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SOLUTION OF MULTILAYER PROBLEMS FOR THE HEAT EQUATION
BY THE FOURIER METHOD

The multilayer problems for the heat equation arise in many areas of heat and mass transfer
applications. There are two main approaches to finding exact solutions to multilayer diffusion
problems: separation of variables and integral transformations. The difficulty of applying the
Laplace transform method is redoubled by the difficulty of finding the inverse transform.
The inverse Laplace transform is often performed numerically. The most popular analytical
approach to multilayer problems for the heat equation is the method of separation of variables.
It is very important to obtain analytical solutions to such problems as they provide a higher
level of understanding of the solution behavior and can be used for comparative analysis of
numerical solutions. In this paper, the solution of the multilayer problem for the heat equation
by the Fourier method is substantiated. The solution of the initial-boundary value problem
for the heat equation with discontinuous coefficients by the method of separation of variables
is reduced to the corresponding non-self-adjoint spectral Sturm-Liouville eigenvalue problem.
Such eigenvalue problems do not belong to the ordinary type of Sturm-Liouville problems due
to the discontinuity of the heat conductivity coefficients. In addition, the non-self-adjointness
of the corresponding spectral problem also complicates the solution of the problem. Using the
replacement, the problem is reduced to a self-adjoint spectral problem and the eigenfunctions
of this problem forming an orthonormal basis are constructed. The considered problem
models the process of heat propagation of the temperature field in a thin rod of finite length,
consisting of several sections with different thermal-physical characteristics. In this problem,
in addition to the boundary conditions of the Sturm type, the conditions of conjugation
at the point of contact of different media are specified. The existence and uniqueness of the
classical solution of the considered multilayer problem for the heat conduction equation are proved.

Keywords: Heat equation, Fourier method, spectral problem, orthonormal basis, classical
solution.
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2KbUTyeTKI3rimTiK TeH/ey YIINiH KermKadbaTTel ecentepai Pypbe d/1iciMeH mierry

ZKbrumyeTkisrimTik TeHeyine apHaJIraH KOUKAOATTHI €CerTep YKbLTY YKOHE MACCa aJIMAaCY/IbIH KOIl-
TeTeH CaJaJapbiHaa TybIHaai 6. KenkabarTs! 1uddy3usiblK, eCenTep/IiH /1 MerriMaepin Taby-
JIBIH €Ki Heri3ri o1ici 6ap: aftHbIMAIBLIAPILI a2KbIPATY KOHEe MHTErPAJIILIK TYpIeHIipyep. Jlammac
TYPJIEHIIPY1 OJIiCIH KOJIJIAHYIbIH, KUBIH/IBIFbI KEPl TYPJIEHAIPY/Il Taby IbIH, KYPAEiIiTriMeH e eHi-
cemi. Kebinece kepi Jlammac TypseHmipyl caHIBIK Typje OpbIHAAAa bl. 2KBLIyOTKISMIMNTIK TeH-
ey VIIiH KOemKabaTThl ecenTepre €H TaHBIMAJ AHAJUTUKAJIBIK, TOCII AHBIMAJIBLIADIbI AXKBIPATY
oici 6osbIT TabbLIa 6. MyHIall ecenTepail aHAJTUTUKAIBIK, MIEMTiMAEpi 6Te KYHIbI, OTKeHI o1ap
mrerTiM TOPTIOIH TYCIHY/IIH KOFapbl JeHreliH KaMTaMachl3 eTe/li »KoHe CAHJIBIK MIeNTiMIepIi ca-
JIBICTBIPMAJIBI TYPJIE TAJJIay VIIH MaiiIaaanblIybl MyMKiH. Bys reuibivu Makasiaga Pypbe oici
apKBLIBI XKBIIYOTKI3TINTIK TeH eyiHiH KonkabaTThl ecebiniy merrimi Herizaesemi. Kosaddurment-
Tepi y3UIicTi KBUTYOTKI3TIMITIK TEHIEY VIMH 6aCTANKbI-IITEKAPAIBIK, €Cell ATHBIMAJIBIIAD aXKbIPa-
Ty oici 6oitbiamma e3iHe-o31 Tyitinmec emec crekTpiik Itypm-JInyBusas menmikTi Mon ecebine
Kenripimeai. MyHgai MEHIIIKTI MOH/IEP ecenTepi KbLIYOTKI3TmTiK KoadduimenTrepiniy y3iayime
6aitsrarsicTel I TypM-JlunyBusms ecenrepiniy ojerreri TypiHe »KaTnai bl

