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IMPROVEMENT IN VOLTERRA-FREDHOLM INTEGRO-DIFFERENTIAL
EQUATIONS BY ADOMIAN DECOMPOSITION METHOD

The Adomian Decomposition Method (ADM) is widely recognized as a powerful and versatile
semi-analytical tool designed to solve a broad range of problems, including linear and nonlinear
differential equations, as well as integral equations. This method has been extensively applied
across various scientific and engineering disciplines due to its simplicity and efficiency in generating
accurate approximate solutions. In this note, we introduce an enhanced and refined scheme based
on the ADM framework to obtain approximate solutions for Volterra-Fredholm integro-differential
equations (IDEs) with specified initial conditions. Our proposed scheme not only simplifies the
computational process but also ensures improved accuracy and convergence. Additionally, we
rigorously prove the uniqueness of the solutions to the Volterra-Fredholm IDEs by leveraging the
mathematical foundation of Banach’s Fixed Point Theorem, providing theoretical validity to our
approach. To validate the effectiveness of the enhanced scheme, we apply it to a diverse set of linear
and nonlinear Volterra-Fredholm IDEs with initial conditions. The numerical results obtained are
systematically compared with those from existing methods reported in the literature. Our findings
reveal that the proposed approach demonstrates remarkable accuracy, efficiency, and reliability in
solving complex IDEs. Consequently, this method represents a significant advancement in the field
of integro-differential equations.

Key words: Adomian decomposition method, Volterra-Fredholm Integrodifferential equation,
Approximate solution, Uniqueness solution, Adomian poliynomials, Banach’s fixed point theorem.
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A nomMuaHHBIH, XKikTey 91ici apKbLibl BosibTeppa—®Ppearojibm
MHTerpo-anddepeHnnalJIbIK TeHAey/IePiH »KeTiJaaipy

Atomuanpbik gexkomuosunums ouici (ADM) xxestiiik KoHe ChI3BIKTBIK eMec I depeHIuaibK TeH-
JEeYIepi, COHIaii-aK NHTerPAJIIBIK, TEHACYIEPIl KOCA aJIFaHIa, eCeTePaiH KeH ayKbIMbBIH IIeITyre
apHAJFaH KyaTThbl KoHE oM0Oebarl >KapThulail aHAJUTUKAJIBIK Kypas pPeTiHae KeHIHeH TaHBLIIbI.
By ofic HAKTBI XKYBIK, MIENTIMJIEP/Ii MIBIFAPY/IAFbl KapanalbIMIbLILIFGI MEH THIMJILIiriHe Oaitra-
HBICTBI OPTYPJI FBIIBIMU 2K9HE WHYKEHEPJIK IoHep/le KeHIHEeH KOJIaHbLIaIbl. By xka36ama 6i3
Genritenren H6acTankbl maprrapMmen Bosbreppa-Ppearonby naTErpo-auddepeHnuaaabK, TeHIe-
yaepine (IDE) xxybik mermimuepai ainyra apaasran ADM nerizine Herizesres KeTiiaiplired xxoHe
HAKTBIJTAHFAH CXeMaHbl YChIHAMBI3. DBi3MiH YChIHBIIFAH CXeMa ecenTey MPOIeCiH KeHiIIeTin Kana
KOMMali/Ibl, COHBIMEH KaTap KOFapbLIaThIJIFAH JRJIJIK II€H KOHBEPIeHIIUSHBI KAMTAMAaChI3 €Te/i.
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Conbiven katap, 6i3 Bompreppa-®@peaxonsm IDE memivaepinin 6ipereinirin Banax Gekitinren
HYKTE€ TEOPEMACHIHBIH MAaTEeMATHKAJBIK HETi3iH maiigasaHa OTBIPBII, Oi3/IiH KO3KapaChIMBI3IbI
TEOPUANIBIK, HEri3/ieil OTBIPHIN, KaTaH JoJengeimiz. 2KaxkcapTbLiraH CXeMaHbIH THIMILTTIH
TeKCepy YIIiH 6i3 OHbI O TYPJIi ChI3BIKTHIK »KOHE CBhI3BIKTHIK eMec Bosbreppa-PpexonbMm Gacta-
Kbl MOH TEeHJEYJIEPIHIH KUBbIHTHIFbIHA KOJIAHAMBI3. AJIbIHFAH CaHIBIK, HOTUXKeJep oijebuerrte
CUTIATTAJFAH 0ap OmiCTEp/IiH HOTHXKEJePIMEeH XKyhesi Typie CAJIbICThIpbLIaabl. HoTmxkenepimis
yebiHbLTFAH Toclt Kypaeai O2KB mernryne kepeMer JpJiiik, THIMIIIK KoHe OepIKTiK KopceTeTiHin
xopceremi. Jemek, Oy omic maTErpo-auddepeHnuaiablK, TeHIeYAep CATACHIHIATB alTapIbIKTai
inrepineymimkTi 6iaaipeti.

