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HOMOGENIZATION OF ATTRACTORS TO THE REACTION-DIFFUSION
SYSTEM IN A DOMAIN WITH ROUGH BOUNDARY

In this paper, we consider the homogenization problem in a micro inhomogeneous domain with a
rapidly oscillating boundary. It is assumed that a system of nonlinear reaction–diffusion equations
with rapidly oscillating terms and dissipation is considered in the domain. On the locally periodic
oscillating part of the boundary, the third boundary condition with rapidly oscillating coefficients
and a small parameter characterizing the oscillation of the boundary to some degree is imposed.
Depending on the degree of the small parameter in the boundary condition, various homogenized
(limit) problems are obtained and the convergence of the trajectory attractors of the given system
to the attractors of the homogenized system is proved. Critical, subcritical and supercritical cases
of attractor behavior as the small parameter tends to zero are carefully studied. The paper also
considers problems in a domain with a random rapidly oscillating boundary. In this case, a
homogenized system of reaction–diffusion equations with deterministic coefficients is obtained
in the case of a statistically homogeneous random structure of the boundary. A theorem on
the convergence of random trajectory attractors of the initial given system of reaction-diffusion
equations to a deterministic attractor of the homogenized (limit) system of reaction–diffusion
equations is also proved. The paper also proves the convergence of global attractors in the case
of uniqueness of solutions, which in turn is proved for nonlinearity in a system of equations of a
special type.
Key words: attractors, homogenization, reaction-diffusion equations, non-linear equations, weak
convergence, rapidly oscillating boundary.
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Тез тербелмелi шекарасы бар аймақтардағы реакция-диффузия теңдеулерiнiң
аттракторларының орташалауы

Бұл жұмыста шекарасы тез тербелетiн микро бiртектi емес аймақта орташалау мәселесi
қарастырылады. Аймақта жылдам тербелетiн мүшелерi мен диссипациясы бар сызықты
емес реакция-диффузия теңдеулер жүйесi зерттелiнген. Шекараның локальды тербелмелi
бөлiгiнде жылдам тербелмелi коэффициенттерi бар үшiншi шекаралық шарт және шека-
раның белгiлi бiр дәрежеде тербелiсiн сипаттайтын шағын параметр белгiленедi. Шектiк
жағдайдағы кiшi параметр дәрежесiне байланысты әртүрлi орташаланған (шектiк) есептер
алынды және бастапқы жүйенiң траекториялық аттракторларының орташаланған жүйенiң
аттракторларына жинақталуы дәлелдендi. Кiшi параметр нөлге ұмтылған кезде аттрак-
торлардың ерекшелiктерi критикалық, субкритикалық және суперкритикалық жағдайла-
ры мұқият зерттелiндi. Мақалада сонымен қатар кездейсоқ, жылдам тербелетiн шекарасы
бар аймақтағы мәселелер қарастырылады. Бұл жағдайда шекараның статистикалық бiр-
тектi кездейсоқ құрылымы жағдайында детерминирленген коэффициенттерi бар реакция-
диффузия теңдеулерiнiң орташаланған жүйесi алынды. Реакция-диффузия теңдеулерiнiң
бастапқы жүйесiнiң кездейсоқ траекториялық аттракторларының орташаланған (шектiк)
реакция-диффузия теңдеулер жүйесiнiң кездейсоқ емес есебiнiң аттракторына жинақталуы
туралы теоремасы дәлелденген. Жұмыс сондай-ақ бiрегей шешiмдер жағдайында глобалды
аттракторлардың жинақталуын дәлелдендi, бұл жағдай сызықтық емес мүшелерге қосымша
шарт қойылған кезде пайда болады.
Түйiн сөздер: аттракторлар, орташалау, реакция-диффузия теңдеулерi, сызықтық емес тең-
деулер, әлсiз жинақтылық, тез тербелмелi шекара.
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Об усреднении аттракторов уравнений реакции-диффузии в области с шероховатой

границей

В данной работе рассматривается задача усреднения в микро неоднородной области с быстро
осциллирующей границей. Предполагается, что в области задана система нелинейных урав-
нений реакции–диффузии с быстро осциллирующими членами и диссипацией. На локально
периодической осциллирующей части границы выставлено третье краевое условие с быст-
ро осциллирующими коэффициентами и малым параметром, характеризующим осцилляцию
границы, в некоторой степени. В зависимости от степени малого параметра в краевом условии
получены различные усреднённые (предельные) задачи и доказана сходимость траекторных
аттракторов исходной системы к аттракторам усреднённой системы. Аккуратно исследова-
ны критический, субкритический и суперкритический случаи поведения аттракторов при
стремлении малого параметра к нулю. В статье рассмотрены также задачи в области со
случайной быстро осциллирующей границей. При этом получена усреднённая система урав-
нений реакции–диффузии с детерминированными коэффициентами в случае статистически
однородной случайной структурой границы. Также доказана теорема о сходимости случай-
ных траекторных аттракторов исходной системы уравнений реакции–диффузии к детермини-
рованному аттрактору усреднённой (предельной) системы уравнений реакции–диффузии.В
работе также доказана сходимость и глобальных аттракторов в случае единственности реше-
ний, которая в свою очередь доказана для нелинейности в системе уравнений специального
вида.
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Ключевые слова: аттракторы, усреднение, уравнения реакции-диффузии, нелинейные
уравнения, слабая сходимость, быстро осциллирующая граница.

1 Introduction

In this paper, we present a review of results on homogenization of initial–boundary value
problems for a system of reaction–diffusion equations in domains with a rapidly oscillating
boundary (for detailed geometric formulations, see [3] and [40]). We consider nonlinear
systems of reaction–diffusion equations in such a domain with a locally periodic and random
rapidly oscillating boundary, and investigate the case of dissipative coefficients in the
equations. We prove the existence of trajectory attractors, construct a limit (homogenized)
system of reaction–diffusion equations both in the case of a locally periodic and in the case
of a statistically homogeneous random boundary, and prove the convergence of the attractors
of the original system as the small parameter characterizing the boundary oscillation, tends
to zero, i.e. prove the Hausdorff convergence of the attractors of the original system to
the attractors of the homogenized (limit) system as the small parameter tends to zero. In
many purely mathematical works one can find asymptotic analysis of problems in domains
with oscillating (rough) boundaries (see, for example, [1–10]). We also mention here the
fundamental works on this topic [11–14], where one can find a detailed bibliography. A special
feature of the second part of the work is the random geometry of the domain (see some
examples in [37–39]). It is assumed that the random structure is statistically homogeneous.
This fact allows us to obtain a deterministic limit problem (see [40]), which does not depend
on the choice of an element of the probability space. Theoretical results on attractor averaging
can be found, for example, in [15–17], and see references therein. Attractor averaging was
also studied in [17–20] (see also [21–24]).

In this paper, we establish weak convergence (in the sense of “almost surely” in the
probabilistic case, i.e. with probability one) of the trajectory attractor Aε of reaction–diffusion
systems in domains with an oscillating boundary, for ε → 0, to the trajectory attractors
A of homogenized systems in some natural functional space. Here the small parameter ε
characterizes the period and amplitude of the oscillations. The parameter ε also appears
to some power in the third boundary condition on a part of the locally periodic boundary,
and in the limit in the locally periodic case we obtain 3 different homogenized problems
(critical, subcritical and supercritical cases) depending on the ratio between the powers of
the small parameter. In the random formulation of the problem ε also characterizes the
microinhomogeneity on the boundary.