© 2025 Al-Farabi Kazakh National University


https://orcid.org/0009-0001-9403-0205
https://orcid.org/0000-0003-1752-7848

S.M. Barmagambetov, U.K. Koilyshov 27

CoHbIMeH KaTap, CIIEKTPJIK eCelTiH o3iHe-031 TyiliHec eMec OOJIYBI Jla €CENTi eIyl KUbIH/Ia-
TaJIbl. AJIMACTBIPY apKBLIbI OEPiIreH ecern e3iHe-031 TYHiHIeC CIeKTPJIIK ecelKe KeITipiieal KoHe
OCBI €CEIITiH, OPTOHOPMAJIIBIK, Oa3uci 6OMATHIH MEHIKTI (DYHKIUIIAPBl KYPBhLIaIbl. KapacTbIipbi-
JIBITT OTBIPFAH MOCeJIe 9PTYPJI TepMOMDU3NKAIBIK, CUIIATTAMAJIAPBI bap OipHerte OOTIKTEH TYPATHIH,
Y3BIHJIBIKTAPBI aKbIPJIbI KIHINTKE TASKIIAIAFbl TEMIIEPATYPAJIBIK, OPICTIH KBTIy TapaJLy IpPOIEeCiH
mozeseiiai. Iltypm Tuningeri nmekapaJiblk, IMapTTapra KOCBIMINA, dPTYPJ/Ii OpTaIapIbIH KaHACY
HYKTeciHgeri Tyiiingec maprrapbl kKepceriareH. 2KbIIyoTKI3rimTiK TeHIey YITiH KAPaCTHIPBLIBIIT
OTBIpFaH KONKAOATTHI €CEITiH KIACCUKAJIBIK, IMIENIIMIHIH 6ap »KoHe YKAJFbI3 €KEHIIr JoJIe/IIeH/I].

Tvy iiin cesnep: 2Kounyerkisrimrik rergeyi, Pypbe oici, CHEKTPIIIK ecel, OPTOHOPMAJIIBIK, Oa3uc,
KJIACCUKAJIBIK ITIEIITiM.
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*e-mail: saginish.2000@Qmail.ru
Pemmenne MHOTOCJIOMHBIX 3a4a4 JIJisi YPAaBHEHUS TEIJIOIIPOBOIHOCTH METOIOM
dypne

[IpobsieMbl MHOTOCTIOWHBIX 3aJad JJjIs YPABHEHUS TEIJIOMPOBOIHOCTH BO3HUKAIOT BO MHOTHX
00JIaCTSIX TPUMEHEHUsI TPOIECCOB TeIo- U Maccoobmena. CyImecTByeT JiBa OCHOBHBIX IIOJIXO/A
K IIOMCKY TOYHBIX peIleHuil 3ajad MHOroc/oiiHOi nuddy3un: pasjesieHre IIePpEMEHHBIX WU
WHTerpaJjibHble IpeobpaszoBaHus. TpPyIHOCTH IpPUMEHEHHE MeToja IipeoOpaszoBanue Jlamaaca
ycyrybuisiercs n3-3a CJ0YKHOCTH HAXOXKJeHIe 00paTHOro rpeobpasoBanne. JYacro obpaTHoe 1mpeod-
pasoBanue Jlamraca BeimosHseTCH dncienHo. Hanbosiee MOMyIsSpHBIM aHAJTUTAIECKIM ITOIXOIOM
K MHOIOCJIOMHBIM 3aJadaM I yPaBHEHUS TEIIOIMPOBOJIHOCTU SIBJISETCS METOM DPa3lesieHe
[IePEMEHHBIX. AHAJINTUYIECKHE PEIeHIsT TAKUX 38/1a9 OU€Hb [IeHHBI, TOCKOJIbKY OHU 00eCIIeInBAIOT
0oJiee BBICOKMII YPOBEHb I[IOHUMAHWS IIOBEJIEHUsI PEIIeHWs W MOIYT OBbITb HCIIOJb30BAHBI JIJIs
CPABHUTE/IBHOIO aHAJN3a YNUCIEHHBIX pelneHuii. B maHHON HaydHOI cTaThe 0OOCHOBAHO peEITeHNe
merorgoMm Dypbe MHOrOCIOWHON 3a/a9u [jisi yPABHEHUS TEIJIONPOBOIHOCTU. PerteHns MeTomoM
pasesieHne IepeMeHHbIX HAYaIbHO-KPAaeBble 3aJa4i JJIsi yPABHEHUS TEIIOMPOBOIHOCTH C pPa3-
PBIBHBIME KO3 UIIneHTaMU CBOJINTCS K COOTBETCTBYIOIIEH HE CAMOCOIPSKEHHON CHEKTPAJIHHOM
zasiade [MIrypma-JInysuinist Ha coOCTBeHHbIE 3HaUYeHUs. Takue 3a/1a4n Ha COOCTBEHHBIE 3HAYEHMUS
HE OTHOCHUTCsI K oObranomy tuiry 3agad Lllrypma-JIluysuiuisi u3-3a paspbiBa KO3(MD@OUIMEHTOB
TEIIONPOBOAHOCTH. KpoMe TOro He caMOCOIPS2KEHHOCTh COOTBETCTBYIONIEH CIEKTPAJIBHON 381891
TaKXKe YCJIOKHSET DeIreHne MoCTaBaeHHON 3amadn. C IOMOIMBI0 3aMEHBI IIOCTABJICHHAS 3aa4a
CBe/leHa K CaMOCOIPSI?KEHHON CIIEKTPAJbHON 3a/ade W IMOCTPOeHa COOCTBEHHBbIE (DYHKITUU ITOH
3aJla4M, KoTopasi obpa3yer OpTOHOPMHPOBaHHBIN Gasuc. PaccmarpuBaeMast 3ajiada MOJIEIUPYET
IIPOIIECC PACIPOCTPAHEHMsS TeIIa TEMIIEPATYPHOIO IOJisi B TOHKOM CTEPYKHE KOHEUYHON JIJIMHBI,
COCTOSIIIIEM W3 HECKOJIBKUX YYaCTKOB C PA3JUIHBIMUA TEIIO(MU3NIeCKUMA XAPAKTEPUCTAKAMI.
HonomuuTe bHO K TpanndabiM ycsroBusM tumna [ltypma 3aqai0Tcst yCaoBus CONPSKEHNS B TOUKE
KOHTAKTa Pa3/IMIHBIX cpe. JloKa3aHo CyIiecTBOBAHNE U €IUHCTBEHHOCTD KJIACCHIECKOIO PEIIeHIS
paccMaTpuBaeMOl MHOI'OCJIOMHON 3a/1a4u JJIsl yPaBHEHUS TEIJIOIPOBOHOCTH.