Tyitin ce3zep: AnoMuaHABIK ~— KeHeWTy  ojici, Bomabreppa-®pesiroibM  MHTErpo-
nuddepeHImanIbK TeH ey, XKybIK IerriM, 6iperei merriM, AJOMUH TOJUHOMIAPHI, BanaxThiy,
KO3FaJIMAITBIH HYKTE TeOPEeMAaChl
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VayuineHnue nHTerpo-anddepeHInaIbHbIX ypaBHeHuT Boabreppa—®pearosibMa MeTOI0M
pasJiokeHus AsjoMmuaHa

Meroz, paznoxenus Anomuana (ADM) mupoko npusHan Kak MOIIHBIA ¥ YHUBEPCAIBHbIH MOJTY-
AHAJNTUIECKAN UWHCTPYMEHT, IIPEIHA3HAYCHHBIN [IJIsi PEIIeHNs MMHPOKOT0 KPYyra 3a/1a9, BKJIOYAs
JIMHeWHbIe U HeJinHeiHble nuddepeHInaibHble yPABHEHNs, & TaKyKe HHTEerpajIbHble yDABHEHUS.
DTOT METO/I, IITIPOKO IPUMEHSIETCS B PA3JINIHBIX HAYYHBIX U MHZKEHEPHBIX UCIUIIINHAX OJ1aroapst
cBoeil poctoTe n 3p(PHEKTUBHOCTU B CO3JAHUN TOYHBIX MPUOJIMXKEHHBIX pelnenuii. B aToii 3amer-
Ke MBI IIPEJICTaBJIsIeM YCOBEPIIEHCTBOBAHHYIO U YJIYUIIEHHYI CXEMY, OCHOBAHHYIO HA CTPYKTYype
ADM, nyist nosrydenust NpubJINKEHHBIX PEIeHuil st MHTerpo-audGepeHnnaj bHbIX ypaBHeHUH
(IOY) Boubreppo-®@pesroibma ¢ yKa3aHHBIME HadaJ bHBIMU ycaoBusMu. Hama npezyaraemast
CXeMa He TOJIBKO YIIPOIIAeT BBIYUCINTENbHBIH IPOIECC, HO U 00ECIIEYNBAET OBBIIIEHHYIO TOYHOCTD
U CXOAMMOCTh. KpoMme Toro, Mbl CTPOro J0Ka3blBaeM yHHUKaJbHOCTH pemteHuit V1Y Bosbreppsbi-
®pearosbMa, UCIOIL3Ysl MATEMATHIECKYI0 OCHOBY TeopeMbl BaHaxa 0 HEMOIBUKHON TOUKe, 0bec-
eYnBast TEOPETHIECKYIO0 0OOCHOBAHHOCTD HAIIETO MOAX0Aa. UTOObI MOATBEPAUTE 3(PPEKTUBHOCTD
YCOBEPIIIEHCTBOBAHHON CXEMBI, MBI IIPUMEHSEM €€ K Pa3Ho0Opa3HOMy HAOOpPY JIMHEWHDBIX U HEJIU-
ueitubix IV Bomabreppol-@penronbma ¢ HadaabHbIMU yeaoBusaMu. 1losyvuennbie quciennbie pe-
3yJIBTAThI CACTEMATUYIECKH CPABHUBAIOTCS C PE3YJIBTATAME CYIIIECTBYIOIUX METOJIOB, OITMCAHHBIX B
Jmreparype. Hamm pesyibTarTsl MOKa3bIBAIOT, 9TO MIPEJIOYKEHHbII [I0IX0]] JIEMOHCTPUPYET 3aMeda-
TEJIBHYIO TOYHOCTH, 3((PEKTUBHOCTD U HAJIE?KHOCTD IpH pernernn caokubx Y. CremoBarebHo,
9TOT METOJI, IPECTABIISET COO0I 3HAUNTEIbHBIN IPOTrPecC B 00JIACTH HHTETPO- M hePEeHITNATBHBIX
YPaBHEHUN.