In the second section of the paper one can find the main preliminary results on attractors
and random sets, the third section is devoted to homogenization in the locally periodic case.
In the fourth section we present the results of homogenization when the boundary has a
random structure.

2 Preliminary information.

2.1 Trajectory attractors of evolution equations

This section is devoted to the construction of trajectory attractors to autonomous evolution
equations (see details in [17]).
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Consider an autonomous evolution equation of the form for t > 0

∂u

∂t
= A(u). (1)

Here A(·) : E1 → E0 is a nonlinear operator, E1, E0 are Banach spaces and E1 ⊆ E0. As an
example one can consider A(u) = λ∆u− a(·)f(u) + h(·).

We study weak solutions u(t) to (1) as functions t ∈ R+ as a whole. The set of solutions
of (1) is said to be a trajectory space K+ of equation (1). Now, we describe the trajectory
space K+ in detail.

Consider solutions u(t) of (1) defined on [t1, t2] ⊂ R. We consider solutions to problem
(1) in a Banach space Ft1,t2 . The space Ft1,t2 is a set f(s), s ∈ [t1, t2] satisfying f(t) ∈ E for
almost all t ∈ [t1, t2], where E is a Banach space, satisfying E1 ⊆ E ⊆ E0.

For instance, Ft1,t2 can be considered as the intersection spaces C([t1, t2];E), or
Lp(t1, t2;E), for p ∈ [1,∞]. Suppose that Πt1,t2Fτ1,τ2 ⊆ Ft1,t2 and ‖Πt1,t2f‖Ft1,t2 ≤
C(t1, t2, τ1, τ2)‖f‖Fτ1,τ2 ∀f ∈ Fτ1,τ2 . Here [t1, t2] ⊆ [τ1, τ2] and Πt1,t2 denotes the restriction
operator onto [t1, t2], constant C(t1, t2, τ1, τ2) does not depend on f .

Denote by S(τ) for τ ∈ R the translation operator S(τ)f(t) = f(τ + t). It is easy to see,
that if the argument t of f(·) belongs to the segment [t1, t2], then the argument t of S(τ)f(·)
belongs to [t1 − τ, t2 − τ ] for τ ∈ R. Suppose that the mapping S(τ) is an isomorphism from
Ft1,t2 to Ft1−τ,t2−τ and ‖S(τ)f‖Ft1−τ,t2−τ = ‖f‖Ft1,t2 ∀f ∈ Ft1,t2 . It is easy to see that this
assumption is natural.

Suppose that if f(t) ∈ Ft1,t2 , then A(f(t)) ∈ Dt1,t2 , where Dt1,t2 is a Banach space,
which is larger, Ft1,t2 ⊆ Dt1,t2 . The derivative ∂f(t)

∂t
is a distribution with values in E0,

∂f
∂t
∈

D′((t1, t2);E0) and we suppose that Dt1,t2 ⊆ D′((t1, t2);E0) for all (t1, t2) ⊂ R. A function
u(t) ∈ Ft1,t2 is a solution of (1), if ∂u

∂t
(t) = A(u(t)) in the sense of D′((t1, t2);E0).

Let us define the space F loc+ = {f(t), t ∈ R+ | Πt1,t2f(t) ∈ Ft1,t2 , ∀ [t1, t2] ⊂ R+}. For
instance, if Ft1,t2 = C([t1, t2];E), then F loc+ = C(R+;E) and if Ft1,t2 = Lp(t1, t2;E), then
F loc+ = Llocp (R+;E).

A function u(t) ∈ F loc+ is a solution of (1), if Πt1,t2u(t) ∈ Ft1,t2 and u(t) is a solution of
(1) for every [t1, t2] ⊂ R+.

Let K+ be a set of solutions to (1) from F loc+ . Note, that K+ in general is not the set of
all solutions from F loc+ . The set K+ consists on elements, which are trajectories and the set
K+ is the trajectory space of the equation (1).

Suppose that the trajectory space K+ is translation invariant, i.e., if u(t) ∈ K+, then
u(τ + t) ∈ K+ for every τ ≥ 0.

Consider the translation operators S(τ) in F loc+ : S(τ)f(t) = f(τ+t), τ ≥ 0. It is easy to see
that the map {S(τ), τ ≥ 0} forms a semigroup in F loc+ : S(τ1)S(τ2) = S(τ1 +τ2) for τ1, τ2 ≥ 0
and in addition S(0) is the identity operator. The translation semigroup {S(τ), τ ≥ 0} maps
the trajectory space K+ to itself: S(τ)K+ ⊆ K+ for all τ ≥ 0.

We investigate attracting properties of the translation semigroup {S(τ)} acting on the
trajectory space K+ ⊂ F loc+ . Next step is to define a topology in the space F loc+ .

Let some metrics ρt1,t2(·, ·) be defined on Ft1,t2 for every [t1, t2] ⊂ R. Suppose that

ρt1,t2 (Πt1,t2f,Πt1,t2g) ≤ D(t1, t2, τ1, τ2)ρτ1,τ2 (f, g) ∀f, g ∈ Fτ1,τ2 , [t1, t2] ⊆ [τ1, τ2],

ρt1−τ,t2−τ (S(τ)f, S(τ)g) = ρt1,t2(f, g) ∀f, g ∈ Ft1,t2 , [t1, t2] ⊂ R, τ ∈ R.
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Now, we denote by Θt1,t2 metric spaces on Ft1,t2 . For instance, ρt1,t2 is metric associated with
the norm ‖ · ‖Ft1,t2 of Ft1,t2 . On the other hand, in application ρt1,t2 generates the topology
Θt1,t2 that is weaker than the strong one of the Ft1,t2 .

The projective limit of the spaces Θt1,t2 defines the topology Θloc
+ in F loc+ , that is,

by definition, a sequence {fk(t)} ⊂ F loc+ tends to f(t) ∈ F loc+ as k → ∞ in Θloc
+ if

ρt1,t2(Πt1,t2fk,Πt1,t2f) → 0 as k → ∞ for all [t1, t2] ⊂ R+. It is possible to show that
the topology Θloc

+ is metrizable. For this aim we use, for example, the Frechet metric

ρ+(f1, f2) :=
∑
m∈N

2−m
ρ0,m(f1, f2)

1 + ρ0,m(f1, f2)
. (2)

The translation semigroup {S(τ)} is continuous in Θloc
+ . This statement follows from the

definition of Θloc
+ .

We also define the following Banach space F b+ := {f(t) ∈ F loc+ | ‖f‖Fb+ < +∞}, where
the norm ‖f‖Fb+ := supτ≥0 ‖Π0,1f(τ + t)‖F0,1 .

We remember that F b+ ⊆ Θloc
+ . We need from our Banach space F b+ only one fact that

it should define bounded subsets in the trajectory space K+. For constructing a trajectory
attractor in K+, instead of considering the corresponding uniform convergence topology of
the Banach space F b+, we use much weaker topology, i.e. the local convergence topology Θloc

+ .
Assume that K+ ⊆ F b+, that is, every trajectory u(t) ∈ K+ of equation (1) has a finite

norm. We define an attracting set and a trajectory attractor of the translation semigroup
{S(τ)} acting on K+.