KuroueBbie ciioBa: YpaBHeHne TerionpoBogaoctu, Meron Pypbe, ceKTpaibHas 3a1a9a, OPTO-
HOPMHUPOBAHHBIN 0a3UC, KIACCHIECKOE PEIeHueE.

1 Introduction

Parabolic equations with discontinuous coefficients with one point of discontinuity have been
extensively studied [1]-[3]. In these works, the correctness of various initial-boundary value
problems for parabolic equations with discontinuous coefficients has been proved by using the
Green function and thermal potential methods. In [4]-[8], some boundary value problems for
the heat equation with a discontinuous coefficient, with one and two points of discontinuity,
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have been considered by the method of separation of variables.

The papers [9]-[13] are devoted to the solution of multilayer diffusion problems. Mathematical
models of diffusion in layered materials arise in many industrial, environmental, biological
and medical applications, such as thermal conductivity in composite materials, transport
of polluting chemicals and gases in layered porous media, growth of brain tumors, thermal
conductivity through skin, transdermal drug delivery and greenhouse gas emissions|14]-[17].
The considered problem may arise in describing the process of particle diffusion in turbulent
plasma, as well as in modeling the process of heat propagation of a temperature field in a thin
rod of finite length, consisting of several sections with different thermophysical characteristics.
In addition to the boundary conditions, the conjugation conditions (ideal contact condition)
at the contact boundary of these media with different thermophysical characteristics are
specified. It is a theoretical paper, however, the obtained analytical solution can be used for
numerical calculations.

2 Statement of problem

We consider the initial-boundary value problem for the heat equation with piecewise constant
coefficients

Gui 2 82'&@'
i

g2

o i=1,2,....,m, (1)

in the domain

Q:UQZ«, Q={(z,t): iy <ax<l, 0<t<T},

with the initial condition
u(z,0) = p(x), lo <z <l (2)

The boundary conditions are of the form

a1 %(lo,t) + Brui(lo, t) =0,
o 0<t<T. (3)
0z S I 1) + B (I £) = 0,
The conjugation conditions are
wi(l; = 0,t) = w1 (l; + 0, 1),
ki%(li_ojt):]{Hl%(lijt()?t), 0<t<T, i=12,....,m—1, (4)

where the coefficients satisfy k; > 0 and o;,8; € R for i = 1,2,...,m and j = 1,2. In
addition, |a;| + [81] > 0 and |as| + |G| > 0.
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3 Method of Solution

To solve problem (1)-(4) we employ the Fourier method and seek a separated solution
ui(z,t) = X;(x) T(t) #Z 0.

Substituting into equation (1) and conditions (2)-(4), and separating the variables, we obtain
the following spectral problem:

k2 X!'(z) + A X;(z) = 0, Lioi<axz<l, i=12....m. (5)
The boundary conditions
a1 X1 (lo) + 51 Xi(lo) = 0,
Q9 X;n(lm) + 62 Xm(lm) = O,
and the conjugation conditions are
(, ) = Xin , ) =1,2,...,m— 1. (7)
ki Xl(lz — O, t) == kl'Jrl XZ-Jrl(li + 0, t),

The function T'(t) satisfies the ordinary differential equation
T'(t)+ XT(t) = 0.

