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ON PROPER EXPANSIONS AND PROPER CONTRACTIONS OF
NONLINEAR OPERATORS REPRESENTED IN THE FORM OF A
PRODUCT

Today there are many works devoted to the questions of expansion and contraction of operators
[1H12]. In all these works the questions of expansion of the additive “minimal” operator and the
questions of contraction of the additive “maximal” operator are considered. In this paper it is
shown that these restrictions on the additivity of the corresponding operators are not essential.
In [10] the questions of proper contraction of a maximal operator represented as a product are
considered, i.e., the relationship between the set of proper contractions of the operator A = LM
and the sets of proper contractions of the operators L and M is established. Here, an abstract
theorem is proved which allows us to establish the relationship between the set of proper extensions
of the operator Ay = LgMj, and the sets of proper extensions of the operators Ly and M. In this
connection, we prove an abstract theorem that allows us to describe the correct contractions of
one class of nonlinear operators represented as a product.

Key words: operator, correct expansion, correct contraction, regular expansion, Bitsadze-
Samarskii type problem.
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e-mail: abd.shyn@gmail.com
KebeiiTinai Typiumae 6epijireH CbI3BLIKTHIK, €MeC OollepaTopJapabiH AypbICc KeHelTimiMaepi meH
AYPBIC TapbLIBIMAAPbI TYPAJIbI.

Ochbl TaHa OIIEePaTOPJAAPIBLIH, IYPBIC TAPBLIBIMBI MEH JYPBIC KeHEHTiTiMi OOMBIHITA KOITETeH XKY-
MbIcTap kKapblK Kepren [1H12|. Bya xymbicrappa agaurusri "MuHUMAILIB" OIIEPATOPJIADIBIH
KeHelTimiMaepi MeH auauTuBTi "MakcHMaJsbibl" OIEPATOPJIAPIbIH TapbLIBLIMIAAPHl KAPACThIPhI-
JraH. ByJl 2KyMbIcTa KapacThIPBLIATHIH OIEPATOPJIAPABIH aIUTUBTLIIN MaHBI3/bI OOJIMANTHIHBI
kepcerinred. Apropaeiy |10] enberinge xkeGeHTiHIl TypiHJe GepiireH CBI3BIKTHIK MAKCHMAJIbJIbI
OIIEpPATOPJIAP/IBIH, TYPBIC TAPBLILIMIAPhI KAPACTHIPbLIFAH, AFHU aTaaMbll eabekre A = LM ome-
PATOPBIHBIH OAPJIBIK, JTYPBIC TAPBLIBIMIAPHI 2KUBIHBL MeH L yxome M omepaTop/iapbiHbIH OADJIBIK,
JIYPBIC TapbLIGIMIAPBI 2KUBIHAAPHI apachbiHaa e3apa OipMoni coiikecTik opHarTbuiraH. By xy-
Mbicta Ag = LgMj oniepaTopbIHbIH, 6apJIbIK, JYPhIC KeHeliTiriMaepi meH Ly »koHe M| omeparopJia-
PBIHBIH, 0apJIbIK, JIyPhIC KEHEUTLIIMIEP] apachlHia ThIFbI3 OailjlaHbIc OApBIH KepceTeTiH abcTpak-
USRI TeopeMa masesaenred. Ocbl opaiifga JoJIe/IIeHreH TeopeMa KoOeHTiHal Typimnme Oepiiarex
KAChIOIP CBHI3BIKTHIK €MEC OIepaTop/ap CaHAThIHAHBIH, JIYPBIC KeHEWTiIiMIepin cumaTrayra OoJra-
TBIHBI MBICAJI APKBLIbI KOPCETI/IreH.