Definition 1 A set P ⊆ Θloc
+ is called an attracting set of the semigroup {S(τ)} acting on

K+ in the topology Θloc
+ if for any bounded in F b+ set B ⊆ K+ the set P attracts S(τ)B as

τ → +∞ in the topology Θloc
+ , i.e., for any ε-neighbourhood Oε(P) in Θloc

+ there exists τ1 ≥ 0
such that S(τ)B ⊆ Oε(P) for all τ ≥ τ1.

It is easy to see that the attracting property of P can be formulated equivalently: we have

distΘ0,M
(Π0,MS(τ)B,Π0,MP) −→ 0 (τ → +∞),

where distM(X, Y ) := supx∈X distM(x, Y ) = supx∈X infy∈Y ρM(x, y) is the Hausdorff
semidistance from a set X to a set Y in a metric spaceM. We remember that the Hausdorff
semidistance is not symmetric, for any B ⊆ K+ bounded in F b+ and for each M > 0.

Definition 2 ([17]) A set A ⊆ K+ is called the trajectory attractor of the translation
semigroup {S(τ)} on K+ in the topology Θloc

+ , if
(i) A is bounded in F b+ and compact in Θloc

+ ,
(ii) the set A is strictly invariant with respect to the semigroup: S(τ)A = A for all τ ≥ 0,
(iii) A is an attracting set for {S(τ)} on K+ in the topology Θloc

+ , that is, for each M > 0
we have distΘ0,M

(Π0,MS(τ)B,Π0,MA)→ 0 (τ → +∞).

Let us formulate the main assertion on the trajectory attractor for equation (1).

Theorem 1 ([16,17]) Assume that the trajectory space K+ corresponding to equation (1) is
contained in F b+. Suppose that the translation semigroup {S(t)} has an attracting set P ⊆K+
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which is bounded in F b+ and compact in Θloc
+ . Then the translation semigroup {S(τ), τ ≥ 0}

acting on K+ has the trajectory attractor A ⊆ P. The set A is bounded in F b+ and compact
in Θloc

+ .

Let us describe in detail, i.e., in terms of complete trajectories of the equation, the
structure of the trajectory attractor A to equation (1). We study the equation (1) on the
time axis,i.e. t ∈ R.

Note that the trajectory space K+ of equation (1) on R+ have been defined. We need this
notion on the entire R. If a function f(t), s ∈ R, is defined on the entire time axis, then the
translations S(τ)f(t) = f(τ + t) are also defined for negative τ . A function u(t), t ∈ R is a
complete trajectory of equation (1) if Π+u(τ+ t) ∈ K+ for all τ ∈ R. Here Π+ = Π0,∞ denotes
the restriction operator to R+.

We have F loc+ ,F b+, and Θloc
+ . Let us define spaces F loc,F b, and Θloc in the same way:

F loc := {f(t), t ∈ R | Πt1,t2f(s) ∈ Ft1,t2 ∀ [t1, t2] ⊆ R}; F b := {f(t) ∈ F loc | ‖f‖Fb < +∞},

where

‖f‖Fb := sup
h∈R
‖Π0,1f(τ + t)‖F0,1 . (3)

The topological space Θloc coincides (as a set) with F loc and, by definition, fk(t) →
f(t) (k → ∞) in Θloc if Πt1,t2fk(t) → Πt1,t2f(t) (k → ∞) in Θt1,t2 for each [t1, t2] ⊆ R. It is
easy to see that Θloc is a metric space as well as Θloc

+ .

Definition 3 The kernel K in the space F b of equation (1) is the union of all complete
trajectories u(t), t ∈ R, of equation (1) that are bounded in the space F b with respect to the
norm (3), i.e. ‖Π0,1u(τ + t)‖F0,1 ≤ Cu ∀τ ∈ R.

Theorem 2 Assume that the hypotheses of Theorem 1 holds. Then A = Π+K, the set K is
compact in Θloc and bounded in F b.

To prove this assertion one can use the approach from [17].
In this paper we investigate evolution equations and their trajectory attractors depending

on a small parameter ε > 0.

Definition 4 We say that the trajectory attractors Aε converge to the trajectory attractor
A as ε → 0 in the topological space Θloc

+ if for any neighbourhood O(A) in Θloc
+ there

is an ε1 ≥ 0 such that Aε ⊆ O(A) for any ε < ε1, that is, for each M > 0 we have
distΘ0,M

(Π0,MAε,Π0,MA)→ 0 (ε→ 0).

2.2 The probabilistic framework and main assumptions

Throughout the paper, we assume that all the random fields and random variables are defined
on a probability space (Ω,A, µ). The random fields considered in the paper are statistically
homogeneous.

Definition 5 A family of measurable maps Tx : Ω → Ω, x = (x1, . . . , xd) ∈ Rd, is called a
d-dynamical system if the following properties hold true:
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• Group property:

Tx+y = TxTy ∀x, y ∈ Rd, T0 = Id (Id is the identical mapping);

• Isometry property:

TxU ∈ A, µ(TxU) = µ(U), ∀x ∈ Rd, ∀U ∈ A;

• Measurability: for any measurable functions φ(ω) on Ω, the function φ(Txω) is
measurable on Ω× Rd, where the space Rd is equipped with the Borel σ-algebra B.

Definition 6 Let φ(ω) be a measurable function (i.e. a random variable) on Ω. The function
φ(Txω) of x ∈ Rd and ω ∈ Ω is called statistically homogeneous random field, and, for fixed
ω ∈ Ω, φ(Txω) is called the realization of the random field φ.

Let Lq(Ω) (q ≥ 1) be the space of measurable functions and integrable in the power q
with respect to the measure µ. The following assertion holds, see [14] and [13] for the proof.

Proposition 1 Assume that φ ∈ Lq(Ω). Then almost all realizations φ(Txω) belong to
Llocq (Rd). If the sequence {φk} ⊂ Lq(Ω) converges in Lq(Ω) to the function φ, then there
exists a subsequence {φk′} such that almost all realizations φk′(Txω) converge in Llocq (Rd) to
the realization φ(Txω).

Definition 7 A measurable function φ(ω) on Ω is called invariant if, for any x ∈ Rd,
φ(Txω) = φ(ω) almost surely.

Definition 8 A d-dynamical system Tx is said to be ergodic if all its invariant functions are
almost surely constant.

Definition 9 Let θ ∈ Lloc1 (Rd). We say that the function θ has a spatial average if the limit

M(θ) = lim
ε→0

1

|B|

∫
B

θ
(x
ε

)
dx

exists for any bounded Borel set B ∈ B with |B| > 0, and moreover this limit does not
depend on the choice of B. The quantity M(θ) is called the spatial average of the function θ.

The following results are proved in [14].

Proposition 2 Let P be a measurable subset of Rd containing a neighbourhood of the origin.
Let q ≥ 1 or q =∞. Suppose that a measurable function θ(x, ξ), x ∈ P, ξ ∈ Rd, has a space
mean value M(θ)(x) in Rd

ξ (that is, with respect to the variable ξ) for every x ∈ P and the
family {θ

(
x, x

ε

)
, 0 < ε 6 1}, x ∈ K, is bounded in Lq(K), where K is an arbitrary bounded

subset in P containing a neighbourhood of the origin.

