функционалдық әдiстердi қолдана отырып, теңдеудiң жалпыланған шешiмiнiң табылуы,
жалғыз және максималды регулярлы болуы үшiн жеткiлiктi шарттар алдық. Бұл шарттар
аралық және кiшi коэффициенттердiң өзара байланысын сипаттайды. Қарастырылған диф-
ференциалдық теңдеуге стохастикалық талдаудың, бiлiктiң тербелiсiнiң және т.б. практи-
калық процестердiң мәселелерi алып келедi. Мақалада шешiмнiң априорлық бағасын алу,
қойылған есептi потенциалы тұрақты таңбалы бiр үшiншi реттi дифференциалдық опера-
тордың қайтымдылық мәселесiне келтiру, корректiлi локальды операторлар арқылы псев-
дорезольвентаны тұрғызу сияқты тың амалдар қолданылды. Жалпы, мақала шексiз аралы-
қта берiлген дифференциалдық теңдеулер үшiн қойылатын негiзгi есептердi жаңа, аралық
коэффициентi шенелмеген теңдеу жағдайында шешудiң бiр тиiмдi әдiсiн негiздейдi. Коэф-
фициенттер тегiс деп есептелсе де, олардың туындыларының өзгеруiне жұмыста шектеулер
қойылмайды. Бұл, өз кезегiнде, зерттеумен төртiншi реттi теңдеулердiң кең класын қамтуға
мүмкiндiк бередi. Жұмыста жасалған әдiстер мен алынған нәтижелердi жоғарғы реттi диф-
ференциалдық теңдеулердi сапалық зерттеу кезiнде пайдалануға болады.

c© 2025 Al-Farabi Kazakh National University

https://orcid.org/0000-0002-5480-2178
https://orcid.org/0009-0000-5832-8314


K.N. Ospanov, Ye.O. Moldagali 57

Түйiн сөздер: дифференциалдық теңдеу, айнымалы коэффициент, қатаң шешiм, қисынды-
лық, регулярлық.

К.Н. Оспанов1, Е.О. Молдагали1∗

1 Евразийский национальный университет имени Л.Н. Гумилева,
Механико-математический факультет, Астана, Казахстан

∗e-mail: yerka2998@gmail.com

Условия разрешимости и коэрцитивности одного дифференциального
уравнения четвертого порядка с промежуточным коэффициентом

В статье рассматривается трехчленное дифференциальное уравнение четвертого порядка с
неограниченными коэффициентами. Коэффициент промежуточного члена уравнения пред-
полагается гладкой и быстро возрастающей функцией на бесконечности. Этот промежу-
точный член, как оператор, не подчиняется дифференциальному оператору, образованному
крайними членами уравнения. Именно в этом и заключается уникальность работы. Исполь-
зуя функциональные методы, получены достаточные условия для того, чтобы обобщенное ре-
шение уравнения существовало, было единственным и максимально регулярным. Эти условия
характеризуют взаимосвязь промежуточного и младшего коэффициентов. К рассматривае-
мому дифференциальному уравнению приводят проблемы практических процессов стохасти-
ческого анализа, колебаний вала и др. В статье используются такие методы, как получение
априорной оценки решения, сведение поставленного вопроса к задаче обратимости диффе-
ренциального оператора третьего порядка со знакопостоянным потенциалом и построение
псевдорезольвенты с использованием корректных локальных операторов. В целом, в статье
обоснован эффективный метод решения основных задач, поставленных для дифференци-
альных уравнений на бесконечном интервале, в случае нового уравнения с неограниченным
промежуточным коэффициентом. Хотя коэффициенты предполагаются гладкими, работа не
накладывает ограничений на изменение их производных. Это, в свою очередь, позволяет
охватить исследованием широкий класс уравнений четвертого порядка. Разработанные в ра-
боте методы и полученные результаты могут быть использованы при исследовании каче-
ственных свойств дифференциальных уравнений высших порядков.
Ключевые слова: дифференциальное уравнение, переменный коэффициент, сильное реше-
ние, корректность, регулярность.

