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IMPROVEMENT IN VOLTERRA-FREDHOLM INTEGRO-DIFFERENTIAL
EQUATIONS BY ADOMIAN DECOMPOSITION METHOD

The Adomian Decomposition Method (ADM) is widely recognized as a powerful and versatile
semi-analytical tool designed to solve a broad range of problems, including linear and nonlinear
differential equations, as well as integral equations. This method has been extensively applied
across various scientific and engineering disciplines due to its simplicity and efficiency in generating
accurate approximate solutions. In this note, we introduce an enhanced and refined scheme based
on the ADM framework to obtain approximate solutions for Volterra-Fredholm integro-differential
equations (IDEs) with specified initial conditions. Our proposed scheme not only simplifies the
computational process but also ensures improved accuracy and convergence. Additionally, we
rigorously prove the uniqueness of the solutions to the Volterra-Fredholm IDEs by leveraging the
mathematical foundation of Banach’s Fixed Point Theorem, providing theoretical validity to our
approach. To validate the effectiveness of the enhanced scheme, we apply it to a diverse set of linear
and nonlinear Volterra-Fredholm IDEs with initial conditions. The numerical results obtained are
systematically compared with those from existing methods reported in the literature. Our findings
reveal that the proposed approach demonstrates remarkable accuracy, efficiency, and reliability in
solving complex IDEs. Consequently, this method represents a significant advancement in the field
of integro-differential equations.
Key words: Adomian decomposition method, Volterra-Fredholm Integrodifferential equation,
Approximate solution, Uniqueness solution, Adomian poliynomials, Banach’s fixed point theorem.
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Адомианның жiктеу әдiсi арқылы Вольтерра–Фредгольм
интегро-дифференциалдық теңдеулерiн жетiлдiру

Адомиандық декомпозиция әдiсi (ADM) желiлiк және сызықтық емес дифференциалдық тең-
деулердi, сондай-ақ интегралдық теңдеулердi қоса алғанда, есептердiң кең ауқымын шешуге
арналған қуатты және әмбебап жартылай аналитикалық құрал ретiнде кеңiнен танылды.
Бұл әдiс нақты жуық шешiмдердi шығарудағы қарапайымдылығы мен тиiмдiлiгiне байла-
нысты әртүрлi ғылыми және инженерлiк пәндерде кеңiнен қолданылады. Бұл жазбада бiз
белгiленген бастапқы шарттармен Вольтерра-Фредгольм интегро-дифференциалдық теңде-
улерiне (IDE) жуық шешiмдердi алуға арналған ADM негiзiне негiзделген жетiлдiрiлген және
нақтыланған схеманы ұсынамыз. Бiздiң ұсынылған схема есептеу процесiн жеңiлдетiп қана
қоймайды, сонымен қатар жоғарылатылған дәлдiк пен конвергенцияны қамтамасыз етедi.
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Сонымен қатар, бiз Вольтерра-Фредхольм IDE шешiмдерiнiң бiрегейлiгiн Банах бекiтiлген
нүкте теоремасының математикалық негiзiн пайдалана отырып, бiздiң көзқарасымызды
теориялық негiздей отырып, қатаң дәлелдеймiз. Жақсартылған схеманың тиiмдiлiгiн
тексеру үшiн бiз оны әр түрлi сызықтық және сызықтық емес Вольтерра-Фредхольм баста-
пқы мән теңдеулерiнiң жиынтығына қолданамыз. Алынған сандық нәтижелер әдебиетте
сипатталған бар әдiстердiң нәтижелерiмен жүйелi түрде салыстырылады. Нәтижелерiмiз
ұсынылған тәсiл күрделi ӨЖБ шешуде керемет дәлдiк, тиiмдiлiк және берiктiк көрсететiнiн
көрсетедi. Демек, бұл әдiс интегро-дифференциалдық теңдеулер саласындағы айтарлықтай
iлгерiлеушiлiктi бiлдiредi.
Түйiн сөздер: Адомиандық кеңейту әдiсi, Вольтерра-Фредгольм интегро-
дифференциалдық теңдеуi, жуық шешiм, бiрегей шешiм, Адомиян полиномдары, Банахтың
қозғалмайтын нүкте теоремасы
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Улучшение интегро-дифференциальных уравнений Вольтерра–Фредгольма методом

разложения Адомиана

Метод разложения Адомиана (ADM) широко признан как мощный и универсальный полу-
аналитический инструмент, предназначенный для решения широкого круга задач, включая
линейные и нелинейные дифференциальные уравнения, а также интегральные уравнения.
Этот метод широко применяется в различных научных и инженерных дисциплинах благодаря
своей простоте и эффективности в создании точных приближенных решений. В этой замет-
ке мы представляем усовершенствованную и улучшенную схему, основанную на структуре
ADM, для получения приближенных решений для интегро-дифференциальных уравнений
(ИДУ) Вольтерры-Фредгольма с указанными начальными условиями. Наша предлагаемая
схема не только упрощает вычислительный процесс, но и обеспечивает повышенную точность
и сходимость. Кроме того, мы строго доказываем уникальность решений ИДУ Вольтерры-
Фредгольма, используя математическую основу теоремы Банаха о неподвижной точке, обес-
печивая теоретическую обоснованность нашего подхода. Чтобы подтвердить эффективность
усовершенствованной схемы, мы применяем ее к разнообразному набору линейных и нели-
нейных ИДУ Вольтерры-Фредгольма с начальными условиями. Полученные численные ре-
зультаты систематически сравниваются с результатами существующих методов, описанных в
литературе. Наши результаты показывают, что предложенный подход демонстрирует замеча-
тельную точность, эффективность и надежность при решении сложных ИДУ. Следовательно,
этот метод представляет собой значительный прогресс в области интегро-дифференциальных
уравнений.
Ключевые слова: Метод разложения Адомиана, Интегродифференциальное уравнение
Вольтерра-Фредгольма, Приближенное решение, единственное решение, многочлены Адо-
миана, теорема Банаха о неподвижной точке