Kurouesbie cioBa: Meron pasioxenus: Ajomuana, VHTerpomuddepeHuajibHOoe ypaBHEHMe
Bousibreppa-®@penrosbma, [IpubiankeHHoe pelieHne, eIUHCTBEHHOE pEIeHWe, MHOIOUWIEHBI A 10-
MHaHa, TeopeMa BaHaxa O HEIMOJBUYKHONI TOUYKe

1 Introduction

In this paper, we consider a class of Volterra-Fredholm integro-differential equations of the
type:
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S0, () ) _f(x)+>\1/K1 (2,0) F (u (t))dt+>\2/K2 (2.0) By (u (8) dt, (1)

with the initial conditions

uD(a) =b;, j=0,1,2,... (m—1) 2

Where u/(x) is the j™ derivative of the unknown function u(z) that will be determined
K, (x,t), r = 1,2 are the kernels of the equation , f(z) and 0,(x) are analytic functions,
Fi(u(t)) and F5(u(t)) are nonlinear continuous functions and a, b, A1, A, b; are constants.

Linear and nonlinear IDEs are the class of mathematical problems appearing in many
engineering and science areas. These types of equations are challenging to solve analytically.
Therefore, numerical methods are required to obtain approximate solutions [1-12]. The
Adomian Decomposition Method (ADM) is one of the powerful tools to obtain semi-analytical
solutions of operator equations and has been widely used in recent years due to its simplicity
and accuracy in solving linear and nonlinear differential equations, integral equations and
IDEs with initial and boundary conditions [13-28].

Besides that we have achieved very good results in this direction in our previous articles
[29-31].

Our main aim is to obtain numerical solution of Eq. (I)-(2) by standard ADM and
modified ADM and analysis the behaviour of error terms for large number of iterations.
The proposed scheme is tested on various linear and nonlinear IDEs and compared with
other existing methods, to demonstrate its high accuracy and efficiency. This paper provides
a valuable tool for researchers in engineering and science, enabling them to obtain high

accurate approximation solutions of Volterra-Fredholm IDEs with initial conditions using
the standard and modified ADM.

2 Methodology

2.1 Application of adomian decomposition method to nonlinear volterra-fredholm
integro-differential equations

Now, we can rewrite Eq. in the form

m—

W () = /Kl (u(t)) dt+)\2/K2 x,t) Fy(u Z (x) WD (z), (3)

zomx

Since Lu = 22 is the differential operator of order m., to reduce IDEs (1) into integral

equations (IEs), we integrate both sides of equation m-times in the interval [a,z] with
respect to x to obtain
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m—1 m—1

T — _ 0;(x i — T
u(@) = 3 e —a)yb, = 3 L7 (F5u0(@)) + 17 (1)

r=0 7=0

T b
A L! ( JEEOR (u(t))dt) + ALt < J 3 Fg(u(t))dt)
0 a

where L~ is the inverse operator of L and can be computed by Leibniz rule

Tm—1 T

L7Y(F) = j7 / (F)d2pmdp,_y . .. dxy = ﬁ/(m—t)m_l(F)dt. (5)

0

For nonlinear terms in , we apply Adomian polynomial series

M (u(z)) = ZAnu My (u(z)) = ZBn' (6)

where A,, B,; n > 0 are the Adomian polynomials determined formally as follows:

Ay =— |5=F “u , Byn=— |5 F “u
n! [d,yn 1 (;7U>] - n [d’}/n 2 <;7U>]

The Adomian polynomials were introduced in [143] as:

v=0

AQ = F1 (UO) s
A = U1F1, (Uo) )
Ay = ugFy' (ug) + %U12F1” (uo), 3
A3 = U3F1/ (Uo) + U1U2F1” (Uo) + %Ulelm (UQ> s ( )
Ay = usFy (o) + ugusFy (o) + %U/QzF]_” (up) + %ulzugFlm (ug) + %ul(IV)Fl(IV) (ug) ,

and

By = Fy (up),
B1 = Ungl (UO> s
By = usFy (ug) + %U12F2” (ug) ,
Bg = U3F2/ (Uo) + U1U2F2H (Uo) —f- %U12Fgm (Uo) s
By = usFy (ug) + uyusFy () + %ungZH (up) + %u12u2F2m (ug) + %ul(IV)FQ(IV) (ug) ,