Tyitin ce3aep: onepatop, AypbIC KEHEHTIIIM, TYPHIC TAPBLILIM, PETYIAPJIbl KeHelTiaim, Buiaaze-
CaMapcKuii THIITEC ecenTep.
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Ha cerojusi nMmeroTcsi MHOXKECTBO pabOT, MMOCBSIIEHHBIX BOIIPOCAM PACIIMPEHUsS] U CyKEHUs Olle-
paropos [1H12]. Bo Bcex 3TmxX paboTax paccMaTpHBAIOTCSI BOIPOCHI PACIIMPEHUs aJTATUBHOIO
"MuHIMAIBEHOTO" OmepaTopa M BOIIPOCHI CYKEHUS aJIUTUBHOTO "MakcuMajpHOro" omneparopa. B
JIaHHOHM paboTe MOKA3aHO, 9TO 9T OTPAHUYICHUS 8 JIATHBHOCTH COOTBETCTBYIOIIAX OMEPATOPOB HE
cymecTBeHHBL. B padore [10] paceMoTpeHBI BOIPOCH KOPPEKTHOTO CYZKEHHsI MAKCUMAJILHOTO Olle-
paTopa, IpeJICTaBIMOrO B BUJIE TPOU3BEICHNSI, T.€. YCTAHOBJIEHO B3aMMOCBSI3b MEKJY MHOYKECTBOM
MpaBUJIbHBIX CcykKeHuu oreparopa A = LM u MHOXKeCTBaMU IPABUJIBHBIX CYXKEHUU OIepaTOPOB
L u M. 3nech nokazana abCTpaKTHAs Te€OPeMa, TO3BOJISIONIAs] YCTAHOBUTH B3ANMOCBSI3b MEXK Ty
MHOXKECTBOM MPABWJILHBIX pacuupennn oneparopa Ag = LgMy 1 MHOXKeCTBAMU TPABUJILHBIX Pac-
mupenun ornepatopos Lo u My. B aToit cBa3u, qoka3biBaeTcsa abCTpaKTHAST T€OPEMa, TIO3BOJISATONIAS
ONHMCATH MTPABUJIHHBIE CYKEHUSI OJ[HOIO KJIACCA HEJMHEWHBIX OlEepaTOpPOB, MIPEJCTABUMBIX B BHJE
[IPOU3BEJIEHUSI.

KuitroueBsbie ciioBa: oneparop, KOPPEKTHOE PaCIIUpPEHUsi, KOPPEKTHOE CyKEHUE, PEryJIsipHOE Pac-
mupenune, 3aaada tuna bunanze-Camapckoro.

1 Introduction

In this work we consider following PDE

0*u ou  Ou
2n o . 2D ZL _
W anay T gy gy T Hw ) fley) € CG)

A condition of univariate solvability of one problem of Bitsadze-Samarsky type is shown.
Here C([0,1] x [0,1]) = C(G).

Keywords: operator, proper extension, proper restriction, regular extension, Bitsadze-
Samarsky type problem.

Let us briefly recall some provisions of [10].

Let the operator A = LM act in the Banach space B. Here, L is a certain additive closed
operator for which D(L) C B and R(L) = B. In the domain of definition D (L), we introduce
the norm

[ullon = llullg + [ Lullg, w e D(L). (1)

The closure of the manifold D(L) in the norm will be denoted by 9. It is evident
that 9t is a Banach space. Now, let the operator 9t map the manifold D(M) onto the space
M, i.e., R(M) = 9. Then, we define the operator A by the equality A = LM. Clearly,
D(A) = D(M) and R(A) = R(L) = B. If L and M are certain proper restrictions of the
operators L and M, respectively, then the following holds:

Theorem 1 The operator A=* = M~'L~' is invertible, and its inverse A is a proper
restriction of the operator A.

Additionally, the following lemma is proven:

Jlemma 1 ker A = B, where

B ={g=M"g1+g2,91 €ker L, g € ker M}.
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Using this lemma, an abstract theorem is proved, which provides a complete description of
the set of all proper restrictions of the operator A in terms of the sets of all proper restrictions
of the operators L and M.

Now, we will show that this method can also be applied to a certain class of nonlinear
operators that can be represented as a product.

Within the previously used notation, let us additionally consider a (generally nonlinear)
bijective mapping N : B — B such that N(0) = 0. Then, we can define the product

A=LMN (2)

Clearly, D(A) = D(MN) = D(M) and R(A) = R(L) = B. Let L and M still be certain
proper restrictions of the operators L and M, respectively. Then, the following holds:

Theorem 2 The operator A=' = NYM—1L~' is invertible, and its inverse A is a proper
restriction of the operator A.