1 Introduction

In this paper, we consider a class of Volterra-Fredholm integro-differential equations of the
type:
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m∑
j=0

δj (x)u
(j) (x) = f (x) + λ1

x∫
a

K1 (x, t)F1 (u (t)) dt+ λ2

b∫
a

K2 (x, t)F2 (u (t)) dt, (1)

with the initial conditions

u(j)(a) = bj, j = 0, 1, 2, . . . (m− 1) (2)

Where uj(x) is the jth derivative of the unknown function u(x) that will be determined
Kr(x, t), r = 1, 2 are the kernels of the equation (1), f(x) and δj(x) are analytic functions,
F1(u(t)) and F2(u(t)) are nonlinear continuous functions and a, b, λ1, λ2, bj are constants.

Linear and nonlinear IDEs are the class of mathematical problems appearing in many
engineering and science areas. These types of equations are challenging to solve analytically.
Therefore, numerical methods are required to obtain approximate solutions [1–12]. The
Adomian Decomposition Method (ADM) is one of the powerful tools to obtain semi-analytical
solutions of operator equations and has been widely used in recent years due to its simplicity
and accuracy in solving linear and nonlinear differential equations, integral equations and
IDEs with initial and boundary conditions [13–28].

Besides that we have achieved very good results in this direction in our previous articles
[29–31].

Our main aim is to obtain numerical solution of Eq. (1)-(2) by standard ADM and
modified ADM and analysis the behaviour of error terms for large number of iterations.
The proposed scheme is tested on various linear and nonlinear IDEs and compared with
other existing methods, to demonstrate its high accuracy and efficiency. This paper provides
a valuable tool for researchers in engineering and science, enabling them to obtain high
accurate approximation solutions of Volterra-Fredholm IDEs with initial conditions using
the standard and modified ADM.

2 Methodology

2.1 Application of adomian decomposition method to nonlinear volterra-fredholm
integro-differential equations

Now, we can rewrite Eq. (1) in the form

u(m)(x) =
f(x)

δm(x)
+λ1

x∫
0

K1(x, t)

δm(x)
F1(u(t))dt+λ2

b∫
a

K2(x, t)

δm(x)
F2(u(t))dt−

m−1∑
j=0

δj(x)

δm(x)
u(j)(x), (3)

Since Lu = dmu
dxm is the differential operator of order m., to reduce IDEs (1) into integral

equations (IEs), we integrate both sides of equation (3) m-times in the interval [a, x] with
respect to x to obtain
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u(x) =
m−1∑
r=0

1
r!
(x− a)rbr −

m−1∑
j=0

L−1
(

δj(x)

δm(x)
u(j)(x)

)
+ L−1

(
f(x)
δm(x)

)
+λ1L

−1

(
x∫
0

K1(x,t)
δm(x)

F1(u(t))dt

)
+ λ2L

−1

(
b∫
a

K2(x,t)
δm(x)

F2(u(t))dt

)
(4)

where L−1 is the inverse operator of L and can be computed by Leibniz rule

L−1 (F ) =

x∫
a

x1∫
a

. . .

xm−1∫
a

(F )dxmdxm−1 . . . dx1 =
1

(m− 1)!

x∫
0

(x− t)m−1(F )dt. (5)

For nonlinear terms in (4), we apply Adomian polynomial series

M1(u(x)) =
∞∑
n=0

An, M2(u(x)) =
∞∑
n=0

Bn. (6)

where An, Bn; n ≥ 0 are the Adomian polynomials determined formally as follows:

An =
1

n!

[
dn

dγn
F1

(
∞∑
i=0

γiui

)]∣∣∣∣∣
γ=0

, Bn =
1

n!

[
dn

dγn
F2

(
∞∑
i=0

γiui

)]∣∣∣∣∣
γ=0

(7)

The Adomian polynomials were introduced in [1-3] as:

A0 = F1 (u0) ,
A1 = u1F1

′ (u0) ,
A2 = u2F1

′ (u0) +
1
2!
u1

2F1
′′ (u0) ,

A3 = u3F1
′ (u0) + u1u2F1

′′ (u0) +
1
3!
u1

2F1
′′′ (u0) ,

A4 = u4F1
′
(u0) + u1u3F1

′′
(u0) +

1
2!
u2

2F1
′′
(u0) +

1
2!
u1

2u2F1
′′′
(u0) +

1
4!
u1

(IV )F1
(IV ) (u0) ,

. . . . . . . . . . . .

(8)

and

B0 = F2 (u0) ,

B1 = u1F2
′
(u0) ,

B2 = u2F2
′
(u0) +

1
2!
u1

2F2
′′
(u0) ,

B3 = u3F2
′
(u0) + u1u2F2

′′
(u0) +

1
3!
u1

2F2
′′′
(u0) ,

B4 = u4F2
′
(u0) + u1u3F2

′′
(u0) +

1
2!
u2

2F2
′′
(u0) +

1
2!
u1

2u2F2
′′′
(u0) +

1
4!
u1

(IV )F2
(IV ) (u0) ,

. . . . . . . . . . . .