Then M(θ)(·) ∈ Llocq (P ) and, for q ≥ 1, we have θ
(
x, x

ε

)
⇀ M(θ)(x) weakly in Llocq (P )

as ε→ 0,

while, for q =∞, we have θ
(
x, x

ε

)
⇀M(θ)(x) ∗-weakly in Lloc∞ (P ) as ε→ 0.
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From now on we use the following notation x̂ = (x1, . . . , xd−1). For a given group Tx, x ∈
Rd, we also consider its subgroup Tx̂ : Ω→ Ω, x̂ = (x1, . . . , xd−1) ∈ Rd−1, Tx̂ = T(x̂,0).

Let Tx be a d-dynamical system in Ω. Wa assume that Tx̂ is also a (d − 1)-dynamical
system in Ω (see Definition 5 with the number d replaced with (d− 1)).

All the above Definitions and Propositions hold true for the (d− 1)-dynamical system Tx̂
with evident modifications. In particular, we have the following

Definition 10 A random field ζ(x̂, ω) (x̂ ∈ Rd−1, ω ∈ Ω) is called statistically homogeneous
if the following representation holds ζ(x̂, ω) = ζ(Tx̂ω), where ζ is a random variable on
(Ω,A, µ) and Tx̂ is a (d− 1)-dynamical system on Ω.

All along the article, we make use of the Birkhoff ergodic theorem in the following
particular form (see, for instance, [14] and [13] for more details).

Theorem 3 (Birkhoff ergodic theorem) Let Tx, x ∈ Rd, be a d-dynamical system and
let ψ(ω) ∈ L1(Ω, µ). Then, for almost all ω ∈ Ω, the realization ψ(Txω) has the space mean
value M(ψ(Txω)) in Rd. Moreover, M(ψ(Txω)) is an invariant function and

E(ψ) ≡
∫
Ω

ψ(ω) dµ =

∫
Ω

M(ψ(Txω)) dµ,

where E(φ) is the mathematical expectation of ψ. In particular, if Tx is ergodic then, for
almost all ω ∈ Ω, we have the identity

E(ψ) = M(ψ(Txω)).

We shall also apply Birkhoff ergodic theorem to the ergodic (d−1)-dynamical system Tx̂, x̂ ∈
Rd−1.

We are now ready to make assumptions on the random fields F (ξ̂, ω), p(ξ̂, ω) and q(ξ̂, ω)
which we use in the definition of the stochastic geometry and coefficients in the Fourier
boundary condition. First, we assume that these random fields are statistically homogeneous,
that is

F (ξ̂, ω) = F(Tξ̂ ω), p(ξ̂, ω) = ρ(Tξ̂ ω), q(ξ̂, ω) = %(Tξ̂ ω), ∀ξ̂ ∈ Rd−1,

where F, ρ and % are random variables on (Ω,A, µ), and Tx̂ is an ergodic (d− 1)-dynamical
system on Ω.

Moreover, we assume that F has, almost surely, continuously differentiable or locally
Lipschitz realizations. We denote

∂iωF(ω) = ∂ξiF(Tξ̂ ω)
∣∣
ξ̂=0

, ∂ωF(ω) = ∇ξ̂F(Tξ̂ ω)
∣∣
ξ̂=0

.

We have ∇ξ̂F (ξ̂, ω) = ∂ωF(Tξ̂ ω) (see, for instance, [13]). Finally, we make the following
assumptions on the functions F, ρ and %:

(h1) F ∈ L∞(Ω), F(ω) ≤ 0 a.s.;

(h2) ∂ωF ∈ (L2(Ω))d−1;

(h3) ρ ∈ L∞(Ω), ρ(ω) ≥ 0 a.s., µ{ω : ρ(ω) > 0} > 0.

(h4) % ∈ L2(Ω), %∂ωF ∈ (L2(Ω))d−1;
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3 Homogenezation of attractors to the reaction-diffusion system in a domain
with locally periodic oscillating boundary

3.1 Statement of the problem

Let D be a bounded domain in Rd, d ≥ 2, with smooth boundary ∂D = Γ1 ∪ Γ2, where D
lies in a half-space xd > 0 and Γ1 ⊂ {x : xd = 0}. Given smooth nonpositive 1-periodic in
the ξ̂ function F (x̂, ξ̂), x̂ = (x1, ..., xd−1), ξ̂ = (ξ1, ..., ξd−1), define the domain Dε as follows:
∂Dε = Γε1 ∪ Γ2, where we set Γε1 = {x = (x̂, xd) : (x̂, 0) ∈ Γ1, xd = εαF (x̂, x̂/ε)}, 0 < α < 1,
i.e. we add thin oscillating layer Πε = {x = (x̂, xd) : (x̂, 0) ∈ Γ1, xd ∈ [0, εαF (x̂, x̂/ε))} to
the domain D. Usually, we assume F (x̂, ξ̂) to be compactly supported on Γ1 uniformly in ξ̂.
Consider the following boundary-value problem:

∂uε
∂t

= λ∆uε − a
(
x, x

ε

)
f(uε) + h

(
x, x

ε

)
, x ∈ Dε, t > 0,

∂uε
∂ν

+ εβp(x̂, x̂
ε
)uε = ε1−αg(x̂, x̂

ε
), x = (x̂, xd) ∈ Γε1, t > 0,

uε = 0, x ∈ Γ2, t > 0,
uε = U(x), x ∈ Dε, t = 0,

(4)

where uε = uε(x, t) = (u1, . . . , un)> is an unknown vector function, the nonlinear function
f = (f 1, . . . , fn)> is given, h = (h1, . . . , hn)> is the known right-hand side function, and λ is
an n× n-matrix with constant coefficients, having a positive symmetrical part: 1

2
(λ+ λ>) ≥

$I (where I is the unit matrix with dimension n). We assume that β > 0, p
(
x̂, ξ̂
)

=

diag {p1, . . . , pn}, g
(
x̂, ξ̂
)

= (g1, . . . , gn)> are continuous, 1-periodic in ξ̂ and pi
(
x̂, ξ̂
)
, i =

1, . . . n, are positive. Here
∂uε
∂ν

=

(
∂u1

ε

∂ν
, . . . ,

∂unε
∂ν

)>
is the normal derivative of the vector

function uε multiplied by the matrix λ, where
∂uiε
∂ν

:=
n∑
j=1

d∑
k=1

λij
∂ujε
∂xk

Nk, i = 1, . . . , n and

N = (N1, . . . , Nd) is the unit outer normal to the boundary of the domain.
Function a(x, ξ) ∈ C(Dε × Rd) such that 0 < a0 ≤ a(x, ξ) ≤ A0 with some coefficient

a0, A0. Assuming that function aε(x) = a
(
x, x

ε

)
has average a(x) when ε → 0+ in space

L∞,∗w(D), that is∫
D

a
(
x,
x

ε

)
ϕ(x)dx→

∫
D

a(x)ϕ(x)dx (ε→ 0+) (5)

for any function ϕ ∈ L1(D).
Denote by D+ such a domain that Dε ⊂ D+ for any ε. For the vector function h (x, ξ),

assume that for any ε > 0 the function hiε(x) = hi
(
x, x

ε

)
∈ L2(D+) and has the average hi(x)

