ISSN 1563-0277, eISSN 2617-4871 JMMCS. 3(127). 2025 https://bm.kaznu kz

IRSTI 27.25.19 DOI: https://doi.org/10.26577 /IMMCS202512737

A.B. Utessov -, G.I. Utessova *
Aktobe regional university named after K. Zhubanov, Aktobe, Kazakhstan
*e-mail: ugi a@mail.ru

LIMITING ERROR OF THE OPTIMAL COMPUTING UNIT FOR
FUNCTIONS FROM THE CLASS W,

In the problem of optimal recovery of an infinite object (functions on a continuum, integrals of
continuous functions, solutions of partial differential equations, derivative of functions,...) from
finite numerical information about it, the problem of finding the limiting error of the optimal
computing unit naturally arises, since the numerical information about the infinite object to be
restored , as a rule, will not be accurate. In this article, the limiting error of the optimal computing
unit is found in the problem of optimal recovery of periodic functions of many variables from the
anisotropic Sobolev class W,® in a power-logarithmic scale in the space metric L2. The actuality of
this work is determined by the following factors: firstly, the found limiting error €5 of the optimal
computing unit preserves the exact order of the smallest recovery error , when replacing exact
numerical information about a function f € W5 with inaccurate information and is unimprovable
in order; secondly, the problem of finding the limiting error of an optimal computing unit has not
previously been studied in the class under consideration; thirdly, the anisotropic Sobolev class in
the power-logarithmic scale is a finer scale of classification of periodic functions according to the
rate of decrease of their trigonometric Fourier coefficients than the anisotropic Sobolev class in the
power scale.

Key words: optimal recovery, optimal computing unit, linear functionals, exact order, anisotropic
Sobolev class, trigonometric Fourier coefficients, limiting error

A.B. Yrecos, I'I1. Yrecosa*
K. 2Kyb6anos arbiagarsl AKTebe oHip/iIiK yHuepcureri, Akrebe, Kazakcran
*e-mail: ugi a@mail.ru
W,'* knacel pyHKIUSIAPHI YIITIH ONTUMAJIbI €CeNTey arperaTbiHbIH, IMIEKTiK KaTeJiri

AKBIpCBI3 00beKTIHI (KOHTHHYYM/a aHBIKTAJFAH QYHKIUSHBL, y3lriccis dyHKuusmap nHTerpasia-
DBIH, JiepOec TyBIHIBLIBL TuddepeHInabIK, TeHIeyIep mermimepin, dyHKIs Ty bIH/BIIADbIH,. .. )
OJIaH aJIbIHFAH CAHBI aKbIPJIbI MOJIMETTED apKbLIbl OIMTUMAJIIBI KAJBIITACTHIPY ecebiHIe TaOuFu
TYp/le, KAJBIITACTHIPBIIYFA TUIC aKbIPCHI3 OOBEKTTEH AJBIHATHIH CAHJBIK MOJIMETTED 9IeTTe
o1 6OIMAaNTBIHABIKTAH, ONTUMAJIIBI €CENTEy arperaThbiHbIH IMEeKTIK KaTemirin Taby ecebi maiima
Gomampl. Bynm makamama L2 KeHicTiri MeTpHKachlHZa Ioperke — JOrapudMIiK IIKAJIAIAFbI
annzorponTel CobosieB WQT * KJlachblHa THECLTI KOl affHbLIMAJIBLILI MepUOATHl (DYHKIMIAPIbI
ONTUMAJIIbl KAJBIITACTBIPY €CceDIHJIerl ONTUMAJIIbI eCelTey arperaTblHbIH IMeKTIK KaTesiri
TabburaH. OChl YKYMBICTBIH, ©3€KTIII ONTHUMAJIIBl €CElTey arperaTblHbIH, Kejeci (akTop/ap
ApKbLIBl KAMTAMAChI3 €Tijiei: OIpiHIIieH, ONTUMAJIbI €CelTey AarperaTblHbIH TaObLIFaH €N
mekTiK Karemiri f € WQT " (bYHKITHACHIHAH AJTBIHFAH 9/ CAHILIK MOTIMETTI /I eMec MoJiMeTKe
aybICTBIPFAH/IA /13, KAJIBIITACTHIPY/IBIH, €H a3 KATEeJIriHIH 19/ PeTIH CaKTal bl KoHe peTi O0ofbIHIIIa
JKaKCapMaliJibl; €KiHIIiIeH, ONTUMAJIIbI €CElTey arperaThIHbIH MEKTIK KaTesirin tady ecebi ochbl
KYHTe JIefiiH KapacThIPBII OTHIPFaH KJIACTa 3ePTTE/IMEreH; VIHIIIeH, TePUOATHI (DYHKITUSIIAPIbI
OJIAPJBIH, TPUTOHOMETPHUIBIK, Pypbe KOIPPUIMEHTTEPIHIH, KeMy KBLIIAMIBIFLI  OOMBIHIIA
KJtaccu(pUKAIUIAIl CUIIATTAY 1A JIOTapU(pM-IoperKeIiK mKaJIagarbl aHu30TponThl CoboJIeB KIachl
JopeXKeJIiK MKaja1arsl aHu30TporThl Cob0JIEB KIaChIMEH CAJIbICTBIPFaHIa KEH, 9Pi J19JI CUIIATTAMA
OOJIBITT KeJIEi.