1 Introduction

Let’s consider the equation

L0y = y(4) + r(x)y′ + q(x)y = F (x), (1)

where we assume that x ∈ R = (−∞,∞), r(x) > 0, r(x) ∈ C
(1)
loc (R), q(x) is a continuous

function, and F (x) ∈ L2(R). Let L denote the closure in the L2(R) norm of the operator
L0, defined by the equality L0y = y(4) + r(x)y′ + q(x)y on the set C(4)

0 (R) of continuously
differentiable functions up to the fourth order with compact support. An element y ∈ D(L)
satisfying the equality Ly = F is called a solution to equation (1). The coefficients of equation
(1) can grow infinitely. It is known that fourth-order differential equations with variable
coefficients are of great importance in physics and engineering [1, 2]. The features of their
research and the obtained results in the case of singular coefficients are presented in the
article [3]. The solvability conditions and maximal regularity of various differential equations
with intermediate coefficients in an infinite interval are considered in the works [4-9].
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2 Research method

The paper uses methods such as obtaining an a priori estimate for the solution of a fourth-
order differential equation with variable coefficients, reducing the problem to the problem
of invertibility of a third-order differential operator with a potential of constant sign, and
constructing a pseudo-resolvent using some correct local operators.

3 Case q(x) = 0

We take a binomial operator L0y = y(4) + r(x)y′ with D(L0) = C
(4)
0 (R), and denote its

closure in L2(R) by L. We introduce the following notation for continuous functions ρ(t) and
v(t) 6= 0:

αρ,v(x) = sup
x>0
‖ρ‖L2(0,x)‖v−1‖L2(x,∞), βρ,v(x) = sup

x<0
‖ρ‖L2(x,0)‖v−1‖L2(−∞,x),

γρ,v = max(αρ,v(x), βρ,v(x)).

Lemma 1. If the following conditions are satisfied for the coefficient r(x):

r(x) ≥ 1, γ1,
√
r <∞, (2)

then the operator L is invertible and for y ∈ D(L), the inequality

‖
√
ry′‖2 + ‖y‖2 ≤ C‖Ly‖2 (3)

is true.
Proof. Transforming the functional (L0y, y

′), we obtain

‖
√
ry′‖2 ≤

∥∥∥∥L0y√
r

∥∥∥∥
2

.

According to condition (2) and the results of [5],

‖
√
ry′‖2 + ‖y‖2 ≤ (1 + 2γ1,

√
r)

∥∥∥∥L0y√
r

∥∥∥∥
2

.

Closing this inequality, we obtain (3). The lemma is proved.
Let us now consider equation

ly = y(4) + r(x)y′ = f(x). (4)

The following statement follows directly from (3).
Lemma 2. Let r(x) satisfy the conditions of Lemma 1. Then the solution of equation (4)

is a unique .
Suppose that the conditions of Lemma 1 are satisfied. From estimate (3) we obtain the

relation
√
r y′ ∈ L2(R) for each y ∈ D(L). According to conditions (2) and estimate (3),

y′ ∈ L2(R) and ‖y′‖2 ≤ C‖Ly‖2. If we make the notation y′ = z, then in view of (4), we have:

z(3) + r(x)z = f(x). (5)
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Let L be the closure in the space L2(R) of the operator L0 : L0v = v(3) + r(x)v, D(L0) =

C
(3)
0 (R). A solution of equation (5) is a function z ∈ D(L) satisfying the equality Lz = f . If

the conditions of Lemma 1 are satisfied and a solution to equation (4) exists, then it is clear
that equation (5) also has a solution. The converse is also true, namely:

Lemma 3. Suppose that r(x) satisfies the conditions of Lemma 1 and equation (5) has
a solution. Then equation (4) is also solvable.

Proof. If z ∈ L2(R) is a solution of equation (5), then there exists a sequence {zn}∞n=1 ⊂
C

(3)
0 (R) such that ‖zn− z‖2 → 0 and ‖L0zn− f‖2 → 0 as n→∞. Let us take the functional

(Lzn, zn). Repeating the method of Lemma 1, we will see that ‖
√
r zn‖2 ≤ ‖L0zn‖2. Let

yn(x) be a function such that y′n = zn. Then yn is four times continuously differentiable, and,
according to [5], from the inequality ‖

√
r y′n‖2 ≤ ‖L0zn‖2, we obtain the estimate

‖yn‖2 ≤ ‖L0zn‖2, zn ∈ C(3)
0 (R). (6)

That is, yn ∈ L2(R). Then, since y′n ∈ C
(3)
0 (R), there is a number a > 0 such that the equality

yn(x) = 0 holds for all |x| > a (otherwise the relation yn ∈ L2(R) is violated). Therefore,
yn(x) ∈ C(4)

0 (R) = D(L0). From estimate (6) it follows that there exists an element ȳ ∈ L2(R)
and the relations ‖yn − ȳ‖2 → 0, ‖L0yn − f‖2 → 0 as n → ∞ are satisfied. Consequently, ȳ
is a solution to equation (4). The lemma is proven.

