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CAUCHY PROBLEM FOR A DEGENERATE HYPERBOLIC EQUATION
OF THE SECOND KIND WITH THE TWO LINES AND IDENTICAL
ORDER OF DEGENERACY

In scientific literature, degenerate hyperbolic equations are usually divided into equations of the
first and second kind. In the case of an equation of the first kind, the line of parabolic degeneracy
is the locus of cusps of the equation’s characteristics, and in the case of an equation of the second
kind, it is simultaneously a special line (characteristic), i.e., it is the envelope of the family of
characteristics. Therefore, degenerate hyperbolic equations of the second kind have been studied
relatively little in all respects than equations of the first kind. At present, a solution to the Cauchy
problem for a degenerate hyperbolic equation of the second kind with two lines and different orders
of degeneracy is known. Further studies have shown that if a hyperbolic equation of the second
kind degenerates with identical order in two lines, then special studies are required to solve the
Cauchy problem. In this paper, using the Gauss hypergeometric function, new properties of the
Riemann function are established for the named equation, due to which the unique regular solution
to the Cauchy problem for a hyperbolic equation of the second kind with the identical order of
degeneracy is constructed explicitly.

Key words: Gauss hypergeometric function, Cauchy problem, Riemann function, Riemann
method, method of introducing an auxiliary function.
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OgsremnresieHy il eKi cbI3bIFbI 6ap »koHe peTi Oipaeii ekinmii TekTi e3remniesieHeTiHn
rurniepbosaibik, TeHaey yiaian Ko ecebi

Foutbivu onebuerTeri e3remntesieHeTiH TUIIEPOOJIAIBIK, TEHIEYIED 9eTTe OipiHI >KoHe eKiHI TeK-
Ti TeHaeysepre Oesineni. Bipinmi TekTi TeHIEY KarmaibiHma TapabOJIAIbIK, ©3TelIe€HY ChI3bIFbI
TEHJIEY/IiH CHUIIATTAMAJAPBIH KAWTapy HYKTEJIEPiHIH NeOMETPHUSIBIK, OPHBI OOJIBIIT TaOBLIA b, AJ
eKiHII TeKTI TeHJIey YKarIalblHIa 041 6Ip YaKbITTa epeKIle ChI3bIK (cumarramMa) GOJIbIT TaObLIAIH,
SIFHU OJI CHIIATTaMaJiap TOOBIHBIH Opaii?KaHayIIbIChl 60JIbIT TabbLIaIbl. COHIBIKTAH €KIHII TeKTI
@3rele/IeHeTiH ruepbosIaIbIK TeH ey iep OIpIHI TeKT] TeHeyaepre Kaparan g 0apJiblK >KarbIHAH
CAJIBICTBIPMAJIBI TYPe a3 3eprrenren. Kazipri yakerrra Kormn ecebiniy mremntimi e3rereseHy Iis, exi
CBI3BIFBI Hap YKoHE PeTi op TYpJii eKiHIm TeKTi e3relieseHeTiH runepOoIabiK, yimin 6esriai. Omgan
opi 3epTTeyIep KOPCETKEH/ e, erep eKiHIi TeKTi rumepooJIaiblK TeHIEY €Ki ChI3BIKTa Oip/ieit e3re-
mesieHeTiH 6oJsica, ouga Kot ecebin ety yimin apHaiibl 3epTTeysiep Kaxer. bys xxkymbicta [ayc-
CTBIH TUIIEPreOMEeTPUSIIBIK, (DYHKIIUSICHI apKbLIbI aTajFaH TeHJey YIIiH PumaH (GyHKIUSICHIHBIH,
2KaHa KACHeTTEPl OPHATHLIABI, COHBIH, KOMEriMeH e3remnesieHy peri 6ipjeit ekinmi TekTi rumepbo-
JanblK, TeHaey ymrin Komm ecebiHiH 2Kajrbi3 perysidp menriMi aifkblH TYPe KapacThIPBLIAIbL.
Tyitin ceszzep: IayccThiH runepreoMeTpusibiK, (pyHKmuschl, Kommu ecebi, Puman dyuxmuscsr,
Puman onici, kemekmii pyHKIUSAHBI €HTI3Y 9/Iici.
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Samagya Komm s BRIPO2KJAIOINET0oCcs TMIepooIndecKoro ypaBHeHUsI BTOPOTo
poaa ¢ AByMsd JIMHUSMU U OJWUHAKOBBIM IIOPAJKOM BBIPOXKIEHUS