Tvyiiia ce3aep: onTUMAIBI KAJIBIITACTHIPY, ONTUMAJIIBI €CEIITEY arperarhl, ChI3BIKTHIK (DyHKIN-
oHAJLIAD, J12J1 peT, arm3oTponThl CobosieB Kiackl, TpuronomMeTpusiibik, @ypbe koadbduimenTrepi,
IIEKTIK KaTeJiK.
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IIpenenbHas MOrPEIIHOCTH ONTUMAJILHOIO BBIYUC/INTEILHOIO arperara st GyHKIui n3
kJsacca W,

B 3ajzade onTuMAasbHOIO BOCCTAHOBJICHHS GECKOHEYHOrO 00bekTa ((DYHKIUM HA KOHTUHYYME,
WHTErpaJjibl OT HENPEPBIBHBIX (DYHKIWIA, pernenus AuddepeHnuaabHbIX YPABHEHUN B YaCTHBIX
IPOU3BOJIHBIX, MPOU3BOAHON (DYHKIUM, ...) 10 KOHEYHONH YHCIOBOI MHMOPMAIMM O HEM €CcTe-
CTBEHHBIM O0ODPA30M BO3HUKAET 33J[ada HAXOXKIEHUS [IPEIEJHHON ITOTPENIHOCTH ONTHMAJIHHOIO
BBIMUCJIATEIFHOIO arperara, IIOCKOJbKY YHCIOBas MHQMOPMAIUA O IIOJJIEXKAINEM K BOCCTAHOB-
JICHUI0 OECKOHEYHOM OObEeKTe, KaK MpaBuio, He OymeT TodHOW. B JaHHON cTaTbe HalijeHA
IIpeJiesibHasd IOIPEIIHOCTh ONTHUMAJBHOIO BBIYUCIUTEJBHOTO arperara B 3ajade ONTHMAaJIbHOI'O
BOCCTAHOBJICHUS TEPUOAUIECKUX (DYHKIWI MHOIUX I[IEPEMEHHBIX U3 AHU30TPOITHOTO KJIACCA
Cobonesa W,'® B cremenno — morapudMmIeckoil mKage B MeTpuke mpoctpanctBa L2, Axry-
aJIBHOCTH HACTOAIIEell paboThl 00yCJIOBIEHA CJIEAYIONUMU (DAKTOPAMU: BO — IIEPBBIX, Hal/IeHHAs
npege/ibHad IIOrpenItHoCTb EN OIITUMAJIbHOI'O BBIYUCJ/IUTEJIBHOI'O arperara COXpaHdeT TOYHBIA
[TOPSIJTIOK HAWMEHBIIIE TIOMPEITHOCTH BOCCTAHOBJIEHHUsI IIPU 3aMeHe TOYHON YHMCJIOBOM HH(pOPMAIAN
o dbynkuu f € W, Ha HETOMHYIO U ABJIAETCs HEYJIydIIaeMoil [0 MOPSJIKY; BO — BTOPBIX, paHee
3ajla9a HAXOXK/IEHUs IIPEJIeJIbHON HOT'PEIIHOCTH ONTHUMAJIbHOI'O BBIYMUC/IUTEIBHOIO arperara He
u3ydasiach Ha PACCMATPUBAEMOM KJIAcCCe; B — TPEThHUX, AaHN30TPOHbIH Kiaacc CobosieBa B CTEIIEHHO
— JorapudMUTIECKON IMKaJIe sABJIsIeTCs 00jiee TOHKOW IMIKAJIONH KJIacCHUPUKAINNE MePUOTUTECKUAX
byHKIMIA 10 CKOPOCTU yOBIBAHUSI UX TPUTOHOMETpHYecKux KodpduinmenroB Oypbe, yem aHU30-
rponHbiil Kiacc CoboJieBa B CTEIEHHOI MIKaJIe.