(9)

The standard decomposition technique represents the solution of u as the following series:

u = Zuz (10)
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By substituting @ and ((10)) into @ we obtain

gui(x) :mz—l (T —a)b - > Z L™ (5 @ ¢ ()(IE)> + L7 <658))

k=0 i=0 j=0 , (11)
ML (fl(?zv';)A )+>\2L—1( Kg((ﬂct)B<)dt>
The components ug, uq, us, ... are usually determined recursively by
m—1
ug(r) = L1 (5’:?;)) + > L@ —a)b,,
k=0
T b
w(z) = A L7! (f %@?Ao(t)dt) + AL} (f B2 By (¢ )dt)
0 a
m—1
_ 6;(x
- -1 <5m((z))“0(j)(x)>’
b
ug(aj) = )\1L_1 (f I;n((xx? (t)dt) + )\2L_1 f I;ib(fa:) B ( )dt) (12>
m—1
— 5]' xT ]
- X 1 (EHnO@),

For the modified ADM, we decompose f(z) = fi(x) + fo(x) in Eq. and do search
solution as and performing operations similarly as we arrive at

o L1 ( [ I?(EZ; dt)

b
’ Al(t)dt> + ALt ( af e Bl(t)dt> (13)
1)

Then, u(z) = Y1 ,u;(z) will be taken as the approximate solution. Eqs and
are called standard and modified ADM respectively.
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2.2 Uniqueness solution of ides

In this section, we show that under which conditions the solution of the Eq. — is unique.
In Eshkuvatov [30] proved the following lemma and theorem regarding to the problem (1)-(2).
Before starting and proving the main results, we introduce the following hypotheses:

Hj: There exist two constants L; > 0, Ly > 0 such that for any uy, us € C(J, R), J =
[a, b]

|y (ug () = Fi(ug ()] < Ly |lug — g,
|F2 (U t) — Fy (uz (t)] < Lalus — usf,
(uQ(t)l 7|u1_u2|a ]_{0717"'7 _1}7

where D7 is a differential operator and 7; are Lipschitz constants.
Hy: There exist two functions K7, K5 for the kernel functions K, Ky € C (D, R) the set
of all positive functions continuous on D = {(t,z) € R:a < x <t < b} such that

D7 (ua (1)) —

t b

K| = supteab]/|K1(t x)dx| < 0o, Kj = supteab]/|K2(t x)dzx| < o0.

a a

Hj: The functions 6; (), j ={1,2,...,m — 1} and f(¢) mapping J — R are continuous
functions.

Theorem 1 (Banach’s Fized Point Theorem). Let (X, d) be a complete metric space
and let T : X — X be a contraction on X. Then T has a unique fixed point x € X such that
T(x) = z. The following lemma is proven in Eshkuvatov [30].

Lemma 1 Let o(t) € C(J,R") then u(t) € C(J, RT) is a solution of the problem (1)-(2)
if u is satisfying.

( m—

u(t) = ¢(t) = T f 7 (05(2) D7 (ul)))da

]:

aft )™ [Of Ki(z,r)Fy (u(r ))dr} dx

(14)

Jr(m 1! J =2 [sz z, 1) Fy(u(r ))dr] dr,
a 0

\
for t € J = [a,b] and

> % t—a)t ﬁ/(t—m)m_lf(t)dx (15)

Let us prove the following theorems based on the Lemma 1.
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Theorem 2 Assume that the hypothesizes Hy, Hy and Hs hold. If

5 K7 (L K3 (L
e = 75, LA 1,( ) e 2'( 2) (b—a)™ <1, (16)

where v* = maxj<j<m—17; and 0* = maxi<j<m—_1|0; (t)| then there exists a unique solution

u(x) € C(J) for Eq. (1)-(2).
Proof of Theorem [2] Let the operator T : C(J, R) — C(J, R) be defined by

N~
&
=

I
A
=

|
M3
E)
| —
s
—
~
|
&
3
Py
[@%)
o
o
=
&
=
IS

where (%) is defined by (15).