(9)

The standard decomposition technique represents the solution of u as the following series:

u =
∞∑
i=0

ui (10)
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By substituting (6) and (10) into (4), we obtain
∞∑
i=0

ui(x) =
m−1∑
k=0

1
r!
(x− a)rbr −

∞∑
i=0

m−1∑
j=0

L−1
(

δj(x)

δm(x)
ui

(j)(x)
)
+ L−1

(
f(x)
δm(x)

)
+λ1L

−1

(
x∫
0

K1(x,t)
δm(x)

Ai(t)dt

)
+ λ2L

−1

(
b∫
a

K2(x,t)
δm(x)

Bi(t)dt

) (11)

The components u0, u1, u2, . . . are usually determined recursively by

u0(x) = L−1
(

f(x)
δm(x)

)
+

m−1∑
k=0

1
r!
(x− a)rbr,

u1(x) = λ1L
−1

(
x∫
0

K1(x,t)
δm(x)

A0(t)dt

)
+ λ2L

−1

(
b∫
a

K2(x,t)
δm(x)

B0(t)dt

)
−

m−1∑
j=0

L−1
(

δj(x)

δm(x)
u0

(j)(x)
)
,

u2(x) = λ1L
−1

(
x∫
0

K1(x,t)
δm(x)

A1(t)dt

)
+ λ2L

−1

(
b∫
a

K2(x,t)
δm(x)

B1(t)dt

)
−

m−1∑
j=0

L−1
(

δj(x)

δm(x)
u1

(j)(x)
)
,

. . . . . . . . . . . . . . . . . . . . . ,

un(x) = λ1L
−1

(
x∫
0

K1(x,t)
δm(x)

An−1(t)dt

)
+ λ2L

−1

(
b∫
a

K2(x,t)
δm(x)

Bn−1(t)dt

)
−

m−1∑
j=0

L−1
(

δj(x)

δm(x)
un−1

(j)(x)
)
.

(12)

For the modified ADM, we decompose f(x) = f1(x) + f2(x) in Eq. (11) and do search
solution as (10) and performing operations similarly as (12) we arrive at

u0(x) = L−1
(

f1(x)
δm(x)

)
+

m−1∑
k=0

1
r!
(x− a)rbr,

u1(x) = L−1
(

f2(x)
δm(x)

)
+ λ1L

−1

(
x∫
0

K1(x,t)
δm(x)

A0(t)dt

)
+ λ2L

−1

(
b∫
a

K2(x,t)
δm(x)

B0(t)dt

)
−

m−1∑
j=0

L−1
(

δj(x)

δm(x)
u0

(j)(x)
)
,

u2(x) = λ1L
−1

(
x∫
0

K1(x,t)
δm(x)

A1(t)dt

)
+ λ2L

−1

(
b∫
a

K2(x,t)
δm(x)

B1(t)dt

)
−

m−1∑
j=0

L−1
(

δj(x)

δm(x)
u1

(j)(x)
)
,

. . . . . . . . . . . . . . . . . . ,

un(x) = λ1L
−1

(
x∫
0

K1(x,t)
δm(x)

An−1(t)dt

)
+ λ2L

−1

(
b∫
a

K2(x,t)
δm(x)

Bn−1(t)dt

)
−

m−1∑
j=0

L−1
(

δj(x)

δm(x)
un−1

(j)(x)
)
, n ≥ 1.

(13)

Then, u(x) =
∑n

i=0 ui(x) will be taken as the approximate solution. Eqs (12) and (13)
are called standard and modified ADM respectively.
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2.2 Uniqueness solution of ides

In this section, we show that under which conditions the solution of the Eq. (1)-(2) is unique.
In Eshkuvatov [30] proved the following lemma and theorem regarding to the problem (1)-(2).
Before starting and proving the main results, we introduce the following hypotheses:

H1: There exist two constants L1 > 0, L2 > 0 such that for any u1, u2 ∈ C(J,R), J =
[a, b]

|F1 (u1 (t))− F1 (u2 (t))| ≤ L1 |u1 − u2| ,
|F2 (u1 (t))− F2 (u2 (t))| ≤ L2 |u1 − u2| ,

|Dj (u1 (t))−Dj (u2 (t))| ≤ γj |u1 − u2| , j = {0, 1, . . . ,m− 1} ,

where Dj is a differential operator and γj are Lipschitz constants.
H2: There exist two functions K∗

1 , K
∗
2 for the kernel functions K1, K2 ∈ C (D,R) the set

of all positive functions continuous on D = {(t, x) ∈ R : a ≤ x ≤ t ≤ b} such that

K∗
1 = supt∈[a,b]

t∫
a

|K1(t, x)dx| < ∞, K∗
2 = supt∈[a,b]

b∫
a

|K2(t, x)dx| < ∞.

H3: The functions δj (t) , j = {1, 2, . . . ,m− 1} and f(t) mapping J → R are continuous
functions.

Theorem 1 (Banach’s Fixed Point Theorem). Let (X, d) be a complete metric space
and let T : X → X be a contraction on X. Then T has a unique fixed point x ∈ X such that
T (x) = x. The following lemma is proven in Eshkuvatov [30].