Kimrouessbie ciioBa: OnrnMaibHOE BOCCTAHOBJIEHNE, OIITUMAJIBHBI BBIYUCJIUTEJBHBII arperat, Jiv-
HeiiHble (DYHKIMOHAJIBI, TOYHBIN [TOPSII0OK, aHU30TPOIHbI Kiracc CoboJieBa, TPUIOHOMETPUIECKIE
ko3 durmentor Pypbe, MpejieibHast MOIPENTHOCTh

1 Introduction

Using the notations of the articles [1] and [2]|, we present definitions of the computing unit,
the exact order of error of the optimal recovery, the optimal computing unit and its limiting
error. Let a natural number N, normalized spaces X and Y of numerical functions defined
on sets (2 and (2 respectively, a functional class F' C X, an operator T': F' +— Y, a function

SONESON(Z1,-~->ZN;?J)ZCN x Q= C,

which for each fixed (21, ..., zy) as a function of a variable y belongs to the space Y, are given.
Further, the symbol (") will be used to denote a N— dimensional vector (lj(\p, e lj(\],v)> with
functionals l](\}) F—=C,... ,l](VN) :F— C.

Definition 1. For a given pair (l(N), goN) , a numerical function

ex (000, (i)

of a variable y is called a computing unit.

Every below, we will use C(a,f,...) to denote positive quantities that depend only
on the parameters indicated in brackets. For positive sequences {a,},>1 and {b,},>1 the
notation a, < b, will mean the existence of some quantity C(«,3,...) > 0 such that

a,B,...
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a, < C(a,B,...)b, for all n € N. It should be taken into account that the values of
C(a, B,...) > 0 in different expressions may be different. And the simultaneous fulfillment
of the relations a,, << b, and b, << a, is written as a, >ﬂ< b,.

aB,... oBe. ...

Further, for given F|Y, Dy and T F —Y we determine the quantity

on(Dy,T,F)y = inf  dn((I"™), 0n), T, F)y, (1)

(l(N) 750N)€DN

where Dy is a subset of the set of all pairs (I'™), py),

on (1Y), ox). T, F)y = sup (1)) = on (), 187
fer Y

Definition 2. A positive sequence {t)n}n>1 such that

IN(Dn, T, F)y :ﬁ (S (2)

yoon

18 called the exact order of error of the optimal recovery of the operator T : F — Y by
computing units from Dy in the metric of the space Y.

Definition 3.4 computing unit (Z(N), gZN> = 0N <Z§\})(f), . ,igév)(f); ) such that

........

18 called optimal.

Thus optimal computing unit (l~(N ), o) realizes the exact order ¢y.

Here we note that in the relations and , instead of the parameters a, 3, ... the
parameters of the class F' and the space Y are taken.