Brrpoxk qatorinecs: ruttepboImYecKre ypaBHEHIS B HAY IHOM JINTEPATYPEe MPUHSITO JIeJIUTh Ha yPaB-
HEHUsI TIEPBOTO M BTOPOrO POIOB. B ciydae ypaBHEHHsI IEPBOrO POJA JHHUS HApabOIHIECKOro
BBIPOXK/JICHUS BJIAETCA I'€OMETPUYECKHUM MECTOM TOYeK BO3BpaTa XapaKTePUCTUK ypaBHEHUS, a
B CJIyYae ypaBHEHHsI BTOPOTO POJia OJHOBPEMEHHO SIBJISETCsl 0coB0il JnHMel (XapakTepuCTHKOM ),
T.e. sIBJIZETCsI OrMOAOIIEN CeMeiicTBa XapaKTepucTuK. [109ToMy BBIPOXKTAOIIUECs] TUIIEPOOIHIe-
CKHe ypaBHEHUS BTOPOI'O POJIa BO BCEX OTHOIIEHUAX OTHOCUTEIHHO MaJIO MCCJIEOBAHBI, YeM ypaB-
HEHUsI IIEPBOTO poja. B Hacrosiee BpeMst M3BECTHO pemreHne 3aaa4qn Komu i BBIPOXKIAIONTe-
rocsi runepOOIMIeCKOro ypaBHEHUsI BTOPOIO POJia € JABYMsl JIMHASMUA U PA3JIUIHBIMU [TOPSIKAMU
BBIPOXK,IeHus. /lanbpHele nccieIoBaHns MoKa3aJ/In, ITO, eCJIU THIEePOOINnIecKoe YpaBHEHNE BTO-
pOro pojia B JIBYX JIMHUSIX OJMHAKOBO BBIPOXKIAETCsI, TO JJIsl pelleHus: 3ajadu Komu Tpedyrorcs
ocobbre uccienoBanus. B aToit pabore ¢ moMoImpio runepreomerputeckoil pyukiun Faycca ycra-
HOBJINBAIOTCs HOBBIE CBOMCTBA (pyHKIMN PuMana /1j1s HA3BAHHOTO ypPaBHEHUS, O1aroiapsi KOTOPBIM
€/INHCTBEHHOE PEryIspHOe pelrenne 3aaa4u Ko /1y runep0onieckoro ypaBHEHUsT BTOPOro Po-
Ja C OJMHAKOBBIM IIOPAJKOM BBIPDOXKJIEHUS CTPOUTCA B ABHOM BHU/JIE.

Kurouesbie cioBa: runepreomerpudeckas ¢yukius laycca, 3amada Komm, dyskius Pumana,
Meron, Pumana, MeTo/1 BBeIeHUsT BCIIOMOTaTe/IbHON (DyHKITUH.

1 Introduction

A great interest in the theory of hypergeometric functions (that is, hypergeometric functions
of one, two and several variables) is motivated essentially by the fact that solutions of many
applied problems involving thermal conductivity and dynamics, electromagnetic oscillation
and aerodynamics, and quantum mechanics and potential theory are obtainable with the
help of hypergeometric (higher and special or transcendental) functions |1},2]. Such kinds of
functions are often referred to as special functions of mathematical physics.

