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AN INVERSE PROBLEM FOR PSEUDOPARABOLIC EQUATION WITH
MEMORY TERM AND DAMPING

In this paper, we study the inverse problem of determining, along with solution u(x, t) of a
pseudo-parabolic equation with memory (convolution term) and a damping term, also an unknown
coefficient f(t) determining the external effect (the free term). In the investigating inverse problem,
the overdetermination condition is given in integral form, which represents the average value of a
solution tested with some given function over all the domain. By reducing the considering inverse
problem to an equivalent nonlocal direct problem. The applicability of the Faedo-Galerkin method
to the inverse problem is analyzed. The damping term γ |u|q−2

u affects as nonlinear source in the
case γ > 0, and an absorption, if γ < 0. In all these cases, we establish the conditions on the
range of exponent q, the dimension d, and the data of the problem for the global and local in time
existence and uniqueness of a weak solution of the studing problem.
Key words: inverse problem, nonlinear pseudoparabolic equation, memory term, solvability.
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Жады бар және сызықты емес мүшелi псевдопараболалық теңдеу үшiн керi есеп

Бұл жұмыста жады мүшесi бар (үйiрткi түрiндегi) және сызықты емес мүшелi псевдопа-
раболалық теңдеудiң u(x, t) шешiмiмен қатар сыртқы әсердi сипаттайтын (бос мүше) қосы-
лғыштың f(t) коэффициентiн анықтау керi есебi зерттелiнген. Қарастырылып отырған керi
есепте қайта анықтау қосымша шарты интегралдық түрде берiлген, ал ол өз кезегiнде ше-
шiмнiң орташа мәнi туралы ақпарат бередi. Берiлген керi есептi эквиваленттi локалды емес
тура есепке келтiру арқылы шешiмнiң бар болуы Фаэдо-Галеркин әдiсiмен дәлелдендi. Тең-
деудегi сызықты емес γ |u|q−2

u мүшесi γ > 0 жағдайда жылу көзi, γ < 0 жағдайда абсорбция
қосылғыш ретiнде қатысады. Сондай-ақ, q көрсеткiшiне, d кеңiстiк өлшемiне және бастапқы
берiлген функцияларға жеткiлiктi шарттары негiзiнде керi есептiң әлсiз шешiмiнiң локалды
және глобалды бар болуы, сонымен қатар әлсiз шешiмiнiң жалғыздығы дәлелдендi.
Түйiн сөздер: керi есеп, сызықты емес псевдопараболалық теңдеу, интегралдық мүше, ше-
шiмдiлiк.
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Обратная задача для псевдопараболического уравнения с памятью и затуханием

В данной работе изучается обратная задача определения наряду с решением u(x, t) псевдо-
параболического уравнения с памятью (членом свертки) и затухающим членом также неиз-
вестного коэффициента f(t), определяющего внешнее воздействие (свободный член). В ис-
следуемой обратной задаче условие переопределения задается в интегральной форме, пред-
ставляющей собой среднее значение решения, проверенного с некоторой заданной функцией
по всей области. Путем сведения рассматриваемой обратной задачи к эквивалентной нело-
кальной прямой задаче анализируется применимость метода Фаэдо-Галеркина к обратной
задаче. Затухающий член γ |u|q−2

u действует как нелинейный источник в случае γ > 0 и как
поглощение, если γ < 0.
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Во всех этих случаях устанавливаются условия на диапазон изменения показателя q, раз-
мерность d и данные задачи для глобального и локального по времени существования и
единственности слабого решения изучаемой задачи.
Ключевые слова: обратная задача, нелинейное псевдопараболическое уравнение, инте-
гральный член, разрешимость.

1 Introduction

A coefficient inverse problems for differential equations have been called problems in which,
together with the solution of the corresponding differential equation, it is also necessary to
determine coefficient of the equation itself or the coefficient of the right-hand side (external
influence). Such problems naturally arise in the mathematical modeling of physical, biological,
etc. processes occurring in environments with previously unknown characteristics, since it
is the characteristics of the environment that determine coefficient of the corresponding
differential equation. This work devoted to study one of these kind of problem.

The statement of problem. Let Ω be a bounded domain in Rd, d ≥ 2 with smooth
boundary ∂Ω, and QT = {(x, t) : x ∈ Ω, 0 < t ≤ T} is a cylinder with lateral ΓT . Let us
consider the following inverse problem of finding the pair of functions (u(x, t), f(t)), which
satisfy the pseudoparabolic equation with memory term and damping

ut − κ∆ut − λ∆u−
t∫

0

K(t− s)∆u(x, s)ds = γ |u|q−2 u+ f(t) · g(x, t), in QT , (1)

the initial condition

u(x, 0) = u0(x) in Ω, (2)

the boundary condition

u(x, t) = 0 on ΓT , (3)

and the integral overdetermination condition∫
Ω

u(x, t)ω(x)dx = h(t), t ∈ [0, T ]. (4)

Here, the coefficient κ, λ are given positive numbers, γ is the coefficient of the damping term
might be positive γ > 0 either negative γ < 0. The functions g(x, t), u0(x), ω(x) and h(t)
are given. The exponent q is given positive number such that

1 < q <∞. (5)

Pseudo-parabolic equations can be used to describe various important physical processes, such
as hydrodynamics, filtration theory, continuum mechanics, the heat conduction involving two
temperature systems, dispersive, viscous flow in materials with memory and so on. One of
the examples is furnished by the Kelvin-Voigt (Navier-Stokes-Voigt) equations. We refer the
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reader to the works [1–7] and the references therein, in which these issues were discussed in
detail for the model equation (1).