It is known by Lemma 1, that a function u is a solution to (1)-(2) if u satisfies Eq.(14).
Now we prove that T has a fixed point u in C'(J, R) under condition . To do this end, let
uy,us € C(J, R) then for any t € [a, b].

7)) = (T O < 5 b [ (6= 0™ W] 1D (0) = Do)t
b | (=™ [ F I 1A () = Fi alr)) | do
| (0= 0™ [ae fll (o) 1 000) = Fa aalo)] dr] s

< szlfyjHul—uQH{t(t— )" e + 2 (KT Ly un — ] ft t— )" da
o ,,

o1 S5 Lz [lur — ual] f (t—2)" do

MKFLi(b—a)™
. m! +

=cllup —usl, e <1.

AgKng(b—a)m
m!

< [7*5*(17—@) +

< | |l = v

Thus, operator T' is the contraction map. By the Banach contraction principle we can
conclude that T has a unique fixed point u in C(J, R).

3 Results

3.1 Illustrative examples

Example 1 (Hamoud et al. [23]). Consider the following Fredholm IDEs of order one with the
initial condition.
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u(z)=e"(1+z)—x+ Oflxu(t)dt,
u(0) = 0.

(17)

The exact solution of (17) is u(x) = ze®
Solution: To apply ADM, we need to convert Eq. (17) into integral equations which

1
yields u(z) = ze* — ‘%2 + % [ u(r)dr

0

Using the standard ADM we get U = ze” — 5; Us = we” — 555 Ui = we” —
Uy, = ze" — 55

The numerical results of Example 1 are given in Table 1.

x .
1209323527

Table 1: Numerical results of Example 1

X | Exact solution | Error for ADM [9] | Error for ADM | Error for ADM
(n=3) (n=10) (n=30)
0.1 0.11051709 1.3 x 107* 8.27 x 10711 2.26 x 1026
0.2 | 0.24428055 5.56 x 1074 3.31 x 10719 9.05 x 1026
0.3 | 0.40495764 1.25 x 1073 7.44 x 10710 204 x 1072
0.4 | 0.59672987 222 x 1073 1.32 x 107° 3.62 x 107%
0.5| 0.82436063 3.47 x 1073 2.07 x 107 5.65 x 1072
0.6 | 1.00327128 5.00 x 1073 2.98 x 107 814 x 10°%
0.7 | 1.40962689 6.80 x 1073 4.05 x 1077 1.11 x 1074
0.8 | 1.78043274 8.89 x 1073 5.29 x 107 1.45 x 1074
0.9 | 2.21364280 1.12 x 1072 6.70 x 107 1.83 x 10724
1.0 | 2.71828182 — 8.27 x 1077 2.26 x 10~

Remark 1. From the Table [I| we can conclude that ADM is very high accurate semi-
analytical method to solve linear IDEs of order one. Hamoud et al. [23] found error of ADM

for two iteration only. We are able to run the iteration upto 30 and improve accuracy upto
10724,
Example 2 (Alao et al. [20]). Solve the following Fredholm integrodifferential equation

The exact solution is u(z) = =.

Solution: Convert IDEs into integral equations u(x) = z — x—; + [ ru(r)dr
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Figure 1: Graph for Example 1.

Using the standard ADM we get

2
ngx— L

G
— e &t
Us = 196608
o x .
Ui =1 6142450044
U, =1 — =
n=% " Ggn-

L am
sct solutiony ™ ™ ®uix) in ||\,.I

The numerical results of Example 2 are given in Table

Remark 2. Table 2[shows that ADM is again very high accurate semi-analytical method
to solve linear IDEs of order one. Alao et al. [8] found error of ADM for seven iteration only.
We are able to run the iteration upto 30 and improve accuracy is 10728,

Ezample 3. (Hamoud ) Consider the following non-linear Volterra-Fredholm integro-

differential equation.

u'(x) + xu(r) = 20 + 2® — %

u(0) = 0.

with the exact solution is u(z) = 2.