in the space L2(D+) for ε→ 0+, that is

hi
(
x,
x

ε

)
⇀ hi(x) (ε→ 0+) weakly in L2(D+),

or ∫
D+

hi
(
x,
x

ε

)
ϕ(x)dx→

∫
D+

hi(x)ϕ(x)dx (ε→ 0+) (6)
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for any function ϕ ∈ L2(D+) and for all i = 1, . . . , n.
From the condition (6) it follows that the norm of the function hiε(x) are bounded

uniformly in ε, in the space L2(Dε), i.e. ‖hiε(x)‖L2(Dε) ≤M0, ∀ε ∈ (0, 1].
It is assumed that the vector function f(v) ∈ C(Rn;Rn) satisfies the following inequalities

n∑
i=1

|f i(v)|pi/(pi−1) ≤ C0

(
n∑
i=1

|vi|pi + 1

)
, 2 ≤ p1 ≤ . . . ≤ pn−1 ≤ pn, (7)

n∑
i=1

γi|vi|pi − C ≤
n∑
i=1

f i(v)vi, ∀v ∈ Rn, (8)

for γi > 0 for any i = 1, . . . , n. The inequality (7) is due to the fact that in real
reaction-diffusion systems, the functions f i(u) are polynomials with possibly different degrees.
Inequality (8) calls dissipativity condition for the reaction-diffusion system (4). In a simple
model case pi ≡ p for any i = 1, . . . , n, condition (7) and (8) reduce to the following
inequalities

|f(v)| ≤ C0

(
|v|p−1 + 1

)
, γ|v|p − C ≤ f(v)v, ∀v ∈ Rn.

Note that the fulfillment of the Lipschitz condition for the function f(v) relative to the
variable v not expected.

Remark 1 Using the methods presented, it is also possible to study systems in which

nonlinear terms have the form
m∑
j=1

aj
(
x, x

ε

)
fj(u), where aj are matrices whose elements allow

averaging and fj(u) polynomial vectors of u, which satisfy conditions of the form (7)–(8). For
brevity, we study the case m = 1 and a1

(
x, x

ε

)
= a

(
x, x

ε

)
I, where I is the identity matrix.

Denote

G(x̂) =

∫
[0,1)d−1

√
|∇ξ̂F (x̂, ξ̂)|2 g(x̂, ξ̂) dξ̂, (9)

P (x̂) =

∫
[0,1)d−1

√
|∇ξ̂F (x̂, ξ̂)|2 p(x̂, ξ̂) dξ̂. (10)

and we have the following convergences (see [3]):

ε1−α
∫
Γε1

gi
(
x̂,
x̂

ε

)
υ

(
x̂, εαF

(
x̂,
x̂

ε

))
ds→

∫
Γ1

Gi (x̂) υ (x) ds

and

εβ
∫
Γε1

pi
(
x̂,
x̂

ε

)
u

(
x̂, εF

(
x̂

ε
, ω

))
υ

(
x̂, εF

(
x̂

ε
, ω

))
ds→

∫
Γ1

P i (x̂) u(x) υ (x) ds
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for any υ ∈ H1(Dε) by ε → 0, i = 1, . . . , n. Here ds is the element of (d − 1)-dimensional
measure on the hypersurface.

Let us introduce the following notation for the spaces H := [L2(D)]n, Hε := [L2(Dε)]
n,

V := [H1(D,Γ2)]n, Vε := [H1(Dε; Γ2)]n. Here, H1(D,Γ2) (respectively H1(Dε,Γ2)), denotes
the space of functions from the Sobolev space H1(D) (respectively H1(Dε)) with zero trace
on Γ2. The norms in these spaces are determined as follows

‖v‖2 :=

∫
D

n∑
i=1

|vi(x)|2dx, ‖v‖2
ε :=

∫
Dε

n∑
i=1

|vi(x)|2dx,

‖v‖2
1 :=

∫
D

n∑
i=1

|∇vi(x)|2dx, ‖v‖2
1,ε :=

∫
Dε

n∑
i=1

|∇vi(x)|2dx.

We denote by V′ the dual space to the space V, and by V′ε the dual space to the space Vε.
Let qi = pi/(pi − 1) for any i = 1, . . . , n. We will use the following vector notation

p = (p1, . . . , pn) and q = (q1, . . . , qn), and also define spaces

Lp := Lp1(D)× . . .× Lpn(D), Lp,ε := Lp1(Dε)× . . .× Lpn(Dε),

Lp(R+;Lp) := Lp1(R+;Lp1(D))× . . .× Lpn(R+;Lpn(D)),

Lp(R+;Lp,ε) := Lp1(R+;Lp1(Dε))× . . .× Lpn(R+;Lpn(Dε)).

As in [17, 26] we study weak solutions of the initial boundary value problem (4), that is,
functions

uε(x, t) ∈ Lloc∞ (R+;Hε) ∩ Lloc2 (R+;Vε) ∩ Llocp (R+;Lp,ε)

which satisfy the equation (4) in the distributional sense (the sense of generalized functions),
that is, the integral identity holds

−
∫

Dε×R+

uε ·
∂ψ

∂t
dxdt+

∫
Dε×R+

λ∇uε · ∇ψ dxdt+

∫
Dε×R+

aε(x)f(uε) · ψ dxdt+

+εβ
∫

Γε1×R+

p

(
x̂,
x̂

ε

)
uε · ψ dsdt =

∫
Dε×R+

hε(x) · ψ dxdt+ ε1−α
∫

Γε1×R+

g

(
x̂,
x̂

ε

)
· ψ dsdt

for any function ψ ∈ C∞0 (R+;Vε ∩Lp,ε). Here y1 · y2 means scalar product of vectors y1, y2 ∈
Rn.

If uε(x, t) ∈ Lp(0,M ;Lp,ε), then from the condition (7) it follows that f(u(x, t)) ∈
Lq(0,M ;Lq,ε). At the same time, if uε(x, t) ∈ L2(0,M ;Vε), then λ∆uε(x, t) + hε (x) ∈
L2(0,M ;V′ε). Therefore, for an arbitrary weak solution uε(x, s) to problem (4), satisfies

∂uε(x, t)

∂t
∈ Lq(0,M ;Lq,ε) + L2(0,M ;V′ε).

From the Sobolev embedding theorem follows that Lq(0,M ;Lq,ε) + L2(0,M ;V′ε) ⊂
Lq (0,M ;H−rε ) , where space H−rε := H−r1(Dε)× . . .×H−rn(Dε), r = (r1, . . . , rn) and indexes
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ri = max {1, d(1/qi − 1/2)} by i = 1, . . . , n. Here H−r(Dε) denotes the space conjugate to

the Sobolev space
◦
W r

2 (Dε) with index r > 0 in the domain Dε.
Therefore, for any weak solution uε(x, t) to problem (4) it’s time derivative ∂uε(x,t)

∂t
belongs

to Lq (0,M ;H−rε ) .

Remark 2 Existence of a weak solution u(x, t) to problem (4) for any initial data U ∈ Hε

and fixed ε, can be proved in the standard way (see, for example, [16], [26]). This solution
may not be unique, since the function f(v) satisfies only the conditions (7), (8) and it is not
assumed that the Lipschitz condition is satisfied with respect to v.

The following Lemma is proved in a similar way to the proposition XV.3.1 from [17].