In the absence of the memory term (K(t) = 0), the equation in (1) reduces to the pseudo-
parabolic equation with damping. In corresponding equation if the coefficient of the external
term f(t) is given, then we will obtain an initial boundary value (IBV) problem. Various IBV
problems for nonlinear pseudo-parabolic equation have been extensively studied in [4, 8–14]
and results concerning existence and uniqueness of solution, and asymptotic behavior like
blow up have been established. In the presence of the memory term (K(t) 6= 0), the various
IBV problems have been considered and many results were obtained, such as the existence
and uniqueness of classical and weak solutions, and finite-time blow up, asymptotic behavior
of solutions in [15–19] and so on.

Next, we focus on the inverse problems posed for the pseudo-parabolic equation and their
different modification. Since the pioneer works of [20–23] in the field of the inverse problem
brought the authors international fame. In [24], a class of abstract pseudoparabolic equations
of the form{

A0ut(t)− A1u(t) = k ∗ A2u(t) + f(t), t ∈ [0, T ]

u(0) = u0

for the operators Aj, j = 0, 1, 2, were investigated. The main focus was to pay attention to
the recoverving the kernel and finding solution in the Volterra operator integral equation.
Lyubanova and coauthors in [25, 26] proved existence and uniqueness, regularity results for
strong solutions to the pseudoparabolic equation of the operator form

ut + ηMut + k(t)Mut + g(x, t)u = f,

whereM is a linear differential operator of the second order in the space variables. Yaman [27]
discussed the coefficient inverse problem for Eq.(1) with K(t) = 0 and the special external
source term

F (x, t) := f(t) (ω −∆ω) , (6)

where the test function ω replaced by ω − ∆ω in the overdetermination condition (4). It
may restrict the statement of the problem from both of mathematical and physical view, he
derived the upper bound for the blow-up time under some assumptions about the initial data.
The equation consisting relation between the damping term and p-Laplacian was considered
by Antontsev and et. [29] with the special right-hand side and overdetermination condition
such as in [27]. The authors proved in [29] the local existence of weak solution (without the
uniqueness). This work was later improved by Khompysh et al. [30] established global and
local in time existence and uniqueness result. Recently, Aitzhanov and et. in [28] considered
Eq. (1) with γ = b(x, t) variable coefficients and instead of (4) assumed overdetermination
condition (6). The authors showed that existence and uniqueness of weak and strong solutions
under certain conditions and initial data of the corresponding inverse problem. In the present
work overdetermination condition (4) cause some difficulties, thus author has to develop other
techniques to overcome these difficulties. Similar problems for the equation (1) were studied
earlier articles of the author [34–36].
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The present paper is organized as follows. In Section 2, we introduce some auxiliary
lemmas that we use in this work. In Section 3, we prove that the initial inverse problem (1)-
(4) is equivalent to the direct problem (15)-(18) containing the nonlinear nonlocal operator
of u. The global and local in time existence of a weak solution to the direct problem (15)-
(18) is established in Section 4 in the case γ > 0, and in Section 5 in the case γ ≤ 0. For
that we construct Galerkin’s approximations un and derive their priori estimates. Next using
compactness arguments we realize a passage to the limit as n→∞. The Section 6 is devoted
to the study the uniqueness of the weak solution to the problem (15)-(18) in both case of
γ > 0 and γ ≤ 0.

2 Preliminaries

In this section, we introduce some auxiliary lemmas that will be used throughout the paper.
For the definitions, notations of the function spaces and for their properties, we address the
reader to the monographs [31,32]. In particular, the norm in the Lebesgue spaces Lp(Ω) and
Lp(QT ) are denoted as follows, respectively:

‖u‖p,Ω ≡

∫
Ω

|u(x)|pdx

 1
p

, ‖u‖p,QT ≡

 T∫
0

∫
Ω

|u(x, t)|pdxdt


1
p

.

We use the classical and the following nonlinear Gronwall’s inequality ( [31]) to establish
the first and second local estimates.

Lemma 1 If y : R+ −→ [0,∞) is a continuous function such that

y(t) ≤ C1

t∫
0

yµ(s)ds+ C2, t ∈ R+, µ > 1

for some positive constants C1 and C2, then

y(t) ≤ C2

(
1− (µ− 1)C1C

µ−1
2 t

)− 1
µ−1 for 0 ≤ t < tmax :=

1

(µ− 1)C1C
µ−1
2

.