Calculations for each function f from class F' the value l](\})( f),.-. ,lj(\],V)( f) of functionals
lg\}) F = C,... ,lj(\],V) : ' — C, with rare exceptions, cannot be exact. Therefore, for the

optimal computing unit (l~ (M) Zn), the problem arises of finding the error ¢ in calculating the
values ZE\P( £y, ZﬁvN)( f) of the functionals l . F — C,. l M. F — C, which preserves
the optimality of (I, Zy) and is the hmltlng in order. In [1] the error £y was called the
limiting error of the optimal computing unit (l(N ), &n). Now we present definition of £y,
formulated in [2].

Definition 4. A sequence ey > 0 is called the limiting error of an optimal computing

unit (Z(N),GN) ,if

AN (gNu(l( )7S0N) T7F>Y >_ﬁ_< 5N(DN7T7F)Y and (4>

im AN(nNgN7(l~(N)J§5N)7T7 F>Y _
N—oo (SN(DN,T,F)Y
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for any positive sequence {nx}n>1 increasing arbitrarily slowly to +o00, where

AN(EN,(Z( ,SON) T, F)

=sup sup {H(Tf)() —@N(zl,...,sz)H 2 —i%)(f)‘ <en,i= 1,...,N} =

feF Z1,.092N Y

= sup sup
FEF P11, g <1

TN = ax () +9W0en, I +98 2w ||

for any positive sequence ey .
The relation means that when calculating the values of the optimal computing unit

&NUS)(]‘), . ,ZNE\J,V)(f); ) each number i](:,—)<f)(7' =1,...,N = N(K)) can be replaced with

error £y by a number z, such that |z, — ly)(fﬂ <en(r=1,...,N = N(K)), preserving the
exact order of error of the optimal recovery.

According to equality , we can state that the error €y is of limiting error, because an
arbitrarily slow infinite increase in the value of €y (i.e., replacement of £y by nyey) violates
the exact order of error of optimal recovery.

Many mathematicians have been and continue to be concerned with the problems of
establishing the relation and constructing optimal computing units for various F,Y, Dy
and T : F — Y ( see, for example, [3-6] and the bibliography therein). The problem of
finding limiting errors is a relatively new problem in approximation theory, computational
mathematics and numerical analysis. Results on this problem can be found in the works |1],
[2], [7] and [§]. In this article, when

Tf=fF=Wy0,1)°,Y = L*[0,1]*, Dy = Ly,

where W3'* = Wyt "% [() 1]* is the anisotropic Sobolev class on a power —logarithmic
scale (the definition of the class is given below), Ly is the set of computing units (I, o)
with linear functionals l%) W =G, ... l(N) W5“ — C, the limiting error of the optimal
computing unit (I'Y), %) from [5] is found.

The importance of studying this work lies in the following: firstly, the anisotropic
Sobolev class Wy = Wyt "% 1]* in the power-logarithmic scale is a finer scale
of classifications of perlodlc functions in terms of the rate of decrease of their trigonometric
Fourier coefficients than the usual anisotropic Sobolev class W51 7" [0, 1]* in the power scale;
secondly, the recovery of functions from the class W5*[0, 1]* is carried out by computing units
from a fairly wide set containing all partial sums of Fourier series over all possible orthonormal

systems, all possible finite convolutions Z f(&) Kn(z — &) with special kernels Ky, and all

finite sums of approximation used in 0rthow1dths linear widths, and greedy algorithms;
thirdly, previously, the problem of finding the limiting error of the optimal computing unit
was not considered on a multidimensional functional class W,'; fourthly, in the problem of
finding the limiting error of the optimal computing unit on optimal recovery of functions from
the class W5, unlike the classes Sobolev SW3 with a dominant mixed derivative, Korobov
E{ and Sobolev W), and the exact order and limiting error does not depend on the number
variable functions f(z) = f(z1,...,zs) (see, for example, [9] and [10]).
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2 Main result