The study of applied problems modeled by degenerate or singular partial differential
equations is closely related to the properties of hypergeometric functions of one or more
variables. Explicit solutions to problems posed for degenerate or singular partial differential
equations are expressed through hypergeometric functions, the number of variables of which
depends on the number of degeneracy lines or the number of singular coefficients [3-5].

In particular, the degenerate hyperbolic equations are encountered in the solution of
various problems of gas dynamics [6], in the computer tomography [7], etc. In the scientific
literature, degenerate hyperbolic equations are usually divided into the first and second
kinds. If a hyperbolic equation degenerates along a straight line, which is at the same time
a characteristic, then such equation is a degenerate equation of the second kind, in contrast
to equations of the first kind, when the degeneracy line consists of cusp points of the family
of characteristics of the degenerate hyperbolic equation. Therefore, equations of the second
kind are difficult to study and they are relatively little studied with respect to equations of
the first kind.
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Karol [§|, considering a model equation of the second kind with one line of degeneracy
Y " Uy — Uy =0, y >0, =1 <m<O, (1)

proved the correctness of the Cauchy problem in the ordinary statement. Volkodavov and
Nosov [9] solved this problem for a general linear equation with one line of degeneracy. In
[10-12] , boundary-value problems for degenerate equations of the hyperbolic and parabolic-
hyperbolic types with a spectral parameter and a mixed-type equation of the second kind
are investigated.

In a recent paper [13|, for a hyperbolic equation of the second kind with two lines and
different orders of degeneration

Y " Uy — 2" Uy =0, >0, y>0, =1 <m<n<0, (2)

the Cauchy problem is solved only under the condition m # n.

In papers [14,[15] a potential theory is constructed for the elliptic analogues of the equation
in the forms

Y Uy + 2"y, =0, x>0, y >0, m>n>0,

P
2c

g Ugp, + —Uz;, =0, 21 >0, 0<2a <1, p>2.
- T

In this paper the Cauchy problem for a degenerate hyperbolic equation of the second kind
with the identical order of degeneracy, i.e. m = n in equation ([2)).

2 Cauchy problem for the second kind degenerate hyperbolic equation

Consider the following degenerating hyperbolic equation of second kind with the same order
of degeneration

Y"Upy —2"Uyy =0, =1 <m <0 (3)
in a finite simply connected domain D, bounded by characteristics
AB:y=0, AC:x—y=0, BC :aM/2 4 m+2/2 _ 1

of equation (B) for z > 0 and y > 0, where A(0,0), B(1,0), C ((1/2)¥(m+2) (1/2)2/(m+2).
Cauchy problem. Find a function u(z,y) € C*(D) N C (D) satistying equatlon (3) and
the following initial-value conditions

U(mayﬂyzo =7(z), 0<a <1, (4)
oU(x,y)|
—ay =v(z), 0<z<l, (5)

where 7(z) and v(z) are sufficiently smooth given functions.
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It is known, that with the help of a non-singular change of variables

€ = pm/2 _ymi2)/2 ) p(miD)f2 mi2)/2 (6)

Y

the equation is transformed into the generalized Euler-Poisson-Darboux equation with
the identical negative parameters

1
m, 5 <p <0, (7)

p
Ugy + ug +upy) + —— (ug —uy) =0, p=
] n (5 77) 77_5(5 77)

where

u(n) =U[((n+€)/2)", (n—€)/2)"],

Under the change @, the domain D is mapped into a triangle A in the plane £On with
sides € =0,0<n<1;np=1,0<¢<1;n= ¢ whose vertices are at the points P(0,0),
Q(1,1) and M(0,1), and the conditions (4 and (5] take the form

limu (§,n) = 7 (&) =7(¢), 0<¢ <,
77—)

, n—¢ \? [(Ou Ou _ J2tm)\ -
i (ai=am) (5 —5) ~ @) =70, 0

Let’s to solve the Cauchy problem. The Riemann function for equation (7)) is known [16]