The following another very important auxiliary lemma (see [33] (Lemma 2.2., p. 1809.)
will be used to prove the uniqueness and passage to the limit in the Galerkin approximation.

Lemma 2 For all p ∈ (1,∞) and δ ≥ 0, there exist constants C1 and C2, depending on p
and d, such that for all ξ, η ∈ Rd, d ≥ 1, it∣∣|ξ|p−2ξ − |η|p−2η

∣∣ ≤ C1|ξ − η|1−δ(|ξ|+ |η|)p−2−δ (7)

and (
|ξ|p−2ξ − |η|p−2η

)
· (ξ − η) ≥ C2|ξ − η|2+δ(|ξ|+ |η|)p−2+δ. (8)
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3 Weak formulation.

Assume that the data of the problem satisfy the following conditions

u0(x) ∈ W 1,2
0 (Ω) ∩ Lq(Ω), (9)

|g0(t)| :=

∣∣∣∣∣∣
∫
Ω

g(x, t)ω(x) dx

∣∣∣∣∣∣ ≥ l0 > 0 for all t ≥ 0, (10)

g(x, t) ∈ C(0, T ;L2(Ω)), (11)

h(t) ∈ W 1,2([0, T ]) and
∫
Ω

u0(x)ω(x)dx = h(0), (12)

K(t) ∈ L2([0, T ]), (13)

ω(x) ∈ W 1,2
0 (Ω) ∩ Lq(Ω). (14)

Lemma 3 Under the conditions (10) and (12)-(14), the inverse problem (1)-(4) is equivalent
to the following problem for a nonlinear pseudoparabolic equation with nonlinear nonlocal
operator of the function u

ut − κ∆ut − λ∆u−
t∫

0

K(t− s)∆u(x, s)ds = γ |u|q−2 u+ f(t, u) · g(x, t), in QT , (15)

u(x, 0) = u0(x), x ∈ Ω, (16)

u(x, t) = 0 on ΓT , (17)

where

f(t, u) =
1

g0(t)

h′(t) + κ

∫
Ω

∇ut∇ωdx+ λ

∫
Ω

∇u∇ωdx+

t∫
0

K(t− s)(∇u,∇ω)2,Ωds− γ
∫
Ω

|u|q−2 uωdx

 (18)
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Proof 1 1. Let the pair (u(x, t), f(t)) be a solution of the inverse problem (1)-(4). Multiplying
both sides of (1) by ω, and integrating over Ω and applying the formula of integrating by parts,
we have∫

Ω

utωdx+ κ

∫
Ω

∇ut∇ωdx+λ

∫
Ω

∇u∇ωdx+

t∫
0

K(t− s)
∫
Ω

∇u(s)∇ωdxds =

γ

∫
Ω

|u|q−2 u · ωdx+ f(t)

∫
Ω

g(x, t)ωdx.

(19)

Using∫
Ω

utωdx = h′(t) (20)

which follows from the overdetermination condition (1), and the assumption (10), we get
from (19) the equality (18).

2. Let now u(x, t) be a solution to the direct problem (15)-(17) with (18). It means that
the pair of functions (u, f) is satisfied the equations (1)-(3). Thus, the pair (u, f) to be
a solution of the inverse problem (1)-(4) it is sufficient to prove that the function u(x, t)
satisfies the overdetermination condition (4). Let us assume that for contradiction, i.e. the
overdetermination condition (4) doesn’t hold. Suppose that∫

Ω

uωdx = h1(t), t ≥ 0 (21)

where h1(t) 6= h(t) for all t ≥ 0. Thus, by the conditions (4) and (12), we have h1(t) ∈
W 1

2 ([0, T ]) and

h1(0) =

∫
Ω

u0ωdx = h(0) (22)

Multiply (15) by ω and integrating by parts and using (18),we get

h′1(t) + κ

∫
Ω

∇ut · ∇ωdx+λ

∫
Ω

∇u · ∇ωdx+

t∫
0

K(t− s)(∇u,∇ω)2,Ωds−

γ

∫
Ω

|u|q−2 u · ωdx = f(t, u)g0(t),

(23)

where f(t, u) is defined in (18). Plugging (18) into (23), we obtain

h′1(t) + κ

∫
Ω

∇ut∇ωdx+ λ

∫
Ω

∇u∇ωdx+

t∫
0

K(t− s)(∇u,∇ω)2,Ωds− γ
∫
Ω

|u|q−2 uωdx =

h′(t) + κ

∫
Ω

∇ut∇ωdx+ λ

∫
Ω

∇u∇ωdx+

t∫
0

K(t− s)(∇u,∇ω)2,Ωds− γ
∫
Ω

|u|q−2 uωdx.
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(24)

(24) implies that the following Cauchy problem for H(t) = h1(t)− h(t):

H ′(t) = 0, H(0) = h1(0)− h(0) = 0 (25)

which yields that h1(t) ≡ h(t) for all t > 0.

