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ON THE SOLVABILITY OF BOUNDARY VALUE PROBLEMS WITH
GENERAL CONDITIONS FOR THE TRIHARMONIC EQUATION IN A
BALL

The need to study boundary value problems for elliptic and parabolic equations is dictated
by numerous practical applications in the theoretical study of processes in hydrodynamics,
electrostatics, mechanics, heat conduction, elasticity theory, and quantum physics. This paper
investigates the solvability of a boundary value problem with general conditions for the triharmonic
equation in a unit ball.The validity of the analogue of the Almansi representation is proved. For
completeness of presentation, a representation of the Green’s functions of the Dirichlet-2 problem
is given. This article indicates the difference between the Green’s function of the real Dirichlet
problem and the Green’s function of the Dirichlet-2 problem. It is known that the results of
differential equations with partial derivatives in the entire space or differential equations without
boundary conditions are in a sense final. The theory of boundary value problems for general
differential operators is currently a relevant and rapidly developing part of the theory of differential
equations. However, there is a shortage of explicitly solvable problems on the path of further
development of the theory of boundary value problems of differential equations. Over the past
decades, sufficient material has been accumulated on the constructive construction of solutions to
boundary value problems for model equations with partial derivatives. This article relates to this

topical issue.
Key words: Green’s function, triharmonic equation, Dirichlet-2 problem, boundary value problem

with general conditions, integral representation of the solution.
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Ken emamiemai miap/a yi rapMOHUKAJIBIK, TEHAEY YIIIH 2KaJInbl HIapTTapbl 6ap mrerTtik
ecerTepaiH, HIeMIiMIiIiri TypaJsbt

DJITMITAKAJIBIK, 2KOHE TTapa0OJIaIbIK TEHIEYJIED VIMH MIeKAPAJIbIK, €CelTePIl 3epPTTey KaXKeTTijIi-
Il THJIPOJIMHAMUKA, JIEKTPOCTATUKA, MEXAHUKA, KbIJTy OTKI3TIIITIK, CEPIIMILIK TEOPUICHI 2KOHE
KBAaHTTBIK, (DU3UKA IIPOIECTEPIH TEOPHUSJIBIK 3€PTTEYIEe KOITEreH NMPAKTUKAJBIK KOJIIAHYIap/IaH
TyBIHJIA 6L Byl sKyMbIcTa Kol eJmeM i GipJiiK map/ia yil rapMOHUKAJIBIK, TEHJIEY YIIH XKAJIIIbI
mapTTapbl 6ap MIETTIK ecenTep il MemiMIuIri 3eprreaeai. AJIbMaHCH ©PHEriHiH aHAJIOrbl Iy PhI-
CTBITBI JRJtesineHei. Marepuasiible TOMBIKTHIFGL yinia Jupuxie-2 ecebinin I'pun GyHKIIUASICHIHBIH,
epueri kenripinren. Byn makamama nareiz Jupuxite ecebi men upuxie-2 ecebimin ['pua dyHK-
[USJIAPBIHBIH AfBIPMAIIBLIBIFBI KopceTiiren. Jlepbec TybHABLIBL nddepeHITHAIbIK TeHIEYIEPTe
OYKiJT KeHiCTIKTeri HeMece MeKapaJIbIK, IIAPTTAPhI KOK IuddepeHnaIbiK TeHIeyIepre KATbICThI
HoTHzKeJep 6eyari 6ip MarblHALA TYIKLIIKTI dopeskeae 3epTTereH OOJIbII TaObLIaabl. 2K aImb
b depeHITnaIIBIK OIepaTopap YIMH MEeKaPAIbIK, eCeNTep TeOPUICHl Ka3ipri yakeiTTa mudde-
PEHITNAIBIK, TEHIIEYJIEP TEOPUSCHIHBIH 03€KTi 2KOHE KAPKBIHIBI JTAMBIII KeJIe XKATKAH CAJIACHI OOJIBIII
Tabbuta bl Anaitia auddepeHnuaapik TeHIeYIepIiH, MeKapablK, eCelITePiHiH TeOPUSICHIH OaH
Opi JIaMBITY »KOJIBIH/IA aHBIK IIENIJIeTIH eCerTep i, TANIbLIBIFB OafKAIa IbI.
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CoHFBI OHXKBIIJIBIKTAPIa YKEKe TYBIHJIbLIAPHI 0ap MOJIEJIbIIK TEHIEYJIED VIIIH MEeKaAPAJIBIK eCerTep-
JIiH, IIelriMIepiH KOHCTPYKTUBTI Kypy OOMBIHIA XKETKUIKTI MaTepuaJl XKUHAKTAIIb. Byl Makasa