Lemma 1 Let φ(t) ∈ C(J,R+) then u(t) ∈ C(J,R+) is a solution of the problem (1)-(2)
if u is satisfying.



u(t) = φ(t)−
m−1∑
j=1

1
(m−1)!

t∫
a

(t− x)m−1 (δj(x)D
j (u(x)))dx

+ 1
(m−1)!

t∫
a

(t− x)m−1λ1

[
x∫
0

K1(x, r)F1(u(r))dr

]
dx

+ 1
(m−1)!

b∫
a

(t− x)m−1λ2

[
x∫
0

K2(x, r)F2(u(r))dr

]
dx,

(14)

for t ∈ J = [a, b] and

φ(t) =
m−1∑
j=1

δk
k!
(t− a)k +

1

(m− 1)!

t∫
a

(t− x)m−1f (t)dx (15)

Let us prove the following theorems based on the Lemma 1.
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Theorem 2 Assume that the hypothesizes H1, H2 and H3 hold. If

ε∗ =

[
γ∗δ∗

m!
+

λ1K
∗
1 (L1)

m!
+

λ2K
∗
2 (L2)

m!

]
(b− a)m < 1, (16)

where γ∗ = max1≤j≤m−1γj and δ∗ = max1≤j≤m−1 |δj (t)| then there exists a unique solution
u(x) ∈ C(J) for Eq. (1)-(2).

Proof of Theorem 2. Let the operator T : C(J,R) → C(J,R) be defined by

(Tu) (t) = φ(t)−
m−1∑
j=1

1
(m−1)!

t∫
a

(t− x)m−1 (δj(x)D
j (u(x)))dx

+ 1
(m−1)!

t∫
a

(t− x)m−1

[
λ1

x∫
0

K1(x, r)F1 (u(r)) dr

]
dx

+ 1
(m−1)!

b∫
a

(t− x)m−1

[
λ2

x∫
0

K2(x, r)F2 (u(r)) dr

]
dx,

where φ(t) is defined by (15).
It is known by Lemma 1, that a function u is a solution to (1)-(2) if u satisfies Eq.(14).

Now we prove that T has a fixed point u in C(J,R) under condition (16). To do this end, let
u1, u2 ∈ C(J,R) then for any t ∈ [a, b].

∥(Tu1) (t)− (Tu2) (t)∥ ≤
m−1∑
j=1

1
(m−1)!

t∫
a

(t− x)m−1 ∥δj(x)∥ ∥Dju1(x)−Dju2(x)∥dx

+ 1
(m−1)!

t∫
a

(t− x)m−1

[
λ1

x∫
0

∥K1 (x, r)∥ ∥F1 (u1(r))− F1 (u2(r))∥ dr
]
dx

+ 1
(m−1)!!

b∫
a

(t− x)m−1

[
λ2

x∫
0

∥K2 (x, r)∥ ∥F2 (u1(r))− F2 (u2(r))∥ dr
]
dx,

≤ δ∗

(m−1)!

m−1∑
j=1

γj ∥u1 − u2∥
t∫
a

(t− x)m−1dx+ λ1

(m−1)!
[K∗

1L1 ∥u1 − u2∥]
t∫
a

(t− x)m−1dx

+ λ2

(m−1)!
[K∗

2L2 ∥u1 − u2∥]
b∫
a

(t− x)m−1dx

≤
[
γ∗δ∗(b−a)m

m!
+

λ1K∗
1L1(b−a)m

m!
+

λ2K∗
2L2(b−a)m

m!

]
∥u1 − u2∥

= ε ∥u1 − u2∥ , ε < 1.

Thus, operator T is the contraction map. By the Banach contraction principle we can
conclude that T has a unique fixed point u in C(J,R).

3 Results

3.1 Illustrative examples

Example 1 (Hamoud et al. [23]). Consider the following Fredholm IDEs of order one with the
initial condition.
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u
′
(x) = ex(1 + x)− x+

1∫
0

xu(t)dt,

u(0) = 0.

(17)

The exact solution of (17) is u(x) = xex

Solution: To apply ADM, we need to convert Eq. (17) into integral equations which

yields u(x) = xex − x2

2
+ x2

2

1∫
0

u(τ)dτ

Using the standard ADM we get U2 = xex − x
72
; U5 = xex − x

15552
; U10 = xex − x

120932352
;

Un = xex − x
2·6n .

The numerical results of Example 1 are given in Table 1.

Table 1: Numerical results of Example 1

X Exact solution Error for ADM [9] Error for ADM Error for ADM
(n=3) (n=10) (n=30)

0.1 0.11051709 1.3× 10−4 8.27× 10−11 2.26× 10−26

0.2 0.24428055 5.56× 10−4 3.31× 10−10 9.05× 10−26

0.3 0.40495764 1.25× 10−3 7.44× 10−10 2.04× 10−25

0.4 0.59672987 2.22× 10−3 1.32× 10−9 3.62× 10−25

0.5 0.82436063 3.47× 10−3 2.07× 10−9 5.65× 10−25

0.6 1.09327128 5.00× 10−3 2.98× 10−9 8.14× 10−25

0.7 1.40962689 6.80× 10−3 4.05× 10−9 1.11× 10−24

0.8 1.78043274 8.89× 10−3 5.29× 10−9 1.45× 10−24

0.9 2.21364280 1.12× 10−2 6.70× 10−9 1.83× 10−24

1.0 2.71828182 − 8.27× 10−9 2.26× 10−24

Remark 1. From the Table 1, we can conclude that ADM is very high accurate semi-
analytical method to solve linear IDEs of order one. Hamoud et al. [23] found error of ADM
for two iteration only. We are able to run the iteration upto 30 and improve accuracy upto
10−24.

Example 2 (Alao et al. [20]). Solve the following Fredholm integrodifferential equation

u
′
(x) = 1− x

3
+

1∫
0

xtu(t)dt,

u(0) = 0.
(18)

The exact solution is u(x) = x.