Lemma 1. The spectral problem (5)-(7) is non-self-adjoint in Ls(lo, l,,,).
The proof is carried out by direct calculation.

After the following change of variables

Xi(x) =Y;(y), i=1,2,...,m, (8)
where

(1x — |

lﬁlo’ lo <x <l

€T — 1

, L <x<ly,

;L:'_lm—l
C e < a < L,
L k'm Y 1 x

Under the change of variables (8)-(9), the spectral problem (5)-(7) takes the form
Y;,/(y)—f-)\yz(y):O, O<y<h17 221727am7 (10)

with boundary conditions

« !
k—lyl(o) + 61 Y1(0) = 0,
1

(11)
Z—Q Y. (hn) + Ba Yo (hu) = 0,
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and conjugation conditions

Yi(hi —0) = Y;11(0+),
( ) = Yin(04) i=1,2,...m—1, (12)
Y/ (hi = 0) =Y/ ,(0+),
where
li— 1
hi_ k’l 17 221727 , M

Lemma 2. The spectral problem (10)-(12) is self-adjoint in
H = L3(0,h1) © Ly(0, hy) @ -+ - © La(0, by

The proof is carried out by direct calculation.

Next, we determine the eigenvalues and construct the eigenfunctions of (10)-(12). The
general solution of (10) has the form

.

Yi(y) = ¢1 cos(VAy) + easin(vVAy), 0 <y <hy,
Yo(y) = c3 cos(\/Xy) + ey sin(\/xy), 0 <y < ho,

Ym—l(y) = Com—3 cos(\/Xy) + Com—_2 Sin(\/Xy), 0< Yy < hm—l,
\ Ym(y> = Com—1 COS(\/X@/) + Com SiIl(\/Xy), 0< Yy < hm;

where c9;_1, c9; are arbitrary constants, 1 =1,2,...,m.
From the boundary conditions (11) we obtain

(%\/X02+ﬁ101:0,
1

(62 cos(\/x hm) — S—Qﬁ sin(\/x hm)>02m_1—i— (13)

Bs sin(\/x hm) + %\/X cos(\/x hn) ) Com = 0.
\ ko,

From the conjugation conditions (12) we obtain

(¢; cos(hVA) + easin(hiVA) = ¢s,
- sin(hl\/X) + ¢ COS(hl\/X) = ¢4,
¢3c08(haVA) + exsin(haVA) = ¢,
—c3 sin(hg\/X) + ey COS(hg\/X) = cg, (14)

Com—3 COS(hmfl\/X) + Com—2 sin(hm,l \/X) = Com—1,
\ — Com—3 sin(hm_l\/X) + Com—2 COS(hm_l\/X) = Com-
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Successively eliminating the constants ¢; from (14) gives

C1 COS((hl + hg + 4 hm_l)\/X) + o Sin((h1 + hg + -+ hm_l)\/X) = Com—1,
— (1 Sin((h1 + hz + -+ hmfl)\/X) + C COS((hl + hz + -+ hmfl)\/X) =

Substituting the obtained cg,,_1, ca,, into system (13), we arrive at

Bicr + Z—ll\/xcz =0,
(Bg cos(sm\/X) — O‘—JX sm(sm\/X)>cl + (ﬁg sin(sm\/X) + —\/X cos(sm\/X)>cg =0,

kp, ko,
where
= iy
o Zl hi= Zl .

The characteristic determinant of the last system has the form

A()\) = (041042/\ + 6162k1km) sin(sm\/X) + (04251]61 — Oélﬁgkm) \/X COS(Sm\/X) = 0. (15)

We now consider all possible special cases.
1) Suppose ajag # 0, b0k, — asfiky =0, B2 =0 (that is, Y{(0) =0, Y. (h,) = 0).
Then from (15) we obtain

g A sin(sm\/X) = 0.

From sin(sm\/X) = 0 we find the eigenvalues

2
Ap = (ﬂ) , n e Z.
Sm

The corresponding eigenfunctions are

( ™

Yin = (— 1”008(—3/), 0<y<hy,
Sm
—cos(:—n y+h3+---+hm)), 0 <y < he,
T
—cos(— y+h4+--~+hm)), 0 <y < hs,
Ya(y) =C
Ym—1n = cos(Z—n (A1 — Y + hi)), 0<y<hmi,
Ypn = COS(@ (hom — y)), 0 <y < hy,
\ Sm

where C' is an arbitrary constant.