Solution: To apply ADM, we convert it to integral equations

0.9
Z 3
il d—
—1—2/u T
0

t

u(m)—x2+$—4—x—6—0—yx —|—/
N 4 30 14
0

dt+fxu

(19)

xT

/ u(t)dt



I. Saymanov, et al. 101

Table 2: Numerical results of Example 2

X | Exact solution | Error for ADM [17] | Error for ADM | Error for ADM
(n="7) (n=10) (n=30)
0.1 0.10 7.95 x 1071 1.55 x 10712 1.35 x 10739
0.2 0.20 3.18 x 107° 1.62 x 10712 5.39 x 10730
0.3 0.30 7.15 x 1077 1.40 x 10~ 1.21 x 107%
0.4 0.40 1.27 x 1078 2.48 x 10711 2.15 x 107%
0.5 0.50 1.99 x 1078 3.88 x 10711 3.37 x 107
0.6 0.60 2.86 x 1078 5.59 x 10711 4.85 x 1072
0.7 0.70 3.89 x 1078 7.61 x 10711 6.60 x 10~
0.8 0.80 5.09 x 1078 9.93 x 107! 8.62 x 1072
0.9 0.90 6.44 x 107® 1.26 x 10710 1.09 x 10728
1.0 1.00 7.95 x 1078 1.55 x 10710 1.35 x 10728

The summary of numerical results of Example 3 are given in Table 3.

Table 3: Numerical results of Example 3

X | Exact solution | Error for ADM [17] | Error for ADM | Error for ADM
(n=2) (n=3) (n=10)
0.1 0.0100 2.40 x 107° 2.55 x 107° 47 x 10711
0.2 0.0400 3.94 x 1074 9.87 x 1076 1.9x10°10
0.3 0.0900 1.96 x 1073 2.07 x 107° 4.4 x 10710
0.4 0.1600 8.72 x 1073 3.27 x 107° 9.0 x 10710
0.5 0.2500 6.24 x 1073 4.16 x 107° 1.2x 1077
0.6 0.3600 9.12 x 1073 417 x 107° 1.7 x 1077
0.7 0.4900 6.31 x 1073 2.78 x 107° 2.4 x 1077
0.8 0.6400 9.74 x 1073 9.61 x 107° 3.1x 1079
0.9 0.8100 8.53 x 1073 3.63 x 107° 4.0x 1079

Remark 3. In Hamoud [24] consider nonlinear IDEs with initial conditions and demon-
strated the error terms for two iteration only. In Table [3| we are able to run Maple coding
until 10 iterations and got favourable decreasing the error terms. ADM is again demonstrated
the suitable and high accurate semi-analytical method to solve nonlinear IDEs of order one.

Ezxample 4. (Olayiwola et al. [28]). Consider the following non-linear Volterra IDEs.

u(z) =14z + 2+ f (z —t)u(t)dt,
u(0) =1, u (0) = 00, u’(0) = 1.

(20)

The exact solution of Eq. (17) is u(z) = e* — x.
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Solution. Convert (20) into integral equations

t
{L‘2 .173 5(74 5(76

u(x)zl—l—?—i-g—’—ﬁ-i-ﬁo—’—%/(x—tf /(t—T)u(T)dT dt.

0

0

The numerical results of Example 4 are given in Table

Table 4: Numerical results of Example 4

X | Exact solution | Error for ADM [17] | Error for ADM | Error for ADM
(n=>5) (n=>5) (n=30)

0.0 1.0051709 1.0 x 10710 0.0 0.0

0.1 1.0051709 3.2 x 107 3.7 x 10763 1.2 x 1071
0.2 1.0214027 2.3x 107* 4.0 x 107> 2.0x 1071
0.3 1.0498588 6.8 x 107* 7.8 x 107 1.0 x 1071
0.4 1.0918246 1.4 x 1073 43 %1075 3.0 x 1071
0.5 1.1487212 2.4 %1073 3.5 x 10°% 5.7 x 10719
0.6 1.2221188 3.7x 1073 83x 107 ™M 1.6 x 10719
0.7 1.3137527 5.3 x 1073 8.5 x 1073 1.9 x 10719
0.8 1.4255409 7.3 x 1073 4.6 x 10756 3.2 x 107199
0.9 1.5596031 1.2 x 1072 1.5 x 1074 4.7 x 10719
1.0 1.7182818 1.2 x 1072 3.7 x 10733 2.2 x 1072™

Remark 4. In Example 4, M.O.Olayiwola et al. |28] consider linear Volterra IDEs with
initial conditions and solved in the Collocation method. In Table[4] we are able to get results
until 5 iterations and got the gradually decreasing error terms. Numerical results revealed
that ADM is very accurate semi-analytical method to solve linear IDEs of order one.