Solution: Convert IDEs (18) into integral equations u(x) = x− x2

6
+ x2

2

1∫
0

τu(τ)dτ
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Figure 1: Graph for Example 1.

Using the standard ADM we get

U2 = x− x2

384
,

U5 = x− x2

196608
,

U10 = x− x2

6442450944
;

Un = x− x2

6·8n .

The numerical results of Example 2 are given in Table 2.
Remark 2. Table 2 shows that ADM is again very high accurate semi-analytical method

to solve linear IDEs of order one. Alao et al. [8] found error of ADM for seven iteration only.
We are able to run the iteration upto 30 and improve accuracy is 10−28.

Example 3. (Hamoud [24]). Consider the following non-linear Volterra-Fredholm integro-
differential equation.

u
′
(x) + xu(x) = 2x+ x3 − x5

5
− 0.97

7
x+

x∫
0

u2(t)dt+
0.9∫
0

xu3(t)dt,

u(0) = 0.

(19)

with the exact solution is u(x) = x2.
Solution: To apply ADM, we convert it to integral equations

u(x) = x2 +
x4

4
− x6

30
− 0.97

14
x2 +

t∫
0

u2(τ)dτ +
x2

2

0.9∫
0

u3(τ)dτ −
x∫

0

tu(t)dt
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Table 2: Numerical results of Example 2
X Exact solution Error for ADM [17] Error for ADM Error for ADM

(n=7) (n=10) (n=30)
0.1 0.10 7.95× 10−10 1.55× 10−12 1.35× 10−30

0.2 0.20 3.18× 10−9 1.62× 10−12 5.39× 10−30

0.3 0.30 7.15× 10−9 1.40× 10−11 1.21× 10−29

0.4 0.40 1.27× 10−8 2.48× 10−11 2.15× 10−29

0.5 0.50 1.99× 10−8 3.88× 10−11 3.37× 10−29

0.6 0.60 2.86× 10−8 5.59× 10−11 4.85× 10−29

0.7 0.70 3.89× 10−8 7.61× 10−11 6.60× 10−29

0.8 0.80 5.09× 10−8 9.93× 10−11 8.62× 10−29

0.9 0.90 6.44× 10−8 1.26× 10−10 1.09× 10−28

1.0 1.00 7.95× 10−8 1.55× 10−10 1.35× 10−28

The summary of numerical results of Example 3 are given in Table 3.

Table 3: Numerical results of Example 3

X Exact solution Error for ADM [17] Error for ADM Error for ADM
(n=2) (n=3) (n=10)

0.1 0.0100 2.40× 10−5 2.55× 10−6 4.7× 10−11

0.2 0.0400 3.94× 10−4 9.87× 10−6 1.9× 10−10

0.3 0.0900 1.96× 10−3 2.07× 10−5 4.4× 10−10

0.4 0.1600 8.72× 10−3 3.27× 10−5 9.0× 10−10

0.5 0.2500 6.24× 10−3 4.16× 10−5 1.2× 10−9

0.6 0.3600 9.12× 10−3 4.17× 10−5 1.7× 10−9

0.7 0.4900 6.31× 10−3 2.78× 10−5 2.4× 10−9

0.8 0.6400 9.74× 10−3 9.61× 10−5 3.1× 10−9

0.9 0.8100 8.53× 10−3 3.63× 10−5 4.0× 10−9

Remark 3. In Hamoud [24] consider nonlinear IDEs with initial conditions and demon-
strated the error terms for two iteration only. In Table 3, we are able to run Maple coding
until 10 iterations and got favourable decreasing the error terms. ADM is again demonstrated
the suitable and high accurate semi-analytical method to solve nonlinear IDEs of order one.

Example 4. (Olayiwola et al. [28]). Consider the following non-linear Volterra IDEs.

u
′′′
(x) = 1 + x+ x3

6
+

x∫
0

(x− t)u(t)dt,

u(0) = 1, u
′
(0) = 0, u

′′
(0) = 1.

(20)

The exact solution of Eq. (17) is u(x) = ex − x.
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Solution. Convert (20) into integral equations

u(x) = 1 +
x2

2
+

x3

6
+

x4

24
+

x6

720
+

1

2

x∫
0

(x− t)2

 t∫
0

(t− τ)u(τ)dτ

 dt.

The numerical results of Example 4 are given in Table 4.

Table 4: Numerical results of Example 4

X Exact solution Error for ADM [17] Error for ADM Error for ADM
(n=5) (n=5) (n=30)

0.0 1.0051709 1.0× 10−10 0.0 0.0
0.1 1.0051709 3.2× 10−5 3.7× 10−63 1.2× 10−149

0.2 1.0214027 2.3× 10−4 4.0× 10−54 2.0× 10−149

0.3 1.0498588 6.8× 10−4 7.8× 10−49 1.0× 10−149

0.4 1.0918246 1.4× 10−3 4.3× 10−45 3.0× 10−149

0.5 1.1487212 2.4× 10−3 3.5× 10−42 5.7× 10−199

0.6 1.2221188 3.7× 10−3 8.3× 10−40 1.6× 10−199

0.7 1.3137527 5.3× 10−3 8.5× 10−38 1.9× 10−199

0.8 1.4255409 7.3× 10−3 4.6× 10−36 3.2× 10−199

0.9 1.5596031 1.2× 10−2 1.5× 10−34 4.7× 10−199

1.0 1.7182818 1.2× 10−2 3.7× 10−33 2.2× 10−274

Remark 4. In Example 4, M.O.Olayiwola et al. [28] consider linear Volterra IDEs with
initial conditions and solved in the Collocation method. In Table 4, we are able to get results
until 5 iterations and got the gradually decreasing error terms. Numerical results revealed
that ADM is very accurate semi-analytical method to solve linear IDEs of order one.