2) Suppose ajas = 0, Pk, —asfBiky =0, and (102 # 0 (i.e., Y1(0) = 0 and Y,,(h,,) = 0).
Then, similarly, the eigenvalues are

2
An:(ﬂ) . nez,
Sm
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with the corresponding eigenfunctions

(yln = (_1)n+1 Sin(ﬂ y)7 0< y < hla
Sm
ygn:Sin(:—n(hg—y—i—hqu---—f—hm)), 0 <y < ho,
T

n=sin(— (hs —y+hs+- -+ hy)), 0<y<hs,

Ya(y) = C- Ys Sm(sm( 3~ Y 4 )) Y 3
Ym—1,n = Sin(z_n (h'm—l —y+ h'm))> 0< y < hm—1>

ymn:sin(:—n (him — ), 0 <y < hp,

where C' is an arbitrary constant.
3) Now let ajae =0, 102k, — asfBiks # 0, 182 = 0. Then from (15) we obtain

(alﬁgkm - agﬂlkl) VA cos(sm\/X) =0.

At A = 0 equation (10) has only the trivial solution. From cos(sm\/X) = 0 we find the
eigenvalues

2
)\n:<w) , neZ.

25m

To determine the eigenfunctions, consider two possible cases.

Case 3.1: a1 =0, 0 # 0, 1 # 0, B =0 (i.e., Y1(0) = 0, Y/ (h,,) = 0). The corresponding

eigenfunctions are

Yin = (—=1)" sin( 5 y), 0<y<hy,
Sm
2n+1
y2n:COS(7T(27:L9 )(hg—y+h3++hm))7 0<y<h2,
7(2n+ 1)
Yn(y):C y3n:COS( 23m (h3_y+h4++hm))7 O<y<h37
m(2n+1)
Ym—1,n = COS( %s (hm—l —y+ hm))a 0< y < hm—h
o+ 1
ymn:COS(’]r<2n+ ) (hm_y))7 0<y<hm7
\ Sm

where C' is an arbitrary constant.
Case 3.2: ap # 0, ag = 0, f1 = 0, B # 0 (ie, Y{(0) = 0, Yu(hm) = 0). Then the
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eigenfunctions are

( m(2n + 1
Yin = (—1)" cos(g y), 0<y<h.
Sm
2 1
yQ”:Sin(%%—%hﬁ---wm))? 0 <y < hy,
(20t 1)
Y,(y)=C - { y3”:SID(T(h3_y+h4+"'+hm))7 0<y < hs,
. m(2n+1)
R ) N Py
m+ 1
Ymn = Sm(% (hm =), 0<y < hp
N m

4) Consider the case ajag # 0, ay Soky, — aofrky # 0, and (182 = 0. Then from (15) we have
Q10 A sin(sm\/X) — (alﬁgkm — ozgﬁlk:l)\/X cos(sm\/X) =0.

It is easy to check that for A = 0 equation (10) admits only the trivial solution. Hence the
eigenvalues are given by the roots of

km ﬁZ
) 61 = Oa 62 7é 0 (3/1/(0) = 07
tan(sm\/X) ={* \/X Ko

041\/X7

It is not possible to write the eigenvalues in explicit form. However, by Rouche’s theorem one

6%)]

Y’r;z(h'm) + 52Ym<hm) = 0)7

™
can obtain their asymptotics. Clearly, the zeros of the equation tan(sm\/X) = 0are VA= —.
Sm

Hence, by Rouche’s theorem the zeros of

Oélkm52 - 042’@51
tan(sm\/X) = alag\/X

have the form

2
)\n:(ﬂ—l—én) , n € 7,

Sm

1
where |d,| < M and, moreover, ¢,, = O(—).

n
If p1# 0 and P2 = 0, the eigenfunctions are

(cos((hl—y+h2+~-+hm)\/)\n), 0<y<hy,
COS((hQ—y+h3—|—-"+hm)\/)\n), 0 <y < ho,
Y (y) = C- cos((h3—y+h4—i—---+hm)\/)\n), 0 <y < hs,

COS((hm—l -y + hm)\//\_n>7 0< y < hm—b
\COS((h/m - y)\/A_n)> 0< y < hm7




34 Solution of multilayer problems for the heat equation by the Fourier method method

corresponding to the boundary conditions %Y{ (0) + £1Y1(0) = 0 and
1
Y, (hy) = 0.
If ;=0 and fy # 0, the eigenfunctions are

’COS(y\/)\_n)a 0< Yy < hla
cos((h1 + y)vAn), 0<y< ho,
Y, (y) = C - cos((h1 + ha + )V ), 0 <y < hs,

cos((h1 +ho+ 4 hpo —i—y)\/)\n), 0<y < hm_1,
\COS<(h1+h2+"'+hm—1+y)\/>\n)7 O<y<hma