Definition 1 A function u(x, t) is a weak solution to the problem (15)-(18), if:

1. u ∈ L∞(0, T ;W 1,2
0 (Ω) ∩ Lq(Ω)), ut ∈ L2(0, T ;W 1,2

0 (Ω)).

2. u(0) = u0 a.e. in Ω

3. The following identity

d

dt

∫
Ω

(uϕ+ κ∇u∇ϕ)dx+ λ

∫
Ω

∇u∇ϕdx+

t∫
0

K(t− s)(∇u,∇ϕ)2,Ωds =

γ

∫
Ω

|u|q−2 uϕdx+

∫
Ω

f(t, u)gϕdx

(26)

holds for every ϕ ∈ W 1,2
0 (Ω) ∩ Lq(Ω) and for a.a. t ∈ [0, T ].

4 Global and local existence: a nonlinear source case.

In this section we consider the problem (15)-(18). Let

1 < q <∞. (27)

Now we present our mean result for

γ > 0 (28)

First we state the global existence theorem.

Theorem 1 (Global existence) Let the conditions (9)-(14), (28) are fulfilled and assume,
that

1 < q ≤ 2 (29)

Also exists a positive constant m such that
κ

l20
sup
t∈[0,T ]

‖g(t)‖2
2,Ω ‖∇ω‖

2
2,Ω ≤ m < 2. (30)

Then there exists a global weak solution to the problem (15)-(18) in the sense of Definition
1. Moreover, the weak solutions satisfy the following estimates

sup
t∈[0,T ]

(
‖∇u(t)‖2

2,Ω + ‖u(t)‖qq,Ω
)

+ ‖ut‖2
2,QT

+ ‖∇ut‖2
2,QT
≤ C, (31)

where C is positive constant depending on data of the problem.
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In this theorem we establish local existence of the weak solution to the problem (15)-(18).

Theorem 2 (Local existence) Let the conditions (9)-(14), (28), (30) are fulfilled and assume
that the following condition holds

2 < q ≤ 2∗, 2∗ =
2d

d− 2
if d > 2; 2∗ = (1,∞) if d = 2 (32)

Then there exists a time T1 ∈ (0, T ) defined at (49), below such that the problem (15)-
(18) has, at least, a weak solution u(x, t) in the sense of Definition 1, with T1 instead of
T . Moreover, these weak solutions satisfy the estimate (31) for all t ∈ (0, T1] with another
positive constant C depending on data of the problem.

Remark 1 The condition (32) assures the passage to the limit as n → ∞ below, see (4.4).
We have assumed that the condition (32) is fulfilled, because we return to the statement of
the 1 in case q ≤ 2.

Proof 2 The proof of these theorems consists of the steps: construction of Galerkin’s
approximations; obtain energy estimates; passage to limit.

4.1 Galerkin’s approximations.

Let {ψk}k∈N be an orthonormal family in L2(Ω) and their linear combinations are dense in
V := W 1,2

0 (Ω)∩Lq(Ω). Given n ∈ N , let us consider the n-dimentional space V n spanned by
ψ1, ..., ψn. for each n ∈ N , we search for approximate solutions

un(x, t) =
n∑
j=1

cnj (t)ψj(x), ψj ∈ V n, (33)

where the coefficients cn1 (t), ..., cnn(t) are defined as the solutions of the following n ordinary
differential equations derived from∫

Ω

(unt ψk + κ∇unt∇ψk) dx+λ

∫
Ω

∇un∇ψk dx+

t∫
0

K(t− s)(∇un,∇ψk)2,Ωds =

γ

∫
Ω

|un|q−2un · ψk dx+ f(t, un)

∫
Ω

gψkdx

(34)

for k = 1, 2, . . . , n. The system (34) of ODEs is supplemented with the following Cauchy
data

un(0) = un0 in Ω (35)

and assume that

un0 → u0(x) as n→∞ in W 1,2
0 (Ω) ∩ Lq(Ω). (36)

According to the general theory of nonlinear ODE, the problem (34)-(35) has a solution cnj (t)
in [0, t0], where t0 ∈ (0, T ]. The solution can be extended to [0, T ] by a priory estimate which
we shall obtain below.



Shakir Aidos 141

4.2 Global priori estimates

Let us consider the case (28). In this case we obtain the global a priori estimates.