Proof 1 The product N~ Ay defines a certain operator A1 Indeed, by definition,
wehcweR(L):D(L)—BandR(L)—D()C‘)ﬁD( M) D(M)zim.
Therefore, the operator A=' = N~'M~'L~" is well-defined with domain D(A™') = B and
range R(A™') = N"'M~'D(L) C B.

Now, if for some f € B the equality A~ f = 0 holds, then

f=LMN(N*MIL7 ) = A(A71f) =0,

which means that the operator A has an inverse operator A. Since the operator A7 is
continuous, it follows that A is a proper restriction of the operator A. The theorem is proved.

Previously, we considered proper restrictions of operators that can be represented as a
product. Now, we will show that it is also possible to consider proper extensions of such
operators.

Let L be a certain closed additive operator with domain D(L) C B and range R(L) = B,
where B is a Banach space. Let L be a restriction of the operator L, which has a continuous
inverse Ly on R(Lg) and satisfies R(Lg) # B , i.e., the operator Ly has a continuous left
inverse.

By taking the closure of the manifold D(L) in the norm (), we obtain the Banach space
M. Let 9, denote the closure of the manifold D(Ly) in the norm ([I).

Let the operator M satisfy the following conditions:

a) D(M,) C B, R(My) C Mo;

b) On the set R(My), the operator M, has a continuous inverse M, *

Then, the product Ay = LoM, is well-defined, and we have

D(Ay) = D(My) C B, R(Ap) = R(Ly) C B.

Clearly, the inverse operator Ay' = My 'Ly is well-defined on the set R(Ay).

Let L be a regular extension of the operator L, i.e., Ly C L C L. Let M be a proper
extension of the operator My. Then, the following holds:

Theorem 3 The operator A~' = M~'L! is invertible, and its inverse A is the correct
extension of the operator Ag.
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Proof 2 It is evident that the operator A™' is defined on the entire space B. Now, let us
show that the operator A~ is invertible. Indeed, zf for some f € B we have A~*f =0, then
ML= = 0. Since the operators M~ and L™' have inverses, we obtain L™ f = 0, which
implies f = 0. Therefore, the operator A= (A D=1 exists. Now, it is sufficient to show that
Ay C /Nl

Indeed, if ug € D(Ay), then Loug € D(M,y), i.e., there exists an element fo € R(Ap) such
that fo = Agug and ug = Aalfo. Then,

lf =ML~ 1f M~ IL fo lL fo = Up-
Therefore, uy € D(A), i.e., Aug = fo. The theorem is proven.

Next, using this theorem, as an example, let’s consider the proper extensions of a certain
nonlinear differential operator.
In the space C([0, 1] x [0,1]) = C(G), we consider the following differential equation:

0%u ou Ou
2n 2 2n—1
ozoy " oz oy

= flz,y),  [flx,y) € C(G), (3)

Let L denote the operator acting as the differential expression u; with the domain of
definition:

D(L) = {ueC(G): g—;‘ecw)}

Let M denote a Banach space obtained by closing the manifold D (L) with respect to the
norm:

[ullar = Nlulle@ + [ Lullee): (4)
Let Lo be the restriction of the operator L with the domain of definition:
D(Ly) ={u e D(L) : u(z,0) = 0,u(x,1) = 0}.
Then,

R(Lo) = {f(z.y) € C(G /fm Jir = 0} € C(G).

In the set R(Lg), there exists a continuous inverse L;':

Ly'f = /Oyf(x,T)dT

Let My denote the Banach space obtained by closing D(Lg) with respect to the norm (4).
Let My denote the operator My : D(My) — R(M,), where D(M,y) C C(G), R(M,) C By,
and: 5
D(My) = {u € C(G) : UQnE)_Z € By, u(z,0) = u(x,1) = 0},

R(Mp) = {f € By : /0 F(t, y)dt = 0}.