«

corresponding to the boundary conditions Y/(0) = 0 and k2 Y, (hm)+

52Ym(h'm) = 0.
5) In the case ajag = 0, «a1f2ky, — asfik; # 0, [B1Ps # 0, an argument analogous to the
previous one shows that the eigenvalues are the solutions of

_kmﬁa alzoa a2%07
t(smVA) =4 92
V=N s

041\/}7

explicit forms for the eigenvalues are not available. By Rouche’s theorem we can, however,
m(2n +1

obtain their asymptotics. Since the zeros of cot(sm\/X) =0 are V) = %, it follows

S
from Rouche’s theorem that the zeros of "

k —ark,,
COt(Sm\/X) = a2 151%\0;% B

have the form

2
An:<w+6*>, 6% < M, 5:;:0(1).

25, " n
If a3 # 0 and ay = 0, the eigenfunctions are
(sin((h1 —y +ha + -+ ha)VA), 0<y < hy,
sin((ho —y+hs + -+ h)VAn), 0<y< ho,
Ya(y) = C - sin((hs —y +ha + -+ hn)VAn), 0<y < hs,

Sin((hm—l -y + hm)\//\_n)a 0< y < hm—h
\sin((hm — y)\/)\_n), 0<y < hp,
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corresponding to the boundary conditions

ZY(0) + BiYi(0) =0, Yiu(hu) = 0.

k1
If a3 =0 and ay # 0, the eigenfunctions are
(sin(y\/)\_n), 0<y<hy,
Sin((hl + y)\/)\_n), 0 <y < ho,
Ya(y) = C- sin((h1 + ha + y)vVAn), 0 <y < hs,

sin((h1 + hg 4+ -4 hm—2 + y)v An), 0< y < hm—la
\sin((hl +hy+ ooy —|—y)\/)\n), 0<y<hpy,

corresponding to the boundary conditions Y;(0) =0

and Z‘—Qy,;(hm) + BoYo(hum) = 0.

6) In the case ajag # 0, 102k, — azfBik; =0, and (182 # 0, equation (15) reduces to
(alozg)\ + ﬂlﬁgklkm> sin(sm\/X) =0 (equlvalently (‘“‘12 A+ Blﬁg) sm(sm\/X) = ()).
Thus, if sin(sm\/X) = 0, the eigenvalues are
™m\>
A = (_) .
Sm
The corresponding eigenfunctions have the form: The corresponding eigenfunctions (for

sin(s,, V) = 0) are

kism .
(= o T - P15 70 b<y<nn
m TN Sm
kism .
Yon = COS(—(hl + )) Prkrsm sm(ﬂ—n(hl + y)), 0 <y < hg,
Sm o Sm
kiSm . n
Y3n = COS( (hl + hg + y)) Bl ! Sln(ﬂ.—(}h + hg + y)), 0< Yy < h3,
S o Sm
Yo(y) =C
Y 1n—cos<s (hi+ ho+ -+ —i—hm,g—i-y))—
Eikrom sin(g(hl +hy ot hya + y)), 0<y <l
Ymn = COS< (hi +ho+ -+ Ryt + y))—
\% sm( " (hy 4+ hg + -- +hm_1—|—y)>, 0<y<hy,.

Here we have used the relation
aq Qg

Blkl B B2km

o ok, — asik =0 —



36 Solution of multilayer problems for the heat equation by the Fourier method method

If
kik,,
M02 ) L BBy =0, e A= DREm
kik, Q109
and taking into account that
a1 32 B 04251 -0 — 51161 _ 52]%7
ky km aq Qo

we obtain the special eigenvalue

o (Blkl)Q _ (@km)?
o [6%)

(The explicit form of the associated eigenfunction is given next.) For the special eigenvalue

\_ (Pik 2Bk \?
n (05} n (0%)] ’

an associated eigenfunction can be chosen as

r
_ Bk y
e a1 ) 0 < Y = hl’
Biki
eia_l(h1+y)7 0 < y < h2’
Biki
=S LA S
Y(y)=C-(¢ ar (Pthaty) 0<y<hs,
B1k
- ;{11 (h1+h2+“‘+hm_2+y)7 0< Yy < hm—la
Biki
_ hithotthm 1+
\ oy (hithe 1+y) 0<y<hp.

04152 Oé2ﬁ1

ky Em

7) In the last case, ayay # 0, # 0, and [15y # 0, equation (15) applies.