Proof 3 Multiplying both sides of (34) by d cnk (t)

d t
, and summing on k, and adding 1

γ
d
dt
‖un‖qq,Ω

on both side, we have

d

dt

(
λ

2
‖∇un‖2

2,Ω +
γ

q
‖un‖qq,Ω

)
+ ‖unt ‖

2
2,Ω + κ ‖∇unt ‖

2
2,Ω =

2γ

q

d

dt
‖un‖qq,Ω + I1 + I2 (37)

where

I1 = −
t∫

0

K(t− s)(∇un(s),∇unt (t))2,Ωds, (38)

I2 =
1

g0(t)

h′(t) + κ

∫
Ω

∇unt · ∇ωdx+ λ

∫
Ω

∇un · ∇ω dx+

t∫
0

K(t− s)(∇un,∇ω)2,Ωds− γ
∫
Ω

|un|q−2un · ωdx

 (g(t), unt (t))2,Ω .

(39)

Now we estimate each term on the right hand side of (37) by using the Hölder and Cauchy
inequalities with ε0 together with the assumptions in (29). Thus, we have

2γ

q

d

dt
‖un‖qq,Ω = 2γ

∫
Ω

|u|q−1utdx ≤ 2γ ‖unt ‖2,Ω ‖u
n‖q−1

2(q−1),Ω ≤

ε0

2
‖unt ‖

2
2,Ω + C(ε0, γ, q) ‖un‖2(q−1)

2(q−1),Ω ≤
ε0

2
‖unt ‖

2
2,Ω + C(ε0, γ, q,Ω)

(
‖∇un‖2

2,Ω

)q−1

.

(40)

Also the Cauchy inequality with some ε, gives us

|I1| ≤
t∫

0

|K(t− s)| ‖∇un(s)‖2,Ω ‖∇u
n
t ‖2,Ω ds ≤

ε1

2
‖∇unt ‖

2
2,Ω +

K2
0

2ε1

t∫
0

‖∇un‖2
2,Ω ds. (41)

Exploiting the Hölder integral inequality and Cauchy inequality with ε2 > 0, we estimate the
third term i2 in (37)

|I2| ≤
1

l0

(
|h′(t)|+ κ ‖∇unt ‖2,Ω ‖∇ω‖2,Ω + λ ‖∇un‖2,Ω ‖∇ω‖2,Ω +

t∫
0

|K(t− s)| ‖∇un(s)‖2,Ω ‖∇ω‖2,Ω ds+ γ ‖ω‖q,Ω ‖u
n‖q−1

q,Ω

 ‖g‖2,Ω ‖u
n
t ‖2,Ω dt ≤

ε2

4

t∫
0

‖unt ‖
2
2,Ω dτ +

κ2

l20ε2

‖∇ω‖2
2,Ω sup

t∈[0,T ]

‖g(t)‖2
2,Ω ‖∇u

n
t ‖2,Ω +

ε2

4
‖unt ‖

2
2,Ω +
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1

l20ε2

sup
t∈[0,T ]

‖g(t)‖2
2,Ω

(
|h′(t)|2 + λ2 ‖∇un‖2

2,Ω ‖∇ω‖
2
2,Ω +

K2
0 ‖∇ω‖

2
2,Ω

t∫
0

‖∇un(s)‖2
2,Ω ds+ γ2 ‖ω‖2

q,Ω ‖u
n‖2(q−1)

q,Ω

 ≤
ε2

2
‖unt ‖

2
2,Ω +

κ2

l20ε2

‖∇ω‖2
2,Ω sup

t∈[0,T ]

‖g(t)‖2
2,Ω ‖∇u

n
t ‖

2
2,Ω +

1

l20ε2

sup
t∈[0,T ]

‖g(t)‖2
2,Ω

(
|h′(t)|2+

λ2 ‖∇un‖2
2,Ω ‖∇ω‖

2
2,Ω +K2

0 ‖∇ω‖
2
2,Ω

t∫
0

‖∇un(s)‖2
2,Ω ds+ Cγ2 ‖ω‖2

q,Ω ‖∇u
n‖2(q−1)

2,Ω

 .

(42)

Plugging (40)-(42) into (37), we get

d

dt

(
1 +

λ

2
‖∇un‖2

2,Ω +
γ

q
‖un‖qq,Ω

)
+ α ‖unt ‖

2
2,Ω + β ‖∇unt ‖

2
2,Ω ≤

C1 ‖∇un‖2
2,Ω + C2

(
‖∇un‖2

2,Ω

)q−1

+ C3

t∫
0

‖∇un(s)‖2
2,Ω ds+ C4 ≤

C1

(
1 +

λ

2
‖∇un‖2

2,Ω +
γ

q
‖un‖qq,Ω

)
+ C2

(
1 +

λ

2
‖∇un‖2

2,Ω +
γ

q
‖un‖qq,Ω

)q−1

+

C3

t∫
0

(
1 +

λ

2
‖∇un‖2

2,Ω +
γ

q
‖un‖qq,Ω

)
ds+ C4,

(43)

where α := 1− ε0+ε2
2

; β := κ− ε1
2
− κ2

l20ε2
‖∇ω‖2

2,Ω sup
t∈[0,T ]

‖g(t)‖2
2,Ω ;

C1 :=
λ2

l20ε2

‖∇ω‖2
2,Ω sup

t∈[0,T ]

‖g(t)‖2
2,Ω , C2 :=

K2
0

2ε1

+
K2

0

l20ε2

‖∇ω‖2
2,Ω sup

t∈[0,T ]

‖g(t)‖2
2,Ω ,

C3 := C(ε0, γ, q,Ω) +
Cγ2

l20ε2

‖ω‖2
q,Ω sup

t∈[0,T ]

‖g(t)‖2
2,Ω , C4 :=

1

l20ε2

sup
t∈[0,T ]

‖g(t)‖2
2,Ω |h

′(t)|2.