Lemma 1 Let uε(x, t) ∈ Lloc2 (R+;Vε) ∩ Llocp (R+;Lp,ε) be a weak solution of problem (4).
Then

(i) uε ∈ C(R+;Hε);

(ii) function ‖uε(·, t)‖2 is absolutely continuous on R+, and moreover

1

2

d

dt
‖uε(·, t)‖2 +

∫
Dε

λ∇uε(x, t) · ∇uε(x, t)dx+

∫
Dε

aε(x)f(uε(x, t)) · uε(x, t)dx+ (11)

+εβ
∫
Γε1

p

(
x̂,
x̂

ε

)
uε(x, t)·uε(x, t) ds =

∫
Dε

hε(x)·uε(x, t)dx+ε1−α
∫
Γε1

g

(
x̂,
x̂

ε

)
·uε(x, t) ds,

for almost all t ∈ R+.

To define the trajectory space K+
ε for (4), we use the general approaches of Section 2.1

and for every [t1, t2] ∈ R we have the Banach spaces

Ft1,t2 := Lp(t1, t2;Lp) ∩ L2(t1, t2;V) ∩ L∞(t1, t2;H) ∩
{
v
∣∣∣ ∂v
∂t
∈ Lq

(
t1, t2;H−r

)}
(sometimes we omit the parameter ε for brevity) with the following norm:

‖v‖Ft1,t2 := ‖v‖Lp(t1,t2;Lp) + ‖v‖L2(t1,t2;V) + ‖v‖L∞(0,M ;H) +

∥∥∥∥∂v∂t
∥∥∥∥
Lq(t1,t2;H−r)

.

Setting Dt1,t2 = Lq (t1, t2;H−r) we obtain Ft1,t2 ⊆ Dt1,t2 and for u(t) ∈ Ft1,t2 we have
A(u(t)) ∈ Dt1,t2 . One considers now weak solutions to (4) as solutions of an equation in the
general scheme of Section 2.1.

Consider the spaces

F loc+ = Llocp (R+;Lp) ∩ Lloc2 (R+;V) ∩ Lloc∞ (R+;H) ∩
{
v
∣∣∣ ∂v
∂t
∈ Llocq (R+;H−r)

}
,
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F locε,+ = Llocp (R+;Lp,ε) ∩ Lloc2 (R+;Vε) ∩ Lloc∞ (R+;Hε) ∩
{
v
∣∣∣ ∂v
∂t
∈ Llocq (R+;Hε

−r)

}
.

We introduce the following notation. Let K+
ε be the set of all weak solutions to (4). For any

U ∈ H there exists at least one trajectory u(·) ∈ K+
ε such that u(0) = U(x). Consequently,

the space K+
ε to (4) is not empty and is sufficiently large.

We define metrics ρt1,t2(·, ·) in the spaces Ft1,t2 by means of the norms from L2(t1, t2;H).
We get

ρt1,t2(u, v) =

 t2∫
t1

‖u(t)− v(t)‖2
Hdt

1/2

∀u(·), v(·) ∈ Ft1,t2 .

The topology Θloc
+ in F loc+ is generated by these metrics. Let us recall that {vk} ⊂ F loc+

converges to v ∈ F loc+ as k → ∞ in Θloc
+ if ‖vk(·) − v(·)‖L2(t1,t2;H) → 0 (k → ∞) for all

[t1, t2] ⊂ R+. The topology Θloc
+ is metrizable. We consider this topology in the trajectory

space K+
ε of (4). Similarly, we define the topology Θloc

ε,+ in F locε,+.
Denote by S(τ) the translation semigroup, i.e. S(τ)u(t) = u(t + τ). The translation

semigroup S(τ) acting on K+
ε , is continuous in the topology Θloc

ε,+. It is easy to see that
K+
ε ⊂ F locε,+ and the space K+

ε is translation invariant, i.e. S(τ)K+
ε ⊆ K+

ε for all τ ≥ 0.

Using the scheme of Section 2.1, one can define bounded sets in the space K+
ε by means

of the Banach space F bε,+. We naturally get

F bε,+ = Lbp(R+;Lp,ε) ∩ Lb2(R+;Vε) ∩ L∞(R+;Hε) ∩
{
v
∣∣∣ ∂v
∂t
∈ Lbq(R+;H−rε )

}

and the space F bε,+ is a subspace of F locε,+.
Suppose that Kε is the kernel to (4), that consists of all weak complete solutions u(t), t ∈

R, to our system, bounded in

F bε = Lbp(R;Lp,ε) ∩ Lb2(R;Vε) ∩ L∞(R;Hε) ∩
{
v
∣∣∣ ∂v
∂t
∈ Lbq(R;H−rε )

}
.

In analogous way we define the topology Θloc
ε in F bε .

Proposition 3 Problem (4) has the trajectory attractors Aε in the topological space Θloc
ε,+.

The set Aε is bounded in F bε,+ and compact in Θloc
ε,+. Moreover, Aε = Π+Kε, the kernel Kε is

non-empty and bounded in F bε and compact in Θloc
ε .

To prove this proposition we use the approach of the proof from [17]. To prove the existence
of an absorbing set (bounded in F bε,+ and compact in Θloc

ε,+) one can use Lemma 1 similar
to [17].
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3.2 Homogenized reaction-diffusion system and convergence of attractors in the critical
case (β = 1− α)

Now we study the behaviour of the problem (4) as ε→ 0 in the critical case β = 1− α. We
have the following “formal” limit problem with inhomogeneous Fourier boundary condition

∂u0
∂t

= λ∆u0 − a (x) f(u0) + h (x) , x ∈ D, t > 0,
∂u0
∂ν

+ P (x̂)u0 = G(x̂), x = (x̂, 0) ∈ Γ1, t > 0,
u0 = 0, x ∈ Γ2, t > 0,
u0 = U(x), x ∈ D, t = 0,

(12)

Here a(x) and h(x) are defined in (5) and (6), respectively, G(x̂) and P (x̂) were defined in
(9) and (10).

As before, we consider weak solutions of the problem (12), that is, functions

u0(x, t) ∈ Lloc∞ (R+;H) ∩ Lloc2 (R+;V) ∩ Llocp (R+;Lp) ,

which satisfy the following integral identity:

−
∫

D×R+

u0 ·
∂ψ

∂t
dxdt+

∫
D×R+

λ∇u0 · ∇ψ dxdt+

∫
D×R+

ā(x)f(u0) · ψ dxdt+

+

∫
Γ1×R+

P (x̂)u0 · ψ dsdt =

∫
D×R+

h̄(x) · ψ dxdt+

∫
Γ1×R+

G (x̂) · ψ dsdt
(13)

for any function ψ ∈ C∞0 (R+;V ∩ Lp). For any weak solution u(x, t) to problem (12), we
have that ∂u0(x,t)

∂t
∈ Lq (0,M ;H−r) (see Section 3.1). Recall, that the “limit” domain D in

(12) and (13) is independent of ε and it boundary contains the plain part Γ1.
Similar to (4), for any initial data U ∈ H, the problem (12) has at least one weak solution

(see Remark 2). Lemma 1 also holds true for the problem (12) with replacing the ε-depending
coefficients a, h, p and g by the corresponding averaged coefficients a(x), h(x), P (x̂), and G(x̂).