First, let’s agree on the notation used. Everywhere below, the symbols [a] and |E| will denote
the integer part of the number a and the amount elements of the finite set E. For each vector

r = (ry,...,rs) with positive components, we assume A = 1/(1/ry + ...+ 1/ry). Instead of
symbols
|- {2, < ; > and -
ST 1yeeesT53 Q] yeeeyOls S3T] 4euny TsyX1y...yOs L2V EYRTRY AT P10 % PP 6 7

we will use the symbols || - ||2, <, > and =< respectively. The symbol [J will mean the end
of the proofs.
Now we give a definition of the anisotropic Sobolev class W, on a power — logarithmic

scale. Let an integer number s > 2, vectors r = (ry,...,75) and a = (ai,...,q)
be given such that r; > 0 and a; € R for each i = 2,3,...,s. The class W;* =
Wytrreit9s1() 1]% consist of all functions f(x) = f(x1,...,z,) that are summable on [0, 1]°

and 1 — periodic on each variable and whose trigonometric Fourier — Lebesgue coefficients
[ f(x)e ?mima)dy m € Z* satisfy the condition

[0,1]¢
> fm)P @ I’ (4 1) + e I (m, + 1) < 1
mezZs
where m; = max{1;|m;|} for each j =1,...,s.
The main result of this article is the following
Theorem. Let an integer number s > 2, vectors r = (ry,...,rs),r1 > 0,...,rs > 0 and

a = (ag,...,as) € R® be given such that r; + «; > 0 for each i = 2,3,...,s, and let the
imequality

(6)

DN | —

! +ot ! .
min{ry, 1 +a1} 0 min{re, s + st

hold. Then the quantity
1

N/\“/Q(ln N)A(al/r1+---+as/rs)

EN =

18 limiting error of the optimal computing unit
N
(™, 2x5) = 7n (), (i) = > Fm)emme,

where N = N(K) = [[(2N; + 1),

i=1
N, = Ny(K) = [KMri(Iln K)Nea/ritetas/r)/ri(ln K)=/"] K > 2 for each i €
{1,...,s}, {mM, m? ... mM} is some ordering of the set Ax = {m € Z° : |my| <
Ni,...,Ims| < N}, in the problem of optimal recovery of functions from the class

Wyt .. %[0, 1]% 4n the metric of the space L*[0,1]°.
In the case a; = ag = ... = a, = 0 from this theorem we obtain the following statement.
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Corollary. Let an integer number s > 2, vector r = (ry,...,rs) be given such that r; > 0
1

. . . 1 1 - 1 .
for each 1 = 2,3,...,s, and let the inequality (— +...+ —) > 5 hold. Then the quantity

Ts

EN = NAH/Q 18 limiting error of the optimal computing unit
(™, 7y) =2n (W), (i) = Z f () e2mim )

where N = N(K) = J[(2N; + 1),N; = Ni(K) = [KM"] K > 2 for each i €
=1

{1,..., s}, {mV,m? ... m™Y is some ordering of the set Ax = {m € Z° : |my| <

Ni,...,Img| < N}, in the problem of optimal recovery of functions from the class

Wot"10,1]* in the metric of the space L?*[0,1]%.

3 Auxiliary statements

Lemma 1. Let sequences {x,}n>1 and {yn}n>1 be given such that lim x, = +oo and
- - n— 00

lim y,, = +o0. Then for the sequence z, = min{z,,y,} the equality lim z, = 400 holds.
n—oo n—oo

Proof. According to the equalities lim x,, = +o00 and lim vy, = +o00, for any positive number
n—oo n—oo

£ > 0 there is a number N, such that for all natural numbers n > N, the inequalities z,, > ¢
and y, > ¢ are satisfied. From these inequalities follows the inequality min{z,,, y,,} > e, which

is true for each n > N.. Therefore, lim z, = +o0. [J
n—oo

Lemma 2. For each v € R there exists a quantity Cy(y) > 2 such that for all integers
K > Ci(y) the relation

In(KIn" K) =< In K (7)
vy
holds.
Proof. In case 7 > 0 for all integers K > 2 the inequalities