Example 5. Consider the following non-linear Volterra integro-differential equation.

u′′(x)− u′(x) = 3
2
− x+ e−2x

2
+

x∫
0

u2(t)dt

u(0) = 0, u′(0) = −1.
(21)

with the exact solution is u(x) = e−x − 1.

Solution: To apply ADM, we convert it to integral equations

u(x) = −1

8
− 3

4
x+

3

4
x2 − x3

6
+

e−2x

8
+

x∫
0

(x− t)

 t∫
0

u2(τ)dτ

 dt+

x∫
0

u(t)dt

This example was solved by SADM and MADM.
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The solution with SADM is as follows

u0(x) = −1
8
− 3

4
x+ 3

4
x2 − x3

6
+ e−2x

8
;

u1 (x) =
x∫
0

(x− t)

(
t∫
0

A0dτ

)
dt+

x∫
0

u0(t)dt

. . .

un (x) =
x∫
0

(x− t)

(
t∫
0

An−1dτ

)
dt+

x∫
0

un−1(t)dt

So that n-term approximate solution
Un (x) = u0 (x) + u1 (x) + u2 (x) + . . .+ un (x)
Also, the solution with MADM is as follows

u0(x) = −1
8
− 3

4
x+ e−2x

8
;

u1 (x) =
3
4
x2 − x3

6
+

x∫
0

(x− t)

(
t∫
0

A0dτ

)
dt+

x∫
0

u0(t)dt;

u2 (x) =
x∫
0

(x− t)

(
t∫
0

A1dτ

)
dt+

x∫
0

u1(t)dt

. . .

un (x) =
x∫
0

(x− t)

(
t∫
0

An−1dτ

)
dt+

x∫
0

un−1(t)dt

The n-term approximate solution for this also looks the same

Un (x) = u0 (x) + u1 (x) + u2 (x) + . . .+ un (x)

The summary of numerical results of Example 5 are given in Table 5.

Table 5: Numerical results of Example 5

X Exact Error for Error for Error for Error for
solution ADM (n=5) MADM (n=5) ADM (n=10) MADM (n=10)

0.1 -0.09516258 −1.95× 10−11 −9.91× 10−12 −2.06× 10−21 1.04× 10−21

0.2 -0.18126924 −2.47× 10−9 −9.92× 10−9 −8.23× 10−18 −9.91× 10−17

0.3 -0.25918177 −4.14× 10−8 −9.41× 10−8 −1.0× 10−15 −4.28× 10−17

0.4 -0.32967995 −3.03× 10−7 −4.69× 10−7 −2.82× 10−14 −9.10× 10−14

0.5 -0.39346934 −1.4× 10−6 −1.57× 10−6 −3.36× 10−13 −9.54× 10−13

0.6 -0.45118836 −4.87× 10−6 −4.04× 10−6 −2.08× 10−12 −6.46× 10−12

0.7 -0.50341469 −1.30× 10−5 −8.60× 10−6 −5.95× 10−12 −3.27× 10−11

0.8 -0.55067103 −3.31× 10−5 −1.56× 10−5 −1.39× 10−11 −1.35× 10−10

0.9 -0.59343034 −7.10× 10−5 −2.47× 10−5 −2.60× 10−10 −4.78× 10−10

Remark 5. This example was established by the authors and solved by ADM and
MADM. It can be seen that the error in both methods worked well and not much difference
each other. When n = 10 iterations, error of both methods reached to 10−10. By increasing
number of iterations we get more decreasing errors.



104 Improvement in Volterra-Fredholm integro-differential equations. . .

4 Conclusion

In this study, we have developed an enhanced scheme based on the Adomian Decomposition
Method (ADM) for solving both linear and nonlinear integro-differential equations (IDEs)
of arbitrary order nnn. Through a series of numerical experiments, we observed that the
approximation error associated with ADM decreases progressively as the number of iterations
increases, indicating improved convergence behavior (see Tables 1–4). Notably, our results
demonstrate that ADM performs particularly well for linear IDEs when a larger number of
iterations is employed (see Tables 1–2), with a significant improvement in the accuracy of
the solution. To evaluate the effectiveness of the proposed method, we compared our results
with those obtained using existing approaches, including the collocation method and the
variational iteration method. The comparison reveals that our improved ADM-based scheme
achieves superior accuracy across various test problems. Looking ahead, we intend to extend
this work by applying the improved ADM-based scheme in combination with the Series
Solution Method (SSM) to tackle systems of complex Volterra-Fredholm integro-differential
equations. This future direction aims to further enhance the applicability and efficiency of
analytical and semi-analytical methods for solving advanced IDE systems arising in applied
mathematics and engineering contexts.

5 Acknowledgement

The authors are grateful for the support of the work by Research management office, Uni-
versity Malaysia Terengganu (UMT) under Faculty of Computer Science and Mathematics
and National University of Uzbekistan under Faculty of Applied mathematics and intelligent
technologies.

References

[1] E. Babolian, Z. Masouri, S. Hatamzadeh New direct method to solve nonlinear Volterra-Fredholm integral and integro
differential equation using operational matrix with Block-Pulse functions. Progress in Electromagnetic Research , B 8
(2008), 59–76.