OCBI ©3€KTi TAKBIPHIITKA APHAJIAIHL.
Tvyiiiu ce3aep: ['pun GyHKIHUICH, YIIT TADMOHUKAJBIK, TeH ey, Jupuxie-2 ecebi, KaJjlbl maprra-

pbI Oap MIETTIK ecenTep, MENMHIH THTEIDAJIIBIK, ODHET].
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O paspenmMocTu KpaeBbIX 33a4 C OOIMMHU YCJIOBUSIMU JIJIsi TPUTAPMOHNYECKOTO YPABHEHUS
B IIIape

HeobxomuMocTh rcc/ieJoBaHust KPAeBbIX 3a1a4 JJIsl JUIUITHIECKUX U apabOoInIecKuX ypPaBHEHUA
JUKTYeTCsl MHOTOYHCJIEHHBIMU ITPAKTUIECKAMHY TPUIOKEHUSIMU ITPA TEOPETUIECKOM UCCIIEI0BAHUT
MIPOIIECCOB THAPOINHAMUKHY, JJIEKTPOCTATUKY, MEXAHUKHU, TEILIOIMPOBOIHOCTH, TEOPUHU YIIPYTOCTH,
KBaHTOBOI ¢u3mku. B mamnoit pabore mcciemyercss pa3permMoCcTh KPaeBoil 3aadn ¢ oOmmMu
YCJIOBUSIMH JJIsI TPUTAPMOHMYECKOIO YPaBHEHUs B €IMHUYHOM Iape. JlokasaHa CIpaBeIMBOCTH
aHaJjiora upejcrasjienne Ajgbmancu. JJisi TOJTHOTHI U3JI0YKEHUs] IIPUBEJIEH IIpeJICTaB/ieHne (DyHK-
nuit 'puna 3amaun Iupuxite-2. B mannoit cratbe ykazana pasuuiia Mexay Pymknwmeit ['puna
nacrositeit 3agagan Jupuxie ¢ dyuknueit ['puna 3amauan Tupuxie-2. VI3BecTHO, 9TO PE3YaBTATHI
nuddepeHnnaIbHbIX YPABHEHUI C 9aCTHBIMU IPOU3BOIHBIMU BO BCEM IIPOCTPAHCTBE WU JTud-
depeHInaIbHBIX ypaBHEHUN 03 KPAaeBbIX YCJIOBUI SABJISIOTCS B HEKOTOPOM CMBICJIE OKOHYATEI b
HbIMU. Teopusi KpaeBbIX 3aJa4 JJjisi 00mux JuddepeHnna bHbIX OIePaTOPOB B HACTOSIIEE BPEMsI
SIBJISIETCsl aKTYaJbHON 1 OypPHO Pa3BUBAIOIIEHCsT YacTbiO Teopun JuddepeHInalbHbIX YPABHEHU.
Opnako onrymaercs 1edUuuT SBHOPEIAeMbIX 3aa4 Ha Iy TH JAJbHEHIIero pa3BuThsl TEOPUN KPa-
eBbIX 33124 udHepeHIraIbHbIX yPaBHEH . 3a MOCIeHIE JECATUIETUS HAKOILIEH JOCTATOTHBII
MaTePHUAJI II0 KOHCTPYKTUBHOMY ITOCTPOEHUIO PEIeHni KPAEBbIX 3324 JIJIsI MOJIEJILHBIX Y PABHEHUN

C YACTHBIMU TIPOU3BOAHLIME. K 3TOH akTyasbHONW TeMe OTHOCUTCS JIAHHAS CTATHI.
Kuarouesbie ciaoBa: Oyukius ['puna, TpurapMonndeckoe ypaBHeHue, 3aja4a Jupuxie-2, kpae-

Bad 3aJa4a C O6H_[I/IMI/I yCI0BUAMHA, HHTErpaJIbHOE IIPEACTABJICHUE DEIICHUA.