4 Separability of a third-order differential operator

Let us assume that the function r(x), in addition to the conditions of Lemma 1, also satisfies
the relation

sup
x,η∈R,|x−η|≤1

r(x)

r(η)
<∞. (7)

We choose sequences of intervals {∆j}∞j=1, {Ωj}∞j=1, and functions ϕj(x) ∈ C∞0 (Ωj) as follows:
(a) ∆j = [j, j + 1), Ωj = (j − 1

2
, j + 3

2
) for j ∈ Z,

(b) 0 ≤ ϕj ≤ 1, ϕj(x) = 1 ∀x ∈ ∆j for j ∈ Z, sup
j∈Z

max
x∈Ωj

(|ϕ′j(x)|, |ϕ′′j (x)|, |ϕ(3)
j |) ≤M .

Then:

|Ωj| = 2, ∆j ⊂ Ωj ⊂ ∆j−1 ∪∆j ∪∆j+1, ∆j ∩∆k = ∅ (j 6= k),
∞⋃

j=−∞

∆j = R,

Ωj ∩ Ωm = ∅ (|j −m| ≥ 2),
∑
j

ϕj(x)χ∆j
(x) = 1,

where χ∆j
is the characteristic function of ∆j. Recall that the sequence {ϕj(x)}∞j=1 satisfying

relations (b) always exists.
We extend the restriction of the function r(x) to the interval Ωj on all R so that the

resulting extension rj(x) (for j ∈ Z) turns out to be a continuously differentiable function
and satisfies the inequalities

1

2
inf
z∈Ωj

r(z) ≤ rj(x) ≤ 2 sup
z∈Ωj

r(z), x ∈ R.
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According to (7), such an extension rj(x) exists. Let θλj(λ ≥ 0) denote the closure in L2(R)
of the differential operator

θ0λjz = z(3) + [rj(x) + λ]z(x), D(θ0λj) = C
(3)
0 (R).

Then, it is easy to see that D(θλj) = W 3
2 (R). Therefore, for an element z ∈ D(θλj), the

relations z ∈ C(2)(R) and z(−∞) = z(+∞) = z(k)(−∞) = z(k)(+∞) = 0 (k = 1, 2) are
satisfied. Taking these equalities into account, we transform the scalar product (θλjz, z) (z ∈
D(θλj)). Then we have

‖z‖2 ≤
2

δ + 2λ
‖θλjz‖2.

Consequently, R(θλj) is a closed set.
Lemma 4. If the function r(x) satisfies conditions (2) and (7), then R(θλj) = L2(R) for

λ ≥ 0.
Proof. If R(θλj) 6= L2(R), then there exists an element w ∈ L2(R) \ R(θλj), w 6= 0, such

that the equality
θ∗λjw = −w′′′ + (rj(x) + λ)w = 0 (8)

holds, where θ∗λj is the operator conjugate to θλj. Since the function rj(x) is bounded, by
(8) and condition (2), w ∈ W 3

2 (R). Consequently, w ∈ C2(R) and w(−∞) = w(+∞) =
w(k)(−∞) = w(k)(+∞) = 0 (k = 1, 2). Taking these equalities into account and transforming
the functional (θ∗λjw,w), we obtain the estimate δ‖w‖2 ≤ 2‖θ∗λjw‖2. According to (8), w = 0.
The lemma is proved.