[2] S.M. El-Sayed, D. Kaya, S. Zarea The decomposition method applied to solve high-order linear Volterra-Fredholm integro-
differential equations. International Journal of Nonlinear Sciences and Numerical Simulation , 5 (2004), no. 2, 105–112.

[3] Y. Salih, S. Mehmet The approximate solution of higher order linear Volterra-Fredholm integro-differential equations in
term of Taylor polynomials. Appl. Math. Comput , Vol. 118, Issues 2–3, 2001, pp. 327-342

[4] A.M. Wazwaz A reliable algorithm for solving boundary value problems for higher-order integro-differential equations.
Appl. Math. Comput , Vol. 118, Issues 2–3, 2001, pp. 327-342

[5] A.M. Wazwaz A new algorithm for calculating Adomian polynomials for nonlinear operators. Appl. Math. Comput , Vol.
111, 2000, pp. 53-69

[6] A.M. Wazwaz The combined Laplace transform-Adomiandomi decomposition method for handling nonlinear Volterra
integro-differential equations. Appl. Math. Comput , Vol. 216, 2010, pp. 1304–1309

[7] Islambek Saymanov, et al. Numerical Methods of Synthesis of a Correct Algorithm for Solving Recognition Problems.
Advances in Artificial Intelligence and Machine Learning. 2025;5(1):202. https://dx.doi.org/10.54364/AAIML.2025.51202

[8] Kabulov A., Baizhumanov A., Berdimurodov M., On the minimization k-valued logic functions in the class of dis-
junctive normal forms. Journal of Mathematics, Mechanics and Computer Science, 121(1), (2024): 37—45. doi:
10.26577/JMMCS202412114.



I. Saymanov, et al. 105

[9] Kabulov A., Baizhumanov A., Saymanov I., Synthesis of Optimal Correction Functions in the Class of Disjunctive Normal
Forms. Mathematics, 2024, vol. 12, no. 13, 2120. doi: 10.3390/math12132120.

[10] Saymanov, I., Logical automatic implementation of steganographic coding algorithms. Journal of Mathematics, Mechanics
and Computer Science, 121(1), (2024): 122-–131. doi: 10.26577/JMMCS2024121112.

[11] Kabulov A., Saymanov I., Babadjanov A., Babadzhanov A., Algebraic Recognition Approach in IoT Ecosystem. Mathe-
matics, vol. 12, no.7, 1086, 2024: 1–26. https://doi.org/10.3390/math12071086.

[12] Kabulov A., Normatov I., Urunbaev E., Muhammadiev F., Invariant Continuation of Discrete Multi-Valued Functions and
Their Implementation. 2021 IEEE International IOT, Electronics and Mechatronics Conference (IEMTRONICS), (2021):
1-6, doi: 10.1109/IEMTRONICS52119.2021.9422486.

[13] Kabulov A., Normatov I., Seytov A., Kudaybergenov A., Optimal Management of Water Resources in Large Main Canals
with Cascade Pumping Stations. 2020 IEEE International IOT, Electronics and Mechatronics Conference (IEMTRON-
ICS), 2020: 1-4, doi: 10.1109/IEMTRONICS51293.2020.9216402.

[14] Kabulov A. V., Normatov I. H., About problems of decoding and searching for the maximum upper zero of discrete monotone
functions. Journal of Physics: Conference Series, 1260(10), 102006, 2019. doi:10.1088/1742-6596/1260/10/102006.

[15] Kabulov A. V., Normatov I. H., Ashurov A.O., Computational methods of minimization of multiple functions. Journal of
Physics: Conference Series, 1260(10), 10200, 2019. doi:10.1088/1742-6596/1260/10/102007.

[16] Kabulov A., Normatov I., Saymanov I., Baizhumanov A., On the Completeness of Classes of Correcting Functions of
Heuristic Algorithms. Azerbaijan Journal of Mathematics, 2025, vol 15, no. 2. https://doi.org/10.59849/2218-6816.2025.2.51

[17] Makhmudov F., Kultimuratov A., Cho Y.-I., Enhancing Multimodal Emotion Recognition through Attention Mechanisms
in BERT and CNN Architectures. Appl. Sci., vol. 14, no. 4199, 2024. DOI: 10.3390/app14104199.

[18] Abdusalomov A., Kutlimuratov A., Nasimov R., Whangbo T.K., Improved speech emotion recognition focusing on high-
level data representations and swift feature extraction calculation. Computers, Materials & Continua, vol. 77, no. 3, pp.
2915–2933 2023. DOI: 10.32604/cmc.2023.044466.

[19] Mamieva D., Abdusalomov A.B., Kutlimuratov A., Muminov B., Whangbo T.K., Emotion Detection via Attention-Based
Fusion of Extracted Facial and Speech Features. Sensors, vol. 23, no. 5475, 2023. DOI: 10.3390/s23125475.

[20] S. Alao, F.S. Akinboro, F.O. Akinpelu, R.A. Oderinu Oderinu, Numerical Solution of Integro-Differential Equation Using
Adomian Decomposition and Variational Iteration Methods. IOSR Journal of Mathematics , 25 (2017), no. 3, 323–334

[21] F.S. Fadhel, A.O. Mezaal, S.H. Salih Approximate solution of the linear mixed Volterra-Fredholm integro-differential
equations of second kind by using variational iteration method. Al-Mustansiriyah, J. Sci , Vol. 24(5), (2013), pp. 137–146

[22] C. Yang, J. Hou Numerical solution of integro-differential equations of fractional order by Laplace decomposition method.
Wseas Trans. Math , Vol. 24(5), (2013), pp. 137–146.