Now we choose εi, i = 0, 1, 2 such that α, β > 0, and Cj, j = 1, 2, 3, 4 to be finite. It is
possible by (30).

However ε1, ε2 cannot be chosen such that m > 2, because ε2 < 2 due to α > 0. Thus,
choosing εi, i = 0, 1, 2 with suitable values and in case q− 1 ≤ 1 integrating (43) with respect
to τ from 0 to t and using (36), we obtain

y(t) +

t∫
0

(
α ‖unτ ‖

2
2,Ω + β ‖∇unτ ‖

2
2,Ω

)
dτ ≤ C5

t∫
0

y(τ)dτ + C6, (44)
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where y(t) := 1 + λ
2
‖∇un‖2

2,Ω + γ
q
‖un‖qq,Ω,

C5 := C1 + C2 + C3T ; C6 := C4T +
λ

2
‖∇u0‖2

2,Ω +
γ

q
‖u0‖qq,Ω .

Omitting the integral terms on left hand side and applying classical Grönwall’s lemma,
inequality (44) implies that

y(t) ≤ C6e
C5T . (45)

Thus, substituting (45) into (44) and taking suppremum, we obtain the estimate (31)

sup
t∈[0,T ]

(
λ

2
‖∇un‖2

2,Ω +
γ

q
‖un‖qq,Ω

)
+

t∫
0

(
α ‖unτ ‖

2
2,Ω + β ‖∇unτ ‖

2
2,Ω

)
ds ≤M1 < +∞, (46)

where M1 := M1(T,C5, C6).

4.3 Local a priori estimates

Let now be q ≤ 2∗. In this case we obtain the local a priori estimates.

Proof 4 Choosing εi, i = 0, 1, 2 with suitable values as we did in obtaining a priory estimates
above and in case q−1 > 1 integrating (43) with respect to τ ∈ (0, t) and using (36), we have

z(t) +

t∫
0

(
α ‖unτ ‖

2
2,Ω + β ‖∇unτ ‖

2
2,Ω

)
dτ ≤ C5

t∫
0

zq−1(τ)dτ + C6. (47)

Omitting the second and third terms on left hand side (47) and applying Grönwall’s Lemma 1,
we obtain

z(t) ≤ C6

[
1− (q − 2)C5C

q−2
6 t

]− 1
q−2 (48)

for

0 ≤ t < T1 :=
1

(q − 2)C5C
q−2
6

. (49)

Using (48) and maximizing (47) by t ∈ (0, T1], we have

sup
t∈[0,T1]

(
λ

2
‖∇un‖2

2,Ω +
γ

q
‖un‖qq,Ω

)
+ α ‖unt ‖

2
2,QT1

+ β ‖∇unt ‖
2
2,QT1

≤M2 <∞, (50)

where M2 := M2(T1, C5, C6).



144 Inverse problem for the Kelvin-Voigt equations . . .

4.4 Passage to the limit

By means of reflexivity and up to some subsequences, the estimate (31) implies that

un ⇀ u weakly-∗ in L∞(0, T ;W 1,2
0 (Ω) ∩ Lq(Ω)) as n→∞, (51)

unt ⇀ ut weakly in L2(0, T ;W 1,2
0 (Ω)) as n→∞. (52)

On the other hand, (31) implies the existence of function R such that

|un|q−2un ⇀ R weakly in Lq′(QT ), as n→∞, (53)

where q′ =
q

q − 1
is the Hölder conjugate of q. By the compact and continuous embedding

W 1,2
0 (Ω) ↪→↪→ Lr(Ω) ↪→ L2(Ω), ∀ r : 2 ≤ r < 2∗

and by Aubin-Lions compactness lemma, (51) and (52) imply that

un −→ u strongly in L2(0, T ;Lr(Ω)), 2 ≤ r < 2∗ as n→∞, (54)

and in particular,

un −→ u strongly in L2(0, T ;L2(Ω)) as n→∞, (55)

where 2∗ is the Sobolev conjugate of 2, i.e. 2∗ = 2d
d−2

with d > 2.
As a consequence of (55) and Riesz-Fischer’s theorem, we have up to some subsequence,

un −→ u a.e. in QT as n→∞, (56)

which together with (53) yields (see Lemma 1.3 in [32, p. 12])

|un|q−2un ⇀ |u|q−2u weakly in Lq′(QT ), as n→∞. (57)