1 Introduction

One of the effective methods of representing solutions to boundary value problems for elliptic
equations is a method based on constructing the Green’s function of the problem. Many works
are devoted to constructing the Green’s function in explicit form for various classical boundary
value problems. The explicit form of the Green’s function of the Dirichlet problem for the
polyharmonic equation in the unit ball is constructed in various ways in the works [1-6].
In [7,|8] the solvability of some local and nonlocal boundary value problems with involution
for the biharmonic equation is investigated and Green’s functions are constructed. Solvability
conditions for some versions of boundary value problems for the biharmonic equation in a
ball are also obtained in [9]. In [10], solutions to the Dirichlet and Neumann problems for a
homogeneous polyharmonic equation were found without using the Green’s function. In [11],
the Green’s functions of the Navier |12] and Riquier-Neumann problems for a biharmonic
equation in a ball are given, and in [13|, the Green’s functions of such problems for a
polyharmonic equation are constructed. In [14,[15] the conditions for solvability of some
boundary value problems for the polyharmonic equation are found and examples are given
for the biharmonic and triharmonic equations. In [16,(17] the Fredholm solvability was
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investigated and the index formulas for the generalized Neumann problem for high-order
elliptic equations containing powers of normal derivatives in the boundary conditions were
calculated.

2 Statement of the problem and the main result

In this paper, we study the following boundary value problem with general conditions for the
triharmonic equation in the unit ball S = {z € R": |z| < 1}

Adu(z) =0, x¢€S8, (1)
oot + a1 U + ageAu + ags 2 Au + agA*u = ¢ (z), x € 95,
anaﬁu + ajpAu + algaﬁAu + au A%+ &15§A2u = po(x), z € S, (2)

ag1 EU + CLQQAU + aggaAu + Cl24A2U + &25$A2u = ‘;03($)a T 887

where % is the outer normal derivative to S, a;;, (i =0, j =0,4,7=1,2, j = 1,5)and are

some constants.

This problem generalizes the Dirichlet problem (agy # 0, ai1 # 0, age # 0, a;; = 0 for the
remaining ¢, j), the Riquier problem (agy # 0, a1z # 0, asz # 0, a;; = 0 for the remaining
i, j), but does not generalize the Neumann problem.

Theorem 1. a) The solution of problem (1)-(2) from the class C°(S)NCS(S) for arbitrary
functions p1(x) € CHS), pa(x) € C3(DS), ps(x) € C3(DS) exists and is unique if and only
if the polynomial

det P()) =
ago + Aapl 2[a01 + 2(2)\ + n)(aog + )\a03)] CLSQ
a1l 2[@11 + 2(2)\ + n)(a12 + )\alg)] aﬁ (3)
Aao1 2[@21 + 2(2)\ +n) (a2 + )\agg)] as,

does not have integer roots in Ny = N U {0}, where
apy = 8aoz + aos + (2 + 2X +n) (2 + n)agd],
ajy =8 [aiz +aig+ (242X +n)2A + n)(ay + /\a,»5)}, i=1,2.

b) If det P(m) = 0, then the homogeneous problem (1)-(2) has a solution
u(z) = [C) — Cy + (Co — C3) |z + (Cs — Cs) |z]*] Hy(z),

where Hp,(x) is a homogeneous harmonic polynomial of degree m (18], and the constants
C1, Cy, C3 are found from the system of equations

Pm)C =0, C =(Cy, Cy Cy)7. (@)

Proof. Let us prove that the homogeneous problem (1)-(2) has only a zero solution. Any
triharmonic function in S u(z) € C°(S) can be expanded in a power series [18] and therefore
the solution of problem (1)-(2) can be represented in the form

oo hm

u(@) = up(x) + 2w () + o ua(z) = Y Y [ug, + 2wl + o[ us)] H(z),  (5)

m=0 i=1
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where h,, = %(m—l—n—&..n—i’)), a HY (x), m € Ny, i = 1, h,,— is a complete orthogonal
system of harmonic polynomials on 95 [18|.
Series (5) converges uniformly at |z| <e < 1.