[23] A.A. Hamoud, K.H. Hussain, N.M. Mohammed, K.P. Ghadle Solving Fredholm integro-differential equations by using
numerical techniques. Nonlinear Functional Analysis and Applications , 2019, pp. 533-542.

[24] A. Hamoud, M.SH. bani Issa, K.P. Ghadle Existence and uniqueness of the solution for Volterra-Fredholm integro-
differential equations. Journal of Siberian Federal University. Mathematics and Physics , Vol. 11(8), (2018), pp. 692–701.

[25] Sun, Q., Wei, S., Saymanov, I., Lu, Y., Deng, W., Lou, J. A Mechanical–Electrical Damage Model for Performance
Analysis of Crack-based Strain Sensor. International Journal of Applied Mechanics, Vol. 17, No. 12, 2550124, 2025, doi:
10.1142/S1758825125501248.

[26] M. Ghasemi, M. kajani, E. Babolian Application of He’s homotopy perturbation method to nonlinear integro differential
equations. Appl. Math. Comput , 188 (2007), 538–548.

[27] A.A. Hamoud, K.P. Ghadle Homotopy analysis method for the first order fuzzy Volterra-Fredholm integro-differential
equations. Indonesian J. Elec. Eng. & Comp. Sci. , 11 (2018), no. 3, 857–867

[28] M.O. Olayiwola, A.F. Adebisi, Y.S. Arowolo Application of Legendre Polynomial Basis Function on the Solution of
Volterra Integro-Differential Equations Using Collocation Method. Indonesian J. Elec. Eng. & Comp. Sci. , 11 (2018), no.
3, 857–867

[29] Z.K. Eshkuvatov New development of homotopy analysis method for non-linear integro-differential equations with initial
value problems. Mathematical Modeling and Computing. , Vol. 9, No. 4, pp. 842–859 (2022).



106 Improvement in Volterra-Fredholm integro-differential equations. . .

[30] Zainidin Eshkuvatov, Davron Khayrullaev, Muzaffar Nurillaev, Shalela Mohd Mahali Application of HAM for Nonlinear
Integro-Differential Equations of Order Two. Journal of Applied Mathematics and Physics , 2023, 11, 55-68

[31] Z. K. Eshkuvatov, M. E. Nurillaev, B. S. Abdullaeva, D. B. Khayrullaev New Development of HAM for Ap-

proximating Linear Integro-Differential Equation of Order Two. AIP Conference Proceedings , 030010 (2023);

https://doi.org/10.1063/5.0110416 Published Online: 23 March 2023

Авторлар туралы мәлiмет:

Сайманов Исламбек (корреспондент-автор) − Өзбекстан Ұлттық университетiнiң ақ-
параттық қауiпсiздiк кафедрасының доцентi (Ташкент, Өзбекстан, электрондық пошта:
islambeksaymanov@gmail.com);
Ешкуватов Зайнидин − Ташкент ирригация және ауыл шаруашылығын механикаландыру
инженерлерi институтының жоғары математика кафедрасының профессоры (Ташкент, Өз-
бекстан, электрондық пошта: zainidin@umt.edu.my);
Хайруллаев Даврон − Малайзия Теренггану университетiнiң математика кафедрас-
ының PhD докторанты (Kuala Nerus, Terengganu, Малайзия, электрондық пошта:
wwwdavron_0718@mail.ru);
Нуриллаев Мұзаффар − Низами атындағы Ташкент мемлекеттiк педагогикалық универси-
тетiнiң математика кафедрасының аспиранты (Ташкент, Өзбекстан, электрондық пошта:
19_sim_92@mail.ru).

Сведения об авторах:

Сайманов Исламбек (автор-корреспондент) − доцент кафедры информационной безопасно-
сти Национального университета Узбекистана. (Ташкент, Узбекистан, электронная почта:
islambeksaymanov@gmail.com);
Эшкуватов Зайнидин − профессор кафедры высшей математики Ташкентского института
ирригации и сельскохозяйственной механизации. (Ташкент, Узбекистан, электронная поч-
та: zainidin@umt.edu.my);
Даврон Хайруллаев − аспирант кафедры математики Университета Малайзии Тренгану
(Куала-Нерус, Теренггану, Малайзия, электронная почта: wwwdavron_0718@mail.ru);
Нуриллаев Музаффар − аспирант кафедры математики Ташкентского государственного
педагогического университета имени Низами (Ташкент, Узбекистан, электронная почта:
19_sim_92@mail.ru).

Information about authors:



I. Saymanov, et al. 107

Islambek Saymanov (Corresponding author) − associate professor at the National University of

Uzbekistan (Tashkent, Uzbekistan, e-mail: islambeksaymanov@gmail.com);

Zainidin Eshkuvatov − professor of Tashkent Institute of Irrigation and Agricultural Mechanization

Engineers (Tashkent, Uzbekistan, e-mail: zainidin@umt.edu.my);

Davron Khayrullaev − PhD student of University of Malaysia Terengganu (Kuala Nerus,
Terengganu, Malaysia, email: wwwdavron 0718@mail.ru);
Muzaffar Nurillaev − PhD student of Tashkent State Pedagogical University named after
Nizami (Tashkent, Uzbekistan, e-mail: 19 sim 92@mail.ru).

Received: April 8, 2025
Accepted: December 7, 2025


	Introduction
	Methodology
	Application of adomian decomposition method to nonlinear volterra-fredholm integro-differential equations
	Uniqueness solution of ides

	Results
	Illustrative examples

	Conclusion
	Acknowledgement