Under the assumption (32) and (52), (54), we have also that

un −→ u strongly in Lq(QT ) as n→∞, for q < 2∗

and consequently

‖un‖q,Qt −→ ‖u‖q,Qt as n→∞. (58)

Let η(t) be a continuously differentiable function on [0, T ], where T is the maximal time such
that above first and second estimates are hold. Multiplying (34) by η and integrating by
t ∈ [0, T ], we obtain∫

QT

(unt zk + κ∇unt∇zk)dxdt+ λ

∫
QT

∇un∇zk dxdt+

T∫
0

t∫
0

K(t− s)(∇un,∇zk)2,Ωdsdt =

γ

∫
QT

|un|q−2unzk dxdt+

T∫
0

1

g0(t)

h′(t) + κ

∫
Ω

∇unt∇ω dx+ λ

∫
Ω

∇un∇ω dx+

t∫
0

K(t− s)(∇un,∇ω)2,Ωds− γ
∫
Ω

|un|q−2unωdx

∫
Ω

gzk dxdt

(59)
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and using above convergence results (51), (52) and (57), we obtain

∫
QT

(utzk + κ∇ut∇zk)dxdt+ λ

∫
QT

∇u∇zk dxdt+

T∫
0

t∫
0

K(t− s)(∇u,∇zk)2,Ωdsdt =

γ

∫
QT

|u|q−2uzk dxdt+

T∫
0

1

g0(t)

h′(t) + κ

∫
Ω

∇ut∇ω dx+ λ

∫
Ω

∇u∇ω dx+

t∫
0

K(t− s)(∇u,∇ω)2,Ωds− γ
∫
Ω

|u|q−2uωdx

∫
Ω

gzk dxdt

(60)

for all zk = ψk(x)η(t), k ∈ {1, . . . , n}. By linearity and by a continuity argument, the
equation (60) is still true for any

z ∈ Z := {z = ψζ : ψ ∈ V , ζ ∈ C∞0 (0, T )}.

5 Global and local existence: an absorption case.

In this section we present existence of weak solution to the problem (15)-(18) for

γ ≤ 0. (61)

For existence of the weak solution the following theorems hold.

Theorem 3 (Global existence) Let the conditions (9)-(14), (29), (30), (61) are fulfilled.
Then there exists a global weak solution to the problem (15)-(18) in the sense of Definition 1.
Moreover, the weak solutions satisfy the estimate (31) for all t ∈ [0, T ] with another positive
constant C depending on data of the problem.

Theorem 4 (Local existence) Let the conditions (9)-(14), (30), (32), (61) are fulfilled. Then
there exists T2 ∈ (0, T ] and at least one weak solution to the problem (15)-(18) in the sense
of Definition 1 and satisfies the estimate (31) in QT2, where T2 depending on data of the
problem.

Proof 5 The proof of Theorems 3 and 4 are similar to the Theorems 1 and 2.

6 Uniqeness

Theorem 5 Assume that the following conditions

∇ω ∈ L2(Ω), (62)

2 ≤ q ≤ 2d

d− 2
, d > 2 (63)
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hold. Moreover, there exists a positive constant m such that

κ

l20
sup
t∈[0,T ]

‖g(t)‖2
2,Ω ‖∇ω‖

2
2,Ω ≤ m < 2. (64)

If γ ≤ 0, assume addition to (62)-(63) that all conditions of Theorems 1 and 2 are fulfilled.
If γ > 0, assume addition to (62)-(63) that all conditions of Theorem 3 and 4 are fulfilled.

Then the weak solution of (15)-(18) is unique.

Proof 6 Let u1 and u2 be two weak solutions to the problem (15)-(18) in the sense of
Definition 1. Using ∂tu := ∂tu1 − ∂tu2 as a test function in (26), it follows, by subtracting
the equation for u2 to the equation for u1, that

λ

2

d

dt
‖∇u‖2

2,Ω + ‖ut‖2
2,Ω + κ ‖∇ut‖2

2,Ω = D +G+ F, (65)

where

D = −
t∫

0

K(t− s)(∇u(s),∇ut(t))2,Ωds, (66)

G = γ

∫
Ω

(
|u1|q−2 u1 − |u2|q−2 u2

)
· ut dx, (67)

F =
1

g0(t)

κ∫
Ω

∇ut · ∇ω dx+ λ

∫
Ω

∇u · ∇ω dx+

t∫
0

K(t− s)(∇u,∇ω)2,Ωds

−γ
∫
Ω

(
|u1|q−2 u1 − |u2|q−2 u2

)
· ω dx

∫
Ω

g(x, t)udx.