Example 5. Consider the following non-linear Volterra integro-differential equation.

W (x) —d(x) = B —x+ S g [uR(t)dt
0 (21)

u(0) = u'(0) = —1.

with the exact solution is u(x) =e™* — 1.
Solution: To apply ADM, we convert it to integral equations

x t T

3 3 —2z
u(:t):—é—zlx+1$2—%+ 68 —i—/(x—t) /u2(7')d7' dt+/u(t)dt
0 0 0

This example was solved by SADM and MADM.
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The solution with SADM is as follows

wle) =~ + Jub % 4
up () = bf (x —1t) (of A0d7'> dt + bfuo(t)dt
wy, (z) = b[ (x— 1) ( Oft An_1d7> dt + Ofun_l(t)dt

So that n-term approximate solution
Up () =up (z) +uy () +ug () + ... + uy, (2)
Also, the solution with MADM is as follows

up(z) = —§ — 3z + E;Z;

uy (z) = 32% — 2y Ofw (x —1) (Oft A0d7'> dt + juo(t)dt;

s () = b[ (x— 1) <Oft Aldr> dt + Oful(t)dt

T t T
Uy () = [ (x—1t) (f An_1d7> dt + [ u,_1(t)dt
0 0 0
The n-term approximate solution for this also looks the same
Up () =ug (z) +uy () +ug () + ... + u, (2)

The summary of numerical results of Example 5 are given in Table 5]

Table 5: Numerical results of Example 5

X Exact Error for Error for Error for Error for
solution ADM (n=5) | MADM (n=5) | ADM (n=10) | MADM (n=10)
0.1 |-0.09516258 | —1.95 x 10~ | —9.91 x 107*% | —2.06 x 1072 | 1.04 x 10~2!
0.2 ]-0.18126924 | —2.47 x 1077 | —9.92 x 107 | —=8.23 x 107 | —9.91 x 107
0.3]-0.25918177 | =414 x 1078 | =941 x10% [ —=1.0x 107 | =428 x 1077
0.4 |-0.32967995 | —3.03 x 1077 | —4.69 x 1077 | —2.82 x 107" | —9.10 x 10~ ™
0.5]-0.39346934 | —14x107°% | —1.57x107% | —=3.36 x 10713 | —9.54 x 10713
0.6 | -0.45118836 | —4.87 x 107% | —4.04 x 107° | —2.08 x 107'? | —6.46 x 1072
0.7 | -0.50341469 | —1.30 x 107> | —8.60 x 107° | —5.95 x 10~ '? | —3.27 x 107!
0.8 | -0.55067103 | —3.31 x 107> | —1.56 x 10™° | —=1.39 x 10~ | —1.35 x 10710
0.9 [ -0.59343034 | —7.10 x 107° | —2.47 x 107° [ —2.60 x 10719 | —4.78 x 10~10

Remark 5. This example was established by the authors and solved by ADM and
MADM. It can be seen that the error in both methods worked well and not much difference
each other. When n = 10 iterations, error of both methods reached to 107°. By increasing
number of iterations we get more decreasing errors.
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4 Conclusion

In this study, we have developed an enhanced scheme based on the Adomian Decomposition
Method (ADM) for solving both linear and nonlinear integro-differential equations (IDEs)
of arbitrary order nnn. Through a series of numerical experiments, we observed that the
approximation error associated with ADM decreases progressively as the number of iterations
increases, indicating improved convergence behavior (see Tables 1-4). Notably, our results
demonstrate that ADM performs particularly well for linear IDEs when a larger number of
iterations is employed (see Tables 1-2), with a significant improvement in the accuracy of
the solution. To evaluate the effectiveness of the proposed method, we compared our results
with those obtained using existing approaches, including the collocation method and the
variational iteration method. The comparison reveals that our improved ADM-based scheme
achieves superior accuracy across various test problems. Looking ahead, we intend to extend
this work by applying the improved ADM-based scheme in combination with the Series
Solution Method (SSM) to tackle systems of complex Volterra-Fredholm integro-differential
equations. This future direction aims to further enhance the applicability and efficiency of
analytical and semi-analytical methods for solving advanced IDE systems arising in applied
mathematics and engineering contexts.
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