As usual, let K+ be the the trajectory space for (12) (the set of all weak solutions), that
belong to the corresponding spaces F loc+ and F b+ (see Section 2.1). Recall that K+ ⊂ F loc+ and
the space K+ is translation invariant with respect to translation semigroup {S(τ)}, that is,
S(τ)K+ ⊆ K+ for all τ ≥ 0. We now construct the trajectory attractor in the topology Θloc

+

for the problem (12) (see Sections 3.1 and 2.1).
Similar to Proposition 3 we have

Proposition 4 Homogenized problem has the trajectory attractor A in the topological space
Θloc

+ . The set A is bounded in F b+ and compact in Θloc
+ . Moreover, A = Π+K, the kernel K of

the homogenized problem is non-empty and bounded in F b.

Here we formulate the main result concerning the limit behaviour of the trajectory
attractors Aε of the reaction-diffusion systems (4) as ε→ 0 in the critical case β = 1− α.

Theorem 4 The following limit holds in the topological space Θloc
+

Aε → A as ε→ 0 + .
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Moreover,

Kε → K as ε→ 0 + in Θloc.

Finally, we consider the reaction–diffusion systems for which the uniqueness theorem is
true for the Cauchy problem. It suffices to assume that the nonlinear term f(u) in (4) satisfies
the condition

(f(v1)− f(v2), v1 − v2) ≥ −C|v1 − v2|2 for any v1, v2 ∈ Rn. (14)

(see [17,26]). In [26] it was proved that if (14) is true, then (4) and (12) generate dynamical
semigroups in H, possessing global attractors Aε and A are bounded in V (see also [16], [15]).
Moreover

Aε = {u(0) | u ∈ Aε}, A = {u(0) | u ∈ A}.

Corollary 1 Under the assumption of Theorem 4 the limit formula takes place

distH−δ
(
Aε,A

)
→ 0 (ε→ 0+).

3.3 Homogenized reaction-diffusion system and convergence of attractors in the
subcritical case (β > 1− α)

In the next sections, we study the behaviour of the problem (4) as ε → 0 in the subcritical
case β > 1 − α. We have the following “formal” limit problem with inhomogeneous Fourier
boundary condition

∂u0
∂t

= λ∆u0 − a (x) f(u0) + h (x) , x ∈ D, t > 0,
∂u0
∂ν

= G(x̂), x = (x̂, 0) ∈ Γ1, t > 0,
u0 = 0, x ∈ Γ2, t > 0,
u0 = U(x), x ∈ D, t = 0,

(15)

Here a(x) and h(x) are defined in (5) and (6), respectively, G(x̂) was defined in (9).
As before, we consider weak solutions of the problem (15), that is, functions

u(x, t) ∈ Lloc∞ (R+;H) ∩ Lloc2 (R+;V) ∩ Llocp (R+;Lp) ,

which satisfy the following integral identity:

−
∫

D×R+

u · ∂ψ
∂t

dxdt+

∫
D×R+

λ∇u · ∇ψ dxdt+

∫
D×R+

ā(x)f(u) · ψ dxdt =

=

∫
D×R+

h̄(x) · ψ dxdt+

∫
Γ1×R+

G (x̂) · ψ dsdt
(16)

for any function ψ ∈ C∞0 (R+;V ∩ Lp). For any weak solution u(x, t) to problem (15), we
have that ∂u(x,t)

∂t
∈ Lq (0,M ;H−r) (see Section 3.1). Recall, that the “limit” domain D in (15)

and (16) is independent of ε and it boundary contains the plain part Γ1.
For homogenized problem (15) holds Proposition 4.
For trajectory attractors Aε of the reaction-diffusion systems (4) as ε→ 0 in the subcritical

case β > 1− α holds Theorem 4 and Corollary 1.
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3.4 Homogenized reaction-diffusion system and convergence of attractors in the
supercritical case (β < 1− α)

In the next sections, we study the behaviour of the problem (4) as ε→ 0 in the supercritical
case β < 1 − α. We have the following “formal” limit problem with inhomogeneous Fourier
boundary condition

∂u0
∂t

= λ∆u0 − a (x) f(u0) + h (x) , x ∈ D, t > 0,
u0 = 0, x ∈ ∂D, t > 0,
u0 = U(x), x ∈ D, t = 0,

(17)

Here a(x) and h(x) are defined in (5) and (6), respectively.
We note that, in the supercritical case, the influence of the boundary layer on the part of

the boundary Γ1 completely disappears (compare with critical case [44] and subcritical case
mentioned in Subsection 3.3).

As before, we consider weak solutions of the problem (17), that is, functions

u0(x, t) ∈ Lloc∞ (R+;H) ∩ Lloc2 (R+;V) ∩ Llocp (R+;Lp) ,

which satisfy the following integral identity:

−
∫

D×R+

u0 ·
∂ψ

∂t
dxdt+

∫
D×R+

λ∇u0 · ∇ψ dxdt+

∫
D×R+

ā(x)f(u0) · ψ dxdt =

∫
D×R+

h̄(x) · ψ dxdt (18)

for any function ψ ∈ C∞0 (R+;V ∩ Lp). For any weak solution u(x, t) to problem (17), we
have that ∂u0(x,t)

∂t
∈ Lq (0,M ;H−r) (see Section 3.1). Recall, that the “limit” domain D in

(17) and (18) is independent of ε and it boundary contains the plain part Γ1.
For homogenized problem (17) holds Proposition 4.
For trajectory attractors Aε of the reaction-diffusion systems (4) as ε → 0 in the

supercritical case β < 1− α holds Theorem 4 and Corollary 1.

4 Homogenezation of attractors to the reaction-diffusion system in a domain
with randomly oscillating boundary

4.1 Statement of the problem

Let D ⊂ Rd ∩ {x |xd > 0}, d ≥ 2, be a smooth bounded domain whose boundary has a
nontrivial flat part Γ1 = ∂D ∩ {x |xd = 0} with a nonempty (d − 1)-dimensional interior
◦
Γ1. We perturb the flat part of the boundary in such a way that the perturbed domain
has an oscillating boundary. To this end, we define a smooth nonnegative function g(x̂),
x̂ = (x1, . . . , xd−1), such that supp g(x̂) ⊂ Γ0 b

◦
Γ1, and, given a statistically homogeneous

non-positive random function F (ξ̂, ω), ξ̂ = (ξ1, . . . , ξd−1), which has smooth realizations and
is defined on a standard probability space (Ω,A, µ), we set, for ε > 0,

Πε = {x ∈ Rd : x̂ ∈ Γ1, εg(x̂)F

(
x̂

ε
, ω

)
< xd ≤ 0}
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and, finally, introduce the desired domain with random boundary as follows: Dε = D ∪ Πε.
For more detailed definitions of randomness we refer to the next section. According to the
above construction, the boundary ∂Dε consists of the parts Γ2 and Γε1 =

{
x ∈ ∂Dε : (x̂, 0) ∈

Γ1, xd = εg(x̂)F
(
x̂
ε
, ω
)}

forming together the domain boundary.
We consider the boundary-value problem:

∂uε
∂t

= λ∆uε − a
(
x, x

ε
, ω
)
f(uε) + r(x, x

ε
, ω), x ∈ Dε, t > 0,

∂uε
∂ν

+ g(x̂)p
(
x̂
ε
, ω
)
uε = g(x̂)q

(
x̂
ε
, ω
)
, x = (x̂, xd) ∈ Γε1, t > 0,

uε = 0, x ∈ Γ2, t > 0,
uε = U(x), x ∈ Dε, t = 0,

(19)

where uε = uε(x, t) = (u1, . . . , un)> is an unknown vector function, the nonlinear function
f = (f 1, . . . , fn)> is given, r = (r1, . . . , rn)> is the known right-hand side function, and λ is an
n× n-matrix with constant coefficients, having a positive symmetrical part: 1

2
(λ+ λ>) ≥ $I

(where I is the unit matrix with dimension n and $ > 0). We assume that p
(
x̂
ε
, ω
)

=

diag {p1, . . . , pn}, q
(
x̂
ε
, ω
)

= (q1, . . . , qn)> are random statistically homogeneous functions
and pi

(
x̂
ε
, ω
)
, i = 1, . . . n, are positive.