K<KWWK<K" &
ShK<In(KIn"K)<(y+1)InK (8)

are satisfied.
Let v < 0. Since Jim VEK1In" K = 400, there exists a number K(© = K©)(v) such that
—00

for all integers K > K© the inequalities
1
§an§1n(Kln7K)§an 9)

2, it ~v>0;
KO 41, if y<0,
(9) for all integers K > Cj(v) we obtain . O
Lemma 3. For any function f € L? the inequality

max {[1£() = on(0.. . 0:) | [(=H)0) = en (0.0 )| > 7]

hold. Therefore, taking C}(y) = by virtue of the inequalities and
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18 satisfied.
Proof. Let us introduce the following notations:

a=|[f(-) =en(0,...,0;)[l2 and b= [[(=f)(-) = en(0,...,0;-) -
Then, according to the inequalities max{a,b} > (a + b0)/2 and ||z||2 + [|y|l2 > ||z — ]2, We

have
max {1 £() = ox(0,..,0:) s (= 1)) = o (0,0 ) |
o IFO) = o0 0l + (=) = (0,05

2
SULOECNONUD E ) REENUSSUS e

4 Proof of the main result
We will begin the proof by checking the validity of the relations

AN(gNJ (Z_(N)7¢N)7 Tf - f7 Wg;a)L2 = 5N(LN7 Tf - f7 W;a)lzz‘ (1())

For arbitrarily given numbers 7](\;) such that |7](\;)| < 1(r =1,...,N) there is an inequality

[£6) = on @) + W, BB +82w0)|| <

T)\—= ﬂzm("—)
) )EneRm i) (11)

Hf W () IO+

2
According to the theorem from [5], the relations
On(Ln, Tf = f, W[5 e =< 0 (I, 00), Tf = f,W5™®) 1, =<

1
N)\(ln N))\(al/rl-i-...—i-as/rs)

- (12)

are valid. Using the Parseval equality, we find

N

T=1

1
N (In N)Nat/rittas/r)

<
2

Further, due to inequalities and , we obtain

|76 =2 (1005) + 202w, B0 +402: ), <

1
< N)\(ln N))\(al/rl—l—,..—l—as/rs) :

From where, by virtue of the arbitrariness of the numbers 7](\;)(7' = 1,...,N) and the
function f , we have
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1
NA(In N)Mea/rivFas/rs)

AN (ng (Z_(N)uﬁN% Tf = f’ W;Q)L2 <
Since )
On (L, Tf = W5 ™)z < on (I, 5), Tf = f,W5™) 10 <
< Ay (Ev, (™, 28), Tf = £ W5) 1,
then taking into account and we obtain .
Let the set of pairs (Z(N ) goN) with functionals

I (f) = fFmD), 157 () = fm™)

be denoted by ®x. Now let us verify that for all (I"), py) € @y and any arbitrarily slowly
increasing to 400 sequence {ny(x)}x>1 the equality

HAN(nNgNa (Z_(N)vaN)v Tf - f7 VVZT;C!)L2
N=oo 5N(LN7 Tf = f> WZT;Q)LQ

= +00. (14)

holds. Next, for each integer K > C(r, o, s) we define the set

Hi ={m e 2°: [M{] < |m| <2-[M7],... [MJ] < |ms| <2- [M]},

where M; = NMri(In N)Mei/rtetas/r)/ri(In N)=ei/rig V™ for all ¢ € {1,2,... s}, N =
N(K), B = min{ny,In N},
Since Khrf frx = 400 (see Lemma 1), there exists a number Ky > C(r, a, s) such that
—+o0

for all integers K > K| the inequality Sx > 1 holds.

Now for any component m;(i = 1,2,...,s) of the vector m € Hj we will prove the
inequality
1n°"'(2mi) < In™ N, o; € R. (15)

If a; > 0, then by virtue of inequalities (In N)~*#/™ < 1 and B[_(l/ " <1 and Lemma 2, we
have
lnai(Qmi) < In%i (QN)\/ri(ln N)A(al/rl—i-...—i—as/rs)/m (hl N)—a,-/riﬁl—(l/ri) <

< In% (2]\7)‘/”(111 N)A(a1/7"1+~-+as/7’s)/7’i) < In® N.