If the conditions of Lemma 4 are met, then, similarly to the proof of Lemma 1, we obtain
the inequality

‖z‖2 ≤
2

δ + 2λ
‖θλjz‖2 (j ∈ Z, z ∈ D(θλj), λ ≥ 0). (9)

Consider the following operator L0λ = L0 + λE, D(L0λ) = C3
0(R), where λ ∈ R+ =

[0,+∞), and E is the identity operator. Denote the closure of L0λ in L2(R) as Lλ. Repeating
the method of Lemma 1, we obtain the estimate

√
1 + λ‖z‖2 ≤ ‖Lλz‖2 (10)

for each z ∈ D(Lλ). Therefore, there exists an inverse operator L−1
λ (λ ≥ 0).

Lemma 5. Let the coefficient r satisfy conditions (2) and (7). Then the operator Lλ is
continuously invertible, and for each z ∈ D(Lλ) the following inequality is true:

‖z′′′‖2 + ‖rz‖2 + λ‖z‖2 ≤ C‖Lλz‖2. (11)

Proof. Let K2 = sup
x,t∈Ωj ,|x−t|≤1

r(x)
r(t)

. For z ∈ D(θλj), we have

(i) ‖z′′′‖2 ≤

(
3 + 2 sup

x,t∈Ωj ,|x−t|≤1

r(x)

r(t)

)
‖θλjz‖2 ≤ (3 + 2K2)‖θλjz‖2.
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Using (9) and simple calculations, we get

(ii) ‖z′‖2 ≤
(

2

δ + 2λ

)2/3

(3 + 2K2)1/3‖θλjz‖2,

(iii) ‖z′′‖2 ≤
(

2

δ + 2λ

)1/3

(3 + 2K2)2/3‖θλjz‖2, z ∈ D(θ0λj) = C3
0(R).

Let f ∈ C3
0(R), and Mλ and Bλ be operators acting according to the following formulas:

Mλf =
∑
j

φjθ
−1
λj (χ∆j

f),

Bλf =
∑
j

φ
(3)
j θ−1

λj (χ∆j
f) + 3

∑
j

φ′′j (θ
−1
λj (χ∆j

f))′ + 3
∑
j

φ′j(θ
−1
λj (χ∆j

f))′′.

It is easy to see that the equality

Lλ(Mλf) = (Bλ + E)f (12)

holds. Considering that Ωj ∩ Ωk = ∅ if |j − k| ≥ 2, we obtain the following inequality:

‖Bλf‖2
2 ≤ 9M2

(∑
j

‖θ−1
λj (χ∆j

f)‖2
2 +

∑
j

‖9(θ−1
λj (χ∆j

f))′‖2
2 +

∑
j

‖9(θ−1
λj (χ∆j

f))′′‖2
2

)
.

According to (i), (ii), (iii), we have the following estimates:

‖θ−1
λj (χ∆j

f)‖2
2 ≤

(
2

δ + 2λ

)2

‖χ∆j
f‖2

2,

‖(θ−1
λj (χ∆j

f))′‖2
2 ≤

((
2

δ + 2λ

)2/3

(3 + 2K2)1/3

)2

‖χ∆j
f‖2

2,

‖(θ−1
λj (χ∆j

f))′′‖2
2 ≤

((
2

δ + 2λ

)1/3

(3 + 2K2)2/3

)2

‖χ∆j
f‖2

2 (j ∈ Z).

Hence,

‖Bλf‖2
2 ≤ 9M2

(
2

δ + 2λ
+ 9

(
2

δ + 2λ

)2/3

(3 + 2K2)1/3 + 9

(
2

δ + 2λ

)1/3

(3 + 2K2)2/3

)2

‖f‖2
2.

(13)
If we choose the number λ0 so that

9M2

(
2

δ + 2λ0

+ 9

(
2

δ + 2λ0

)2/3

(3 + 2K2)1/3 + 9

(
2

δ + λ0

)1/3

(3 + 2K2)2/3

)2

≤ β2,
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(0 < β < 1) then ‖Bλ‖L2(R)→L2(R) ≤ β (λ ≥ λ0), where ‖ · ‖L2(R)→L2(R) is the operator norm.
So, for any λ ≥ λ0, the operator E +Bλ is boundedly invertible, and its inverse (E +Bλ)

−1

satisfies the estimates

(1 + β)−1 ≤ ‖(E +Bλ)
−1‖ ≤ (1− β)−1 (λ ≥ λ0). (14)

From (12) it follows that
L−1
λ = Mλ(E +Bλ)

−1, λ ≥ λ0. (15)

By (10), ‖z‖2 ≤ ‖Lλz‖2 for z ∈ D(Lλ) and λ ≥ 0. Then, according to the well-known
statement [10] (p. 350), the operator Lλ is continuously invertible for any λ ≥ 0.