2 52)2:0

2 2\ (2 2
REm o) = o ) P o) ,0 = D E )

(n* = &) (€% = ng)’
where F(a,b;c; z) is a Gaussian hypergeometric function defined by [17, Ch.2, Eq. 2.8(1)]

(8)

o - (@)n(b)n 2"
Fla,b;c;z) = ; 0. T 12| < 1, (9)
a, b, c are independent of z. We call a, b, ¢ the parameters of the hypergeometric function; they
are arbitrary complex numbers with ¢ # 0, —1, -2, .... Here (v),, is a Pochhammer symbol:

I'(v+n)

v)o:=1, Wh=vv+1)..(v+n—-1)= To)

['(z) is a well-known gamma function.
Applying the Riemann method to the domain A, bounded by line segments P.Q.: n = £+¢
(e>0), MQ.: n=mnyand MP.: & =&y, we obtain

1 1 o=
(&) = 5uR)r + 5 0R)g. 5 [ (R, g,
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1/"0_5 [ (8u 8u>]
—= R(—=——+ dg, 10
2 o 9 I n=&+e (10)
where
OR OR 2pR
R — - — —_ .
Hir = ( og  On ) n—¢
: OR OR
Let us transform the integrand u(R). First, we calculate the difference % an To this
Ui

end, using the autotransformation formula for the Gauss hypergeometric function |17, Ch.2,
Eq. 2.9(2)]

F(a,byc;x) = (1 —2) " "F(c—a,c—b;c;x), (11)
we transform the Riemann function into the form
R(&m:&0,m) = (=) (p—&) "A—0) PF(1—p1—p;1;0).

Next, applying the well-known differentiation formula |17, Ch.2, Eq. 2.8(25)]

d u _a(c—Db)
d$[(1—x)F(abcx)] .

(1—2)"'F(a+1,bc+1;2), (12)
after elementary transformations, we obtain

OR 0OR 2pR (2 — )P g —ed)! (ao aa)
Rl T L F(p,1+p;20) (= — = ).
o ¢ p(1—p) G 2T — g2y (p, 1 +p;2;0) 9 on

o Jdo
It is easy to calculate the partial derivatives —, — and their difference:

o¢’ on

do _ 26(° —m) (g — &) O _ 2 (& — &) (g — &)

¢ =) M- m P-) -8

do 0 2 (2 — €2

= P € - ) =€) — € 7 =) (7 = )]
Thus, we finally have

OR OR  2pR  2p(1—p)(n* = &)"

O o n-€ (mE-gyTm-ert
< [(€—8) (R—&) — € —m) (P~ )] Fp.1 + 3 20).

Hence, due to the obvious equality

26 (* —mg) (n* — &) — 21 (&2 = &) (5 — &%)
(n+¢) (n—2¢)*
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(& = &) 0 —m3) + (& —n3) (> = &)
(n—¢)?

= (5 +& +26n) +

Y

we get

p(L—p) (1= & (05 + & + 26n)
M(R) = “2p ;o 5 p+01 20 9 p+1F (p7 1+ p;2; U)
2n+8) " * =& (g — &)
2 2\1—2p
p(n+&) (m — &)
(n? =€) " (g — €)'
pl-pP e+ Y+ M-
201 - )" () — €)™
Now we substitute the function p(R) into (10). Taking into account the easily verifiable
equality for the Gaussian hypergeometric function @:

F(l1-p,1-p;l;0)

FQ2~-p1-p20).