Introduce the functions
g(A\) = aqag\ sin(sm\/X),

W(N) = (a1 Bk — aafiky) VA cos(smVA) — B Baki ki sin(s, VA).
By Rouche’s theorem, if |g(A)| > |1(N)] for large A, then g(\) and g(A\) + ¥ (\) have the same

number of zeros.
The eigenfunctions can be written as

(

q)(y\/)\_n), O<y<h1,
((s1+y)vVA.),  0<y<hs,
Yaly) = C - ((s2 + y)vVAn), 0 <y < hs, (16)

(I)<(Sm—2 + y)\//\_n)a 0< y < hm—la
L 2((8m-1 +9)VA), 0 <y < h,
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where s; = 3>7_ h; (with s = 0) and

®(z) = ajcosz — [y sin z. (17)

1
VAn
A explicit-form expression for the eigenvalues is not available, but Rouche’s theorem yields

™m
their asymptotics. Since the zeros of tan(sm\/X) = 0 are VA = —, it follows that the zeros

Sm
of

kmPa — ask k1kp,
tan(sm\/X) _ g 6512&2\7; 151 N ﬁlﬁQ)\l tan(sm\/X)

have the form

2
A, = (ﬂwn) L0 < M, 5n:0(1>.
Sm n

Since {Y,,(y)} are the eigenfunctions of the self-adjoint problem (10)-(12) (see Lemma 2), they
form an orthonormal basis [18]. We choose C,, from the normalization condition; equivalently,

m l; 7 2
com (S [ (6o 5 m) )

Then the solution to problem (1)7(4) has the form

wilw ) = 3 pa Xif@) e =3 Yaly)e ™,
n=1 n=1
where
on=) / @i(kin +1i-1) Ya(n)dn,  yis defined by (5).
i=1 70

Making the change of variables

_ %

§=kin+li_, dn s

in the last integral we obtain

m I _ 1
=31 [ o (S5 e 5
i=1 "t i1 t

Therefore, rewriting formula (16) we get

/

(V). lo <z <1y,
@((81 + %)\/ )\n)7 ll <z < lQ,
r—1l;_
(25 <, e ). <, 19
(I)((Sm—Q + xi]ijil)\/ /\n)a lm—? <z < lm—17
@((Sm_l + x_,i%l)\/)\n), It < x < lpp,
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where @ is given by (17) and s; = ;:1 h, (with so = 0).

We now proceed to prove the main theorem.
Theorem 1. Let ¢(z) be a twice continuously differentiable function satisfying the
boundary conditions (3) and the conjugation conditions (4), namely,

a1 (lo) + Brpr(lo) = 0, @20, (lm) + Baom(lm) = 0, (20)

gOz(lz—O) :(,02+1(l1+0), klgﬁi(lz—O) :k1+130;+1<lz+0), 7= 1,2,...,m— 1. (21)

Then the function

_ Z (’pn Yn (x _klll) 6—)mt) (22)
n=1 v

where the coefficients ¢,, are defined by (18), is the unique classical solution of problem
(1)-(4).

Proof. First we prove existence of the solution (22). Since {Yn(%)} are the
eigenfunctions and {\,} are the eigenvalues of problem (1)-(4), it is straightforward to verify
that the function u(x,t) defined by (22) satisfies the equation, the initial condition, the
boundary conditions, and the conjugation conditions of (1)-(4). The series (22) is a sum of
the functions

T e (23)

We show that for any fixed € > 0 the series

;um,t), ;%@:,w, ;a;;m

converge uniformly on {(z,t) : lp < & < l,,, t > €}. Clearly, |¢| < K7, hence from (18) it
follows that |¢,| < K,. Using (23) and the equalities

8un Tr — li—l At 82un )\n Xr — li—l ot
= _)\n nYn " = - nYn ™
ot 4 ( ks ) ‘ 022~ k27 k)¢

we obtain, for t > ¢,

ou,,
ot

0%u,,

0x?

|un(z,t)| < K3 e e, {

} S K4 )\n 67)\,16’

where the constants K; > 0 (¢ = 1,2,3,4) do not depend on n.
Therefore, using the asymptotics A\, ~ (7n/s,,)?, we have

{imn(x,t)\, S5 Z‘M" z, ‘} ZKn e (E)

n=1 n=1

aun
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for some constant K > 0 independent of n. Since the series on the right-hand side converges
absolutely, the Weierstrass M test implies that the series for u, u;, and u,, converge uniformly

ou(zx,t) 0?u(z,t)

for t > &; hence u(z, 1), , and -— are continuous for ¢ > £. Now we must show

x
that the series (22) converges uniformly on the whole domain 2. Note that the n-th term of

(22) is majorized by |¢,|. Integrating by parts the integral in (18), we obtain

Cn% D52/ An) — w @(slﬁ) -

/: “0\/;_;? @((sl +5;211)\/A_n) dé

©m-1(lm-1—0) Om—1(lm—2+0)
Ch { T Bsm-1v/An) — New @(sm_gﬁ)] -

lyn—1 A _
P18 g ((sm_2 4t > l’H) \/A—n) dé+

lin—2 \/)‘_n m—1
©m(lm) Om(lm—1 +0)
cn{ 2] (s /) - Enlln 20 @(Sm_lw—n)} B

tm Qolm(g) 5 — L1
hnlvx;@<@ml*"‘ﬁf‘)“xgd§

where @ is given by (17) and

~ k
®(2) = oy sin z + f—

Vn

COS 2.