Let’s look at the operators
Lo = ago + api A + apeA + agsAA + agsA?,

L‘ = ale —f- anA + angA + CL]‘4A2 + aj5AA2, j = 1, 2,
where A =30 | @ 8x
Since u(z) € C°(S), it follows from the properties of the operator A that

0 0
Lou(ZE) — QooU + ama—u + (IOQAU + aoga—Au + CL04A2U, xr— S E 85,
1% 1%

Liu(x) — aﬂaﬁu—i—angu—f— azgaa Au + ayA*u + azg,aa A*u,i=1,2, z—s5€09S, (6)
v

and the limit is uniform in s € 95.
It is easy to see that the polynomials L; (uOm + [] ugy, Ozt ul) ) HE ()] ,—, are orthogonal
on 08§ for fixed 7 =0,1,2 and for all m € Ng, 1=1, h

Let for some m € Ny, i = 1, h,, either Uo # 0, or uy 0 m 7 0, or u2m # 0 in expansion (5).
Then, due to the uniform convergence of the series from (5) for |z| <e < 1, we have

o hp
H) @) Lyu(@)dse = | HD@ L3S [y + ol iy + faf* )] Hy () ds. =
|z|=¢ |z|=e p=0 k=1

HO () Ly [ul), + |22 ul) + 2| us)] HO (x) ds,.

m
|z|=e

Directing £ — 1 in the resulting equality and using (6) we obtain
HY () L, [u((fn)1 + |z|? u% + |z|* ugm H9(z)ds, =0,j=0,1,2. (7)
|z|=1

Let’s calculate the integrands. Let’s use the following properties of operators A, A:
Aluv) = ulv +vAu, Az Qq(x)) = (2k + 2)(2k + 25 + n)|z|** Qs(x).
Then on 0S we have
Lo(ug, + ol uly, + 2] * u3,.) Hﬁ?( ) =
(a0 + a1 A + agaA + agsAA + agsA?) [uOm + |x|2 —i— |z]* ugm] 9 (z) =
[U(()Ql(aoo + magy) + u% (ago|z|” + (2 4+ m)aoi|z|* + 2(2m + n)agz + 2(2m + n)magz )+
ug?n (a00|x]4 + (4 +m)|z[*aoy + 4(2 + 2m + n)|z|?ao2 + 4(2 + 2m + n)m|xPags+
42+ 2m +n)2(2m + n)ags)] HY () = |z € 0S| =

[Uéi)n(a()o + magy) + ugﬁl (aoo + (24+m)agr + 2(2m + n)age + 2(2m + n)ma03)+
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ul) (ago+(4-+m)aoi +4(2+2m-+n)age+4(2+2m-+n)mags +4(2+2m-+n)2(2m+n)ag )] HY (2);

L@&+hﬁmm+m%%JMWm:

(a1 A+ oA + aphA + a;u8%)[ul), + 2 ul), + o] uf)) B (2) =

(4)

[u(()?n maji + U1m((2 +m)aj; +2(2m + n)aje + 2(2m + n)majg)—l—

u%((él +m)aj; +4(2 + 2m + n)ajo + 4(2 + 2m + n)majs + 4(2 + 2m + n)2(2m + n)aja+

+4(2 + 2m + n)2(2m + n)ma;s) | HO(x), j=1,2;

m

Therefore (7) can be rewritten as follows

(Ug}z (aOO + magr) + Ugr)nam + Uzma02) HH HLQ(aS) 0,
U()mmall + a11“§731 + a12“2m) ||H ||L 0s) = 0,

(UOmmam + thzam + u217)na’§2) | Hrm z)“LQ sy = 0,
where
agy = ago + (2 +m)agr + 2(2m + n)agz + 2(2m + n)mags,
ay = (2+m)aj +2(2m + n)aje + 2(2m + n)mays,
ape = ago + (4+m)agr +4(24+2m +n)age +4(2 + 2m + n)mags + 4(2 + 2m +n)2(2m + n)aoq,
Wiy = (4+m)aj + 42 + 2m + n)ajy + 4(2 + 2m + n)ma;z+
42+ 2m +n)2(2m + n)ajs + 4(2 4+ 2m + n)2(2m + n)majs, j = 1,2.
Since ||HT(£)||%2(BS) # 0, we get
ago +magr  agy; G

* *
* *

Let us calculate the determinant of this system. It is equal to det P(m).
If det P(m) # 0, then system (8) has only zero U = (ué?n, u%zl,ug?n) = 0. This contradicts
the assumption that either uém # 0, or U1m # 0, or ugm # 0 in the expansion (5). Thus,
problem (1)-(2) has only the zero solution.