(1-p)(e+1)
2

1+p

F(1—-p,1—pl0)— F(2—p,1—p;2;0)=TF(l—p,—p;ZJ) (13)

and the definition of the Riemann function, we obtain

u (o,m0) = %(UR)P + %(UR)Q + I+ I + I3, (14)
where
= PP /"O_E [(n — O (g + & +260) F (p, 1 +p;2;0) U(ém)] it
2 Ja (0 +&)7 (1 = P (g — €)™ e
pL+p) [+ R —€) " F1—p —p20) U(S,n)]

I = +— d )

: 2 /so (2 =€) (g — )" tie ‘

Lm0 du (= &5) " (g — €871 1

b /s kag an) TR 1’0)] e

It follows from the formula that the function R on the line n = £ tends to infinity of
order —2p (0 < —2p < 1). Therefore, unlike the degenerate hyperbolic equations of the first
kind [?] , the terms in containing u (ny — &, 1o) and u (&, & + €) do not disappear at
¢ — 0 (and even more: they are infinitely large). Moreover, I becomes a divergent integral.
Therefore, we first transform the integrand in Is.

We first prove the very important lemma.

Lemma 1. The following differentiation formula

(n—8&) (m5 —&)"
(2 —€2)?

F(—p,—p;1;0)
[(n* = &) (g — €H)]°°

=p(1—-p) 1—0)"™F(1+p,p;2;0)
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p(1+p) (n+&) (03 + &5 — 2n¢)
Fl—p,—p;2; 15
@) - TR 1)
is valid.
Proof. Let us introduce the notation:
F(=p,—p;1;0)
5 = - 16
VN = e e o)

Applying the differentiation formula 7 the autotransformation formula and the
relation ([13]), we obtain

a (€m) = p(1 —p) B8 (i (14 o)
(n? —&2)

+p(1+p) (n—&) :_E(Q))p (1—0)P(c+1)F(1—p,—p:2:0)
(n* = €2)

. oo oo
—i—p(l—l—p)ﬁ(l—a) "F(1—p,—p;2:0) (3_§+_>

Using the following identities successively
P =&) (g = &)+ (g — ) (&2 = &)

7= (P — &) (R — € /
do + 2 0o _ 2(ng — &) € (5 —n*) (n* — &) +n (£ — &) (£ — n)]
3 (n? — )" (g — )" ’

¢ (n? 772) (= &)+n(E-&) (€ -m)

= (1 — &) [M& + n€&d + néng — n°€ — & —ng’],

(n* = &) (m — &) + (i —n*) (€ — &)

+2 (15€5 + nE&s + néng — n°€ — n°E% —ne’)

(=N )

[N}

= (n+&)*(n + & — 2n¢),

we get

o = g — &)
dy (€,m) = p(1 —p) 0 — €2 (1

p(1+p) (n+€) (5 + & — 20) |, s
[(n? — &) (g — 52)]1719 (14 p,p;2;0).

The Lemma 1 is proved.

—0)""PF (1+p,p;2;0)
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Let’s return to the formula . First, we transform I, by representing it as the sum of
two integrals Iy = i1 + i, Where
2p(1+p) /”O_E[ (m+nErF (1 —p, —p;250)u(é,n) }
2p—1 - 5
5 —)" Jao LM =) =N In(mg =€)+ =) —ese

dg,

’iQZ

p(1+p) /”” (n+&) (s =€)~ — G F(1-p —p;20) UI it
28— &) Jeo (2 = &) (8 =€) TR =)+ e =) | .

one of which (i;) becomes convergent, and the second (iz), taking into account the Lemma 1

(see, Eq. (L7))), is transformed to the form:

1o = 191 + 122,

where

no—¢€

(i —&) /£ [ (& m)w (&) dip (&), = dE,

121 =

A

2
ins = = (@ — €)™ x

2
y /"” [(772 — &) (g — &) — P = QN F(1+p,1+p;20)u(é,n) dt

& [(? = ) (3 — € [n (= ) + £ (2 = &) e
(e = DO =€) — 0" — &)y — &)

[ (0 =€) +€(n? = &)
an auxiliary function 1 (&, 7) is defined in ((16)).
Now we integrate i9; by parts:

(0~ &) o e EnuEnlE

A

191 =

1

G0 [ el nulenl i

Let’s pass to the limit in at ¢ — 0. Since

p(Q) = =2, ¢(P)—=2, ¢(Q)—=RQ), ¥ (P)—=R(P),

then

lim
e—0

{(uz))p (g

+leEnuEnuEnl] -o

Further, one can show that

e—0

i {5 [ (wemaleen .
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—9 (773 _ 5(2))_2])_1 /no F(=p,—p;1;1) 7(€)¢ de

o [(€—&) -

Ly vt [P (& - 28) F(—p,—pi 1 1) %/(é)d
3 (= &) /g (62— &) (i3 — €2)]" ¢
o " (g — &) P F (1 - p,—p; 2, 1) F(E)E
limi, = 4p(1 + de,
g = tp(1+9) | @@ - :

111’11]1 == 0, limigg = 0,
e—0 e—0

1—2p /"0 (26)" F (p,p; 1;1) 0(€)
&o

lim/; = — d¢.
s=0 2t (62 — &) (g — &)
Hence, applying the summation formula for the Gauss hypergeometric function |17, Ch.2,
Eq. 2.8(46)]
()T (c—a—10)

I'(c—a)T (c—b)’

F(a,b;c;1) = Re(c —a—b) >0,

substituting the calculated limits into (10) and passing to the old variables x and y, after

performing some transformations, we obtain the solution of the Cauchy problem for the
equation in the quarter-plane > 0, y > 0 with initial data (4]) and (5|) as follows

(st dt k - Lr/ (51720 (1 — 2t)dt
0 0

tP(l—t)? (1+2p st=P(1—t)=P
1, _ 1-2
tP(1—t)Pu (s'72P) dt 2
_|_ 2$yA 51*217 ) p m+27 ( )
where
r+2 -2
ky ( + p) ( p) 2 = $m+2+ym+2+2(2t_1)<xy)(m+2)/2, -1 <2p<O.

T r(1+p) P T21-p)

Theorem. If 7(z) € C?[0,1] and v(x) € C?(0, 1], then the function U(x,y), defined by the
formula is a twice continuously differentiable, moreover, unique, solution of the Cauchy
problem for the equation (3) with initial data (4] ) and (§]) in D.

Proof. The uniqueness of the solution of the stated problem follows from the very method
of obtaining the formula . The validity of the other assertions of the theorem can be
verified by direct calculation.

Remark 1. In the same way, one can obtain a solution to the Cauchy problem for the
Karol’s equation in the domain D. The solution obtained in this way coincides with the
solution obtained by I.L. Karol [§] from the general solution of the Euler-Poisson-Darboux
equation.

Remark 2. Since the equation by replacing 2 = t, > = s reduces to the Euler-
Poisson-Darboux equation, the solution to the problem could also be obtained from the
general solution. We considered it more interesting to show the applicability of the Riemann
method in the case when the Riemann function has a singularity on the line that is the carrier
of the data of the Cauchy problem.
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3 Conclusion

For the future, it would be interesting to solve the Tricomi problem for the degenerate
hyperbolic equation with the identically order of degeneracy.
Consider a degenerating equation of the mixed (an elliptic-hyperbolic) type

Let Q2 be a singly connected finite mixed domain in the plane of the variables z, y, bounded
by the simple Jordan curve ¢ with its endpoints at B(1,0), D(0, 1), lying in the upper-right
quart-plane x > 0, y > 0, by the characteristics AC' and BC' of equation at y < 0 and
by the segment AD, where A is an origin; C' is an intersection point of the characteristics
AC and BC.

The problem of Tricomi consists of finding the function u(x,y) which is a solution of
equation (18) in domain 2; continuous in the closed domain 2 and assumes prescribed
(continuous) values on ¢ and on AC.

In solving the Tricomi problem, the formula will play an important role in determining
the relationship between 7(x) and v(z), brought from the hyperbolic part of the mixed region.
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