Comparing the beginning and the end of this chain of inequalities, we obtain _ Let
Therefore,

2mz > 2N)\/ri (ln N))\(al/r1+..-+0¢s/7‘s)/n (ln N)_ai/riﬂ;(l/m >
> N)\/ri(ln ]\7))\(oq/7"1—&-...—&-ozs/rs)/r,-—ozi/r,-—l/ri7

whence by virtue of Lemma 2 and the inequality «; < 0, we again obtain .
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From follows the inequality

my In® (2m;) < N (In N)Mea/mt-tas/ra) g 1, (16)
Consider the function hg(z) = BxEn Y. €2™0™%) Then, using the relation
meH
[Hicl =< N B (17)

and the inequalities and Sk > 1(K > Kj), we have

D g (m)? (M P + 1) + .+ W I’ (4 1)) =

mezZs

= > Jh(m)|* (M W (4 1) + . w2 I (m, + 1)) <

meHF,
< 3 fhelm)? (02 (2 + .+ T (2m)) <
meH
< B 3 NP (ln N)Pea/ritetes/r) g2 o
meHT,

1
<<— Yol oy <L
mEH* 6

Therefore, for some C(r, a, s) > 0 the function tx(x) = C(r,a, s) - hix(z) belongs to the
class W,'®. By virtue of Parseval’s equality and relation ((17) we have

1-1/(2))

K
HtKHQ > NA(ln N))\(Oél/’l”l'f‘-..'f’@és/’/‘s)‘ <18>

Further, having fixed the values of K > Ky for any 7 =1,..., N = N(K) we put

s 2 k) g0 - EE)mT)
N ENTIN N ENTIN

e

Since for each 7 =1, ..., N inequalities |7N | <1, | <1 and equalities

te(m™) + 77N:Y](\7/—)5N =0, (—tg)(m") + nNcU](\;)EN =0

)

are true, then by virtue of Lemma 3 for each pair (IV), o) € ®y we have

sup sup
N
FEWS™ |y (P1<1, O <1

76) = o () + 90 mew,

f(m(N)) + 7§VN)77N§N§ ) H2 >

~

> max { Htx(~) — N (fx(m(”) + AN INEN - (M) 4+ Ay ) H2
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~ ~

|(=t)0) = ox (=) m®) + 3w, - (i) ) + 3 e )|} =

= max { [t () = 0, 05)]| | (=t () = w0, 00| = el

2
Next, using inequality , we find
A (mvEw, (N, on), Tf = F,W5?) 12> 65 (L, Tf = £, W5*) . 8. (19)

Since

1 - 1 ! 1
min{ry, 7 + a1} min{rg, rs + s} 2
see condition (6)), then 2\ > 1. Therefore, in view of the equality lim [x = 400 and
( i
—+oo

the inequalitiy for each pair (I, o) € @y and any positive sequence {nyx) }x>1 that
increases arbitrarily slowly to 400, the inequality

lim AN(nNgNa (l(N)J 90N>7 Tf = f7 VVZT;OZ)L2
N—oo ON(Ln, Tf = f, W5 )12
holds. It is clear that (I'"),5y) € ®5. Consequently, from (20) follows .0
Remark. Since the equality (@ is proved for all pairs (M), ¢x) € CIDN, then any optimal
computing unit oy (f(m(l)), o fm ™), ) , N = N(K) does not have a greater (in order)

limating error than Ey.

= 400 (20)

5 Conclusion

The theorem proved above is a new result in approximation theory, numerical analysis, and
computational mathematics. This study can be continued by replacing condition (6) with
a weaker condition that ensures absolute convergence of the trigonometric Fourier series

ST f(m)e2mmo) functions f e Wi,

mezs
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