If det P(m) = 0, then system (4) has a non-zero solution C = (C, Cy,Cs) T, which means

Cy — G
Pm)| Co—C5 | =0 9)
Cy — O,

Therefore, on 0SS the equalities

Li[C1 — Cy + (Cy — C3) [2* + (C3 — Cy) [2|*] Hyu(z) =0, j =0,1,2,
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are true and therefore
u(z) = [C’l + Cy(—1+ |x|2 — |x|4) + C’g(—lx|2 + ]x|4)] H,,(x)

is a solution to the homogeneous problem (1)-(2). Theorem 1 is proven.
Theorem 2. If u(x) is a triharmonic function in S, then for harmonic functions in S

U ( _A2 _@ ' nflAQ 2 d
o(x) = A%u(x) 5 Ot u(t“x) dt,

_ 1 ! n—1 A2 2 o ﬁ ! n—1 A2 2
u () = " Au(ttx) dt " Afu(ttr) dt,
2 Jo 2 Jo

1 !
ug(z) = 5/ " AR () dt (10)

0

Almansi’s representation is fair

u(@) = uo() + [  ur (@) + |z[* uz(2). (11)

Proof. If the functions ug(x), ui(x), ug(z) are defined by equalities (10), then the
representation (11) is true. Let us prove that the functions wug(x), uy(z), uz(x) from (10)
are harmonic in S. Obviously, the functions u;(x),us(x) are harmonic in S if the function
u(z) is triharmonic in S.

Further, since the equality A(|z|>v(z)) = (2 + 4A)v(z) is true for the harmonic function
v(x), and the chain of equalities

1 1
Az uz) = (2m+4A)2/ () dt =
0

1 1 n 1 1
n/ " Lw(t?z) dt + 2/ ¢t Z ziwy, (Pr) dt = n/ " w(t?x) dt + / t"wy (%) dt =
0 0

1 1
n [ e e des ool -0 [ e () dt = (),
0 0

then we have

1 1
Aug = A3 u — ;A(MQ / " A%y (%) dt) =A%u— (2m + 4A);/ " A%y (P2 dt =
0 0

A3 u(x) — AP u(z) = 0.

This means that the function up(x) is harmonic in S. Theorem 2 is proven.

For the sake of completeness, we present the results of V.V. Karachik [20] on the representation
of the solution of the following boundary value problem for the triharmonic equation in the unit ball
S={zxeR":|z| <1}

Adu(z) =0, z€b, (12)

ou
ulas = o, ,%!as =1, ,Aulss = p2, (13)
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which can be called the Dirichlet-2 problem. This problem turned out to be close to the Dirichlet
problem, they have the same Green’s function. The solution to the problem is sought in the class
u € C(S)NCo(S).

The Green’s function of the Dirichlet problem for the Poisson equation in the ball S for n > 2
has the form

Gao(, &) = By(x,€) —E2<|§—|,

where Ea(x,&) is an elementary solution of the Laplace equation, as A.V. Bitsadze called it [19]. In
the work [20], an elementary solution of the biharmonic equation was determined

|z[€), (14)

ml$—fl4‘”7 n>4,n=3
Ey(r,8) = ~thjz—¢, n=4 (15)
2
|x4£| (Injz—¢]—-1) n=2,

was determined, and in the paper |21] for the 3-harmonic equation

|lz—¢[°~"

2-4(n72)(n174]~)(n|76)7 | n >3, 7;# 4,6
E x, — 64 n|xr n = 16

= (e — €| - >1n|x—5|, n=2.

In addition, the Green functions G4(x, &) and Gg(x, &) corresponding to the Dirichlet problems in S
were found.