Taking into account the first relation in (21), ¢;(l; — 0) = @ 1(l; +0) for i = 1,2,.. .,

and integrating once more, we obtain

i’ ko ks
on = Co| = 22 ) = B9 1) + B 1y — 0y d(si V0,

. . X,

l1 Vi _

/k1€01(§)¢<5 lo\/)\—n> de | +

lo /\n kl

k /
C, )\—2@ P52/ A (Il +0) D513/ An)—

/—<<—>f> d

(24)

m—1,
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Ko K
Ch [/\—1 Prn—1(lm—1 = 0) ©(Sn—1v/ An) — )\—1 Prn—1(lm—2 +0) (Sm—2/An)—

[ e s ) )

m—1

+

m—2

c, [%ﬁ” Bl W) + 52 ) B )

km " ki —lm—1
- Fnlln +0) B(sm-1v/\n) —/ Fon'o (€) @((sm_l + gk_> \/A_n) dg] ,

lm—l An m

ki

\/}\_ncosz (cf. (24)). Using the second
relation in (21) together with (17) and (24), one checks that

An ©m(lm) &)(Sm \/)\_n) + km\/A_nSD;n<lm> (I)(Sm \/)\_n) = A(M\), (26)

i.e., the left-hand side coincides with the characteristic equation evaluated at \,,. Hence, using
(20)-(21) and (26) in (25), we obtain

Pn = —Cngm: /\% /ll @i (&) CI)((si_l + : _kfi_1> \//\_n> d¢.

=1

where @ is given by (17) and ZI;(z) = aisinz + [y

From this representation we derive the estimate

[0 K = max k7, (27)

< n
|SO7Z|—K n27 lélgm
where «,, are the Fourier coefficients of the function ¢”(x) on the interval [ly, ,,] with respect
to the orthonormal system of eigenfunctions Yn(x_,i;l) defined by (19). From (27) it follows
that

n=1

Thus the majorizing series converges absolutely; hence the series (22) converges uniformly on
2 and defines a continuous function u(z,t) on 2. This proves existence of a solution.

Uniqueness. Assume there are two solutions u(x,t) and u(z,t). Let v(z,t) = u(z,t) —u(x, t).
Then v solves
8% 2(921}1'

= k; Q, 1=1,2,... 2
at k’L ax27 (:C7t> e (2 ? ) ) 7m7 ( 8)

with the initial condition

v(z,0) =0, lo <z <lpy, (29)
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the boundary conditions

ov
aq 8_1(107t) + 61 U1(107 t) = 07
ax 0<t<T,
v
_mlmat mlm7t :07
a2 o (s t) + B2 Um (L t)
and the conjugation conditions
vi(li = 0,t) = viy1 (i +0,1),
ov; Vi1 0<t<T, 1=1,2,...,m—1.
ki—(l; — 0,t) = k; l; +0,t
81’( ) +1 75 ox ( + )

The solution of (28)-(31) can be expanded in the basis Yn( "Efli“l

) ; namely,

where

Transforming (33) and differentiating with respect to ¢, we obtain

i 9P, t) —1;_
C Zk/llgTiq)(<Si_1+x L 1)\/)\_n)dl‘,

(2

where @ is given by (17) and C,, are the normalization constants.

(30)

(31)

(32)

Proceeding similarly, integrate twice by parts, using the boundary conditions (30), the

conjugation conditions (31), and the identity

@”((sil—l— x_kfi‘l)\/A_n) - —22 q><<s,-1+ x_kfi‘l)\/A_n), i=1,2,...

We obtain
v () = = Ao, (t

n

hence  w,(t) = che™ n=1,2,....

);
Substituting this v, (¢ ) into (33) gives

— ;i
)Y, (x m 1) dr = c,e M.

,m.

(34)

Passing to the limit in (34) as t — 0 (which is permitted by the continuity of v(z,t) on Q),

we obtain

R T —li
12%2_;5/; vi(x,t)Yn( ? )dx—vn(O)—cn,

7

and therefore ¢, = 0 for all n = 1,2,.... It follows from (32) that v(x,t) = 0, whence

u(x,t) = u(w,t). This completes the proof of the theorem.
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4 Conclusion

In this paper, the solution of a multilayer problem for the heat equation with a discontinuous
coefficient by the method of separation of variables is substantiated. The existence theorem
of a unique classical solution of this problem is proved. The technique used here can also be
applied to more general boundary problems and more general conjugation conditions.

Analytical solutions to such problems are very useful and necessary because they provide a
higher level of understanding of the solution behavior and can be used for numerical solutions.
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