Let us prove estimate (11). It suffices to show that ‖(r + λ)z‖2 ≤ C‖Lλz‖2 (λ ≥ λ0 >
0, z ∈ D(Lλ)). By (14) and (15), ‖(r + λ)L−1

λ ‖ ≤ (1− β)−1‖(r + λ)Mλ‖ (λ ≥ λ0), and

‖(r + λ)Mλf‖2
2 ≤ 3

∞∑
j=−∞

(
sup
x∈Ωj

(r(x) + λ)2

∫ ∞
−∞
|φj(x)θ−1

λj (χ∆j
f)|2 dx

)
.

Taking into account the property (b) of the sequence {φj(x)}∞j=1, we have

‖(r + λ)Mλf‖2
2 ≤ 12(K2 + 1)‖f‖2

2 (λ ≥ λ0). (16)

If z ∈ D(Lλ), Lλz = f (λ ≥ λ0), then z = L−1
λ f . Therefore, according to (15) and (16),

‖(r + λ)z‖2 ≤ 2
√

3(K2 + 1)‖(E +Bλ)
−1‖‖f‖2 ≤ 2

√
3(K2 + 1)(1− β)−1‖f‖2. (17)

Then
‖z′′′‖2 ≤

(
2
√

3(K2 + 1)(1− β)−1 + 1
)
‖f‖2. (18)

By (18) and (17), ‖z′′′‖2 + ‖rz‖2 + ‖λz‖2 ≤
(
6
√

3(K2 + 1)(1− β)−1 + 1
)
‖f‖2. The lemma is

proved.
Thus, if conditions (2) and (7) are satisfied, then, according to Lemma 3, the following

estimate is valid for the solution y of equation (4):

‖y(4)‖2 + ‖ry′‖2 ≤
(

6
√

3(K2 + 1)(1− β)−1 + 1
)
‖f‖2. (19)

Remark 1. The statement of Lemma 5 remains true if condition (2) is replaced by
r(x) ≥ δ > 0.

5 Main Result

Theorem 1. If the functions r(x) and q(x) satisfy conditions (2), (7), and γq,r <∞, then for
any f ∈ L2(R), there exists a unique solution y of equation (1). Furthermore, the following
inequality holds for y:

‖y(4)‖2 + ‖ry′‖2 + ‖qy‖2 ≤ C‖f‖2. (20)
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Proof. Let us replace x = t/a (a > 0) in (1). Denoting ỹ(t) = y(a−1t), r̃(t) = r(a−1t),
q̃(t) = q(a−1t), F̃ (t) = a−4F (a−1t), equation (1) becomes

L̃0aỹ = ỹ(4)(t) + a−3r̃(t)ỹ′(t) + a−4q̃(t)ỹ(t) = F̃ (t). (21)

Denote the closure of the operator l0aỹ = ỹ(4)(t) + a−3r̃(t)ỹ′(t), ỹ ∈ C(4)
0 (R), in the norm of

L2(R) as la. From the condition r̃(t) ≥ 1, it follows that 1 ≥ r̃−1 ≥ r̃−2. The coefficient a−3r̃(t)
of the operator la satisfies the conditions of Lemma 3. Consequently, la is a continuously
invertible operator, and

‖ỹ(4)‖2 + ‖a−3r̃ỹ′‖2 ≤ Ca‖laỹ‖2, ỹ ∈ D(la). (22)

It is straightforward to calculate that γa−4q̃,a−3r̃,1 = γq,r,1 <∞. Therefore,

‖a−4q̃ỹ‖2 ≤ 2γa−4q̃,a−3r̃,1‖a−3r̃ỹ′‖2 ≤ 2γa−4q̃,a−3r̃,1Ca‖laỹ‖2. (23)

Using the substitution x = a−1τ , we obtain that γa−4q̃,a−3r̃,1 = γ̃a−4q̃,a−3r̃,1. Let us prove the
equality

lim
a→∞

γ̃(a−4q̃,a−3r̃,1)(a) = 0. (24)

Let ỹ ∈ D(la). Since la is a closed operator, there exists a sequence {ỹn}∞n=1 ⊆ C
(4)
0 (R) such

that ‖ỹn− ỹ‖2 → 0, ‖laỹn− laỹ‖2 → 0 (n→∞). Let {ỹn}∞n=1 and a number N0 be such that
supp ỹn ⊆ [−N0, N0]. Denote

q̃N0(t) =

{
q̃(t), t ∈ [−N0, N0],

0, t /∈ [−N0, N0],
r̃N0(t) =

{
r̃(t), t ∈ [−N0, N0],

0, t /∈ [−N0, N0].