If we denote Ej(x,§) = Ek(%, |z|€), then Gg(z,§) has the form

1ja —1¢P —1

Ge(z, &) :E6($a€)_E§(I’§)_§ B 9

1 (|2 = 1)? (¢ = 1)?
1 4 1

Ej(z,8)— E5(x,€). (17)

Based on the functions Ey(z,£) and Eg(x, &), an elementary solution of the m-harmonic equation
A™y = 0 was introduced in [23]. If m € N, then N\{1} can be partitioned into two disjoint sets
Np={neN:n>2m > 1} U (2N + 1) and its complement N¢ = {2,4,...,2m}. Since the set
N¢, is finite, N,, is infinite. It is clear that N¢, _; C N, , and therefore N,,, C N,,,_1. We define the
elementary solution Ea,,(x,&) as

(~1)™ fe—g2m—n

Em(x,s):{ R = el C
wﬁ(lnu_ﬂ_ e DY n/zik)a n € Ny,

n € Ny,
(18)

where (a,b)r = a(a +b)...(a + kb — b) is a generalized Pochhammer symbol with the convention
(a,b)o = 1, and the symbol (a,b);, means that if among the factors a, (a+b), ..., (a+kb—b), included
in (a,b)k, there is 0, then it should be replaced by 1, for example, (—2,2)5 = (—=2)-1-2 = —4.In
addition, if in the sums included in (18) the upper index becomes less than the lower index, then
the sum is considered to be equal to zero. Note that (2 —n,2),, = (2—n)(4 —n)...(2m —n) # 0 for
n € Ny, and therefore the right-hand side of formula (18) is defined correctly.

In [23] for n € N§,_; the Green’s function was constructed

m—1 2 _ 1\E(1g12 — 1)k
Ganl,8) = Ban(e,) = 3 0 = VUL 2 gy o (19)
k:() ) )
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In 22| the elementary solution Eop,(z, &) was slightly corrected and another function Ea,(x, &) was
introduced, which is related to the function Eap,(x,&) by the formula

Egm($ f) n e Nm 1,
( 1 m‘x_ ‘Q'm n

{ Eom(2,€) + (2= 7)12),” 2.2)m_1 Zk =n/2 s MENG

It is clear that o (x, &) = Eom(z,§) for all n > 2. For m = 2 we have N{ = {2} and, therefore,
in formula (15) only the last line will change

me(x7§) = (20)

2(n— 21 (n— 42‘ ’4—717 n > 4, n=3
54(‘/1;75) = 4 ln|$ §|’ n=4 (21>
ot (nfe—¢/-1/2) n=2

If m = 3, then N§ = {2,4} and therefore the last two lines will change

|z—¢[5~"

242 (n =D (=6’ n>3n#4,6
_@1n|$—§|7 n:6

G e — ¢~z —g, n=2
Replacing in (17) Eap,(x,&) with Eap, (2, £) we obtain a new function
1 2 2 1 1 2 1 2 2 2
Go(,) = Eol, ) — E3(0,6) — 3 D ML i g - L IPLZ D gy ) 09)
If we put m = 3 and n =4 in it, then in relation to (20)
\1’ — ¢ _
56($,€) Eﬁ(x g) 32 ’ 54(1',5) - E4($7£)7
and therefore
2 _ 2 _ 2 1\2(1£12 _ 1)2
Go(,) = Eo(,€) — £3(,&) — 3 0y g - L DR gy, g
_ ]2 _ 2
Gt + L (2= € _lafll— il
(|€!2 —D(jz* - 1)
= Gg(x, &) — 5 .

It turns out that the function Gg(x, &) obtained for m = 3 and n = 4 coincides with the Green’s
function for the 3-harmonic Dirichlet problem (12)-(13) from the works [21].
Theorem 3. [20] If a solution to problem (12)-(13) exists, then it can be written in the form

1 OA2Gg (2, €) 0AGs(, €)
ul@) = o= | (= =5, 7 #0l&) + AMs(@ ) (€) — T3 =00 (&) dse
1
Wn Jg
where wy, = |0S| is the area of an unit sphere in R and v is the outward unit normal to 0SS, the

Green’s function Ge(x,&) is defined in (23).
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