(68)

Using Hölder’s and Minkovskii inequalities and (7) in Lemma 2 with δ = 0, we estimate D,
G and F

|D| ≤ ε0

2
‖∇ut‖2

2,Ω +
K2

0

2ε0

t∫
0

‖∇u‖2
2,Ω ds, (69)

|G| =

∣∣∣∣∣∣γ
∫
Ω

(
|u1|q−2 u1 − |u2|q−2 u2

)
utdx

∣∣∣∣∣∣ ≤ |γ|
∫
Ω

|u| (|u1|+ |u2|)q−2 |ut| dx ≤

|γ| ‖u‖2∗,Ω ‖|u1|+ |u2|‖q−2
(q−2)d

2
,Ω
‖ut‖2∗,Ω ≤ |γ|C

2
(
‖∇u1‖2,Ω + ‖∇u2‖2,Ω

)q−2

×

‖∇u‖2,Ω ‖∇ut‖2,Ω ≤
ε2

2
‖∇ut‖2

2,Ω +
λ

2
b0 ‖∇u‖2

2,Ω , q ≤
2d

d− 2

(70)
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where b0 := 2|γ|2C2Cq−2

λ
.

|F | ≤ 1

l0
‖g‖2,Ω ‖ut‖2,Ω

(
κ ‖∇ut‖2,Ω ‖∇ω‖2,Ω + λ ‖∇u‖2,Ω ‖∇ω‖2,Ω +

t∫
0

K(t− s) ‖∇u‖2,Ω ‖∇ω‖2,Ω ds+ |γ|
∫
Ω

(
|u| (|u1|+ |u2|)q−2 |ω| dx

) ≤
1

l0
‖g‖2,Ω ‖ut‖2,Ω

[
κ ‖∇ut‖2,Ω ‖∇ω‖2,Ω + λ ‖∇u‖2,Ω ‖∇ω‖2,Ω +

t∫
0

K(t− s) ‖∇u‖2,Ω ‖∇ω‖2,Ω ds+ |γ| ‖u‖2∗,Ω

(
‖u1 + u2‖ (q−2)d

2
,Ω

)q−2

‖ω‖2∗,Ω

 ≤
ε1

2
‖ut‖2

2,Ω +
κ2

4l20ε1

‖∇ω‖2
2,Ω sup

t∈[0,T ]

‖g‖2
2,Ω ‖∇ut‖

2
2,Ω +

1

4l20ε1

‖∇ω‖2
2,Ω sup

t∈[0,T ]

‖g‖2
2,Ω×λ2 ‖∇u‖2

2,Ω +K2
0

t∫
0

‖∇u‖2
2,Ω ds+ γ2C2

(
‖∇u1‖2,Ω + ‖∇u2‖2,Ω

)q−2

‖∇u‖2
2,Ω

 ≤
ε1

2
‖ut‖2

2,Ω +
κ2

4l20ε1

‖∇ω‖2
2,Ω sup

t∈[0,T ]

‖g‖2
2,Ω ‖∇ut‖

2
2,Ω +

λ

2
b1 ‖∇u‖2

2,Ω +
λ

2
b2

t∫
0

‖∇u‖2
2,Ω ds,

(71)

where

q ≤ 2d

d− 2
,
(q − 2)d

2
≤ 2d

d− 2
:= 2∗ ⇔ q ≤ 2d

d− 2
,

b1 =
1

2λl20ε1

‖∇ω‖2
2,Ω sup

t∈[0,T ]

‖g‖2
2,Ω

(
λ2 + 2γ2C4Cq−2

)
,

b2 =
K2

0

2λl20ε1

‖∇ω‖2
2,Ω sup

t∈[0,T ]

‖g‖2
2,Ω .

Furthermore, taking into account Sobolev’s inequality we derive

‖∇u‖2
2,Ω ≥

1

C(Ω) + 1

(
‖u‖2

2,Ω + ‖∇u‖2
2,Ω

)
= ηy(t), (72)

where y(t) := ‖u‖2
2,Ω + ‖∇u‖2

2,Ω and η := 1
C(Ω)+1

.
Using estimates for ui, i = 1, 2, and choosing εi, i = 0, 1, 2 with suitable values as we did

as obtaining a priory estimates above, we can make α, β to be positive and finite constants,
and it is possible due to the assumption κ

l20
sup
t∈[0,T ]

‖g(t)‖2
2,Ω ‖∇ω‖

2
2,Ω ≤ m < 2.

Plugging (69)–(71) into (65) and using (72), and integrating by τ ∈ (0, t) we arrive to
the following Cauchy problem

y(t) ≤ a

t∫
0

y(τ)dτ,

y(0) = 0,

(73)
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where

a :=
b1 + b2T + b0

η
.

Due to the conditions to the Theorem 5 and then by the Gronwall’s lemma, it follows from
(73) that y(t) ≡ 0 for all t ∈ [0, Tmax], and consequently that u1 ≡ u2, where Tmax is a
maximal time such that the weak solution to the problem (15)-(18) exists.

7 Conclusion

In the paper, the space of a weak generalized solution of inverse problem for the
pseudoparabolic equation with memory term and damping is defined. Under suitable
conditions on the data of the problem, the global and local in time existence and uniqueness
theorems are obtained and proved.
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