6
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In the set R(My), there exists a continuous inverse M

My'f=v2n+1 [/If(t,y)dt
0

} 1/(2n+1)

Let the operator L be generated by the following boundary value problem:
So=flz,y), flz,y) € C(G),
u(z,0) =0,

The operator L is a regular extension of the operator Ly: Ly C L C L, and:
L7'f= / f(x,7)dr.
0

Also, the operator M, generated by the following boundary value problem:

UQH%Z:f(x7y)a f(:v,y)EB,
u(0,y) =0,

is a proper extension of the operator My, and its inverse is:

3 p 1/(2n+1)
M7 f=von+1 U f(t,y)dt] .
0
JIlemmva 2 The unique solution to the boundary value problem

u2"68;§y +2n - uzn_l%% = f(z,y), [flz,y) € C(G),
u(z,0) =0, u(0,y)=0,

has the form:

z py 1/(2n+1)
w(z,y) =v2n+1 [/ / f(t,T)dth:| : (8)
o Jo
Proof 3 According to Theorem[3, the operator
At =ML

is invertible, and its inverse operator A is a proper extension of the operator Ay = LoMj.
Therefore, from (@ and (@, we conclude that the boundary value problem

0%u Ou Ou
2n Mm - n-1Z7277
u(0,y) =0, (10)
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(11)

a 'U/2n+1<x,0) — 0

Ox
has a unique solution of the form (@) The boundary value problems (@ and @f are

equivalent. Indeed, integrating the condition with respect to z, we get u***1(x,0) —

u?*1(0,0) = 0, and from (§), we have u(0,0) = 0, so we obtain that u(z,0) = 0.
Now, let Lo be the operator generated by the following boundary value problem:

du
%_ (‘rvy)? f(x7y> GC(G>7
ar(y)u(0,y) + ax(y)u(o(y),y) + as(y)u(l,y) = 0,
Ou(0,y) _
or 0
where © = ¢(y) is a smooth curve located in the region G, a;(y) € C|[0,1], and
(12)

a*(y) = ai(y) + az(y) +as(y) # 0,y € [0, 1]

It is clear that:
(13)

Lilf = /0 F(ty)dt —

R(Ly) = {f(z,y) € C(G) : f(0,y) = 0}.

As a regular extension of the operator Ly, we take the operator Li, generated by the

az(y) [V Casy) [
a*(y)/o f(t y)dt a*(y)/o f(t y)dt,

and

following boundary value problem:

ou
% - f(ﬂ?, y)7
ar(y)u(0,y) + az(y)u((y), y) + as(y)u(l,y) = 0.
For this problem to have a unique solution, it is necessary and sufficient to fulfill the
condition (19) (i.e., a*(y) # 0), and the unique solution is given by (13).
As the operator My, we take the previously considered operator, i.e., the operator M,
D(My) — R(M,), where D(My) C C(G), R(My) C By, and:
(,0) = u(z,1) = 0}.

flz,y) € C(G),

0
D(My) ={u e C(G) : uzna—z € By, u

We also consider the operator M, generated by the boundary value problem (@) This

operator is a proper extension of the operator My, and:
R x 1/(2n41)
M7 f=vVon+1 U f(t,y)dt] .
0

Then, by Theorem @ we have that the operator A; = LM is a proper extension of the

operator Ajg = LigMy. Thus, we have proven the following theorem:

8
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Theorem 4 In order for the problem

on Ou Lo, u2n71%au

0xdy ox 8_y -

flz,y), flz,y) € C(G),

a1 (y)u(0,y) + ax(y)u(é(y), y) + as(y)u(l,y) =0,
u(z,0) =0,

to be uniquely solvable, it is necessary and sufficient to fulfill the inequality a*(y) # 0, y €
[0, 1], and its unique solution is given by:

P Y ay(r) o(7) 1/(2n+1)
/O/Of(t,T)dth—/O a*(T)/O f(t, m)dtdr —

} 1/(2n+1)

u(z,y) =vV2n+1

)

—Von+1 {/Oy Zi’ET> /01 F(t,7)dtdr

7)
where
a*(y) = a1(y) + az(y) + as(y) #0, y € 0,1].

Remark 1 : The results of Theorem[]] can also be obtained by applying Theorem [ In this
case, as the bijective map N : C(G) — C(G), we take the operator N acting as N (u) = u*"*1,
u e C(G).

2 Conclusion

In this work an abstract theorem is proved which allows us to establish the relationship
between the set of proper extensions of the operator Ay = LoM, and the sets of proper
extensions of the operators Ly and M,. In this connection, author proves an abstract
theorem that allows us to describe the correct contractions of one class of nonlinear operators
represented as a product.
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