According to (23), for each ỹ ∈ C(4)
0 [−N0, N0], we obtain the estimate:

‖a−4q̃N0 ỹ‖L2[−N0,N0] ≤ 2γa−4q̃N0
,a−3r̃N0

,1(a)‖a−3r̃N0 ỹ
′‖L2[−N0,N0].

Further,

αa−4q̃N0
,a−3r̃N0

(a) = sup
x>0

(∫ a−1x

0

a−8q̃2
N0

(t) dt

)1/2(∫ N0

a−1x

a6

r̃2
N0

(t)
dt

)1/2

=

= sup
0<x≤N0

(∫ a−1x

0

a−7q2(t) dt

)1/2(∫ N0

a−1x

a7

r2(t)
dt

)1/2

≤ αq,r <∞. (26)

Therefore,

lim
a→∞

sup
0<x≤N0

(∫ a−1x

0

q2(t) dt

)1/2(∫ N0

a−1x

1

r2(t)
dt

)1/2

=

= sup
0<x≤N0

lim
a→∞

(∫ a−1x

0

q2(t) dt

)1/2(∫ N0

a−1x

1

r2(t)
dt

)1/2

= 0.
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Similarly, we have:

lim
a→∞

sup
−N0≤x<0

(∫ 0

a−1x

q2(t) dt

)1/2
(∫ a−1x

−N0

1

r2(t)
dt

)1/2

= 0.

From the last two equalities follows (24). Therefore, there exists a0 > 0 such that
4Caγ(a−4q̃,a−3r̃,1)(a) ≤ 1 for all a ≥ a0. From (23), it follows that

‖a−4q̃ỹ‖2 ≤
1

2
‖laỹ‖2 (a ≥ a0). (24)

By theorem on small perturbations of linear operators, the operator L̃aỹ = laỹ + a−4q̃(t)ỹ(t)
is closed and boundedly invertible. Thus, for each F̃ (t) ∈ L2(R), equation (21) has a unique
solution ỹ. It remains to show the validity of estimate (20). It is easy to see that ‖laỹ‖2 ≤
2‖L̃aỹ‖2. According to (22) and (24), ‖ỹ(4)‖2 + ‖a−3r̃ỹ′‖2 + ‖a−4q̃ỹ‖2 ≤ (Ca + 1/2)‖laỹ‖2.
From the last two inequalities we have ‖ỹ(4)(t)‖2 +‖a−3r̃ỹ′‖2 +‖a−4q̃ỹ‖2 ≤ (2(Ca+ 1)‖L̃aỹ‖2,
or equivalently,

‖a−4y(4)(a−1t)‖2 +‖a−4r(a−1t)y′(a−1t)‖2 +‖a−4q(a−1t)y(a−1t)‖2 ≤ (2Ca+1)‖a−4F (a−1t)‖2.

Putting t = ax, we obtain inequality (20), where C = 2Ca + 1. The theorem is proved.

6 Conclusion

The paper studies one fourth order three-term differential equation (1) with an intermediate
term. A special case is considered where the intermediate term as an operator does not obey
the differential operator formed by the extreme terms of the equation. Sufficient conditions
for the existence of a strong solution to the equation, its uniqueness, and maximal regularity
are shown. For this purpose, such methods as obtaining an a priori estimate of the solution,
reducing the problem to the study of properties of one of the third-order differential operator
with potential of constant sign, and estimation using local operators were used. The obtained
conditions are specified in the form of an integral relation between the intermediate and small
coefficients of the equation and allow us to cover a wide class of differential equations of the
fourth order. The methods developed in the paper and the results obtained can be used in a
qualitative study of singular differential equations of higher orders.
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