We assume that the random functions aε(x, ω) = a
(
x, x

ε
, ω
)
and rε(x, ω) = r

(
x, x

ε
, ω
)
are

statistically homogeneous, that is a(x, ξ, ω) = A(x, Tξω), r(x, ξ, ω) = R(x, Tξω), where
A : D × Ω→ R and R : D × Ω→ Rn are measurable.

We also assume that A(x, ω) ∈ Cb(D) for almost all ω ∈ Ω and 0 < α0 ≤ A(x, ω) ≤
α1, |R(x, ω)| ≤ φ(x), ∀x ∈ D, where φ(x) is a positive function such that φ ∈ L2(D).

Birkhoff ergodic theorem implies that the functions a (x, ξ, ω) and r (x, ξ, ω) have the
space mean value

a(x) := M(a)(x) = E(A)(x), r(x) := M(r)(x) = E(R)(x)

for every x ∈ D. Note that the functions a(x) and r(x) also satisfy the inequality α0 ≤ a(x) ≤
α1, |r(x)| ≤ φ(x), ∀x ∈ D. It follows from Proposition 2, that almost surely in ω ∈ Ω∫

D

aε(x, ω)ϕ(x)dx→
∫
D

a (x)ϕ(x)dx (ε→ 0+) ∀ϕ ∈ L1(D), (20)

∫
D+

riε (x, ω)ϕ(x)dx→
∫
D+

ri (x)ϕ(x)dx (ε→ 0+) ∀ϕ ∈ L2(D+), i = 1, . . . , n. (21)

Here D+ is such a domain that Dε ⊂ D+ for any ε.
We assume that the vector function f(v) ∈ C(Rn;Rn) satisfies inequalities (7) and (8).
From (21) it follows that the norms of riε(x, ω) are almost surely uniformly bounded

‖riε‖L2(D) ≤M0, ∀ε ∈ (0, 1] in the space L2(D).
Denote

P (x̂) = E
(
ρ(ω)

√
1 + (g(x̂) ∂ωF(ω))2

)
, Q(x̂) = E

(
%(ω)

√
1 + (g(x̂) ∂ωF(ω))2

)
.
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(22)

and, due to Birkhoff ergodic theorem and Proposition 2, we have almost surely the following
convergence (see [40]):∫

Γε1

g(x̂)qi
(
x̂

ε
, ω

)
υ

(
x̂, εg(x̂)F

(
x̂

ε
, ω

))
ds→

∫
Γ1

g(x̂)Qi (x̂) υ (x) ds

and∫
Γε1

g(x̂)pi
(
x̂

ε
, ω

)
u

(
x̂, εg(x̂)F

(
x̂

ε
, ω

))
υ

(
x̂, εg(x̂)F

(
x̂

ε
, ω

))
ds→

∫
Γ1

g(x̂)P i (x̂) u(x) υ (x) ds

for any u, υ ∈ H1(Dε) as ε → 0, i = 1, . . . , n. Here ds is the element of (d − 1)-dimensional
measure on the hypersurface.

As in [17,26] we study weak solutions of the initial boundary value problem (19), that is,
functions

uε(x, t) ∈ Lloc∞ (R+;Hε) ∩ Lloc2 (R+;Vε) ∩ Llocp (R+;Lp,ε)

which satisfy the equation (19) in the distributional sense (the sense of generalized functions),
that is, the integral identity holds

−
∫

Dε×R+

uε ·
∂ψ

∂t
dxdt+

∫
Dε×R+

λ∇uε · ∇ψ dxdt+

∫
Dε×R+

aε(x, ω)f(uε) · ψ dxdt+

+

∫
Γε1×R+

g(x̂)p

(
x̂

ε
, ω

)
uε · ψ dsdt =

∫
Dε×R+

rε(x, ω) · ψ dxdt+

∫
Γε1×R+

g(x̂)q

(
x̂

ε
, ω

)
· ψ dsdt

for any function ψ ∈ C∞0 (R+;Vε ∩Lp,ε). Here y1 · y2 means scalar product of vectors y1, y2 ∈
Rn.

For any weak solution uε(x, t) to problem (19) the time derivative ∂uε(x,t)
∂t
∈ Lq (0,M ;H−rε )

(see Section 3.1).

Remark 3 Existence of a weak solution u(x, t) to problem (19) for any initial data U ∈ Hε

and fixed ε, can be proved in the standard way (see, for example, [16], [26]). This solution may
not be unique, since the function f(v) satisfies only the conditions (8) and it is not assumed
that the Lipschitz condition is satisfied with respect to v.

Proposition 5 Under the hypotheses (7) and (8) the system (19) has the trajectory attractors
Aε in the topological space Θloc

ε,+. The set Aε is ω-almost surely bounded in F bε,+ and compact
in Θloc

ε,+. Moreover, Aε = Π+Kε, the kernel Kε is non-empty, bounded in F bε and compact in
Θloc
ε .
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4.2 Homogenized reaction-diffusion system and convergence of attractors

In the next sections, we study the behaviour of the problem (19) as ε → 0. We have the
following “formal” limit problem with inhomogeneous Fourier boundary condition

∂u0
∂t

= λ∆u0 − a (x) f(u0) + r (x) , x ∈ D, t > 0,
∂u0
∂ν

+ g(x̂)P (x̂)u0 = g(x̂)Q(x̂), x = (x̂, 0) ∈ Γ1, t > 0,
u0 = 0, x ∈ Γ2, t > 0,
u0 = U(x), x ∈ D, t = 0,

(23)

Here a(x) and r(x) were defined in (20) and (21), respectively, Q(x̂) and P (x̂) were defined
in (22).

As before, we consider weak solutions of the problem (23), that is, functions

u0(x, t) ∈ Lloc∞ (R+;H) ∩ Lloc2 (R+;V) ∩ Llocp (R+;Lp) ,

which satisfy the following integral identity:

−
∫

D×R+

u0 ·
∂ψ

∂t
dxdt+

∫
D×R+

λ∇u0 · ∇ψ dxdt+

∫
D×R+

ā(x)f(u0) · ψ dxdt+

+

∫
Γ1×R+

g(x̂)P (x̂)u0 · ψ dsdt =

∫
D×R+

r̄(x) · ψ dxdt+

∫
Γ1×R+

g(x̂)Q (x̂) · ψ dsdt
(24)

for any function ψ ∈ C∞0 (R+;V ∩ Lp). For any weak solution u(x, t) to problem (23), we
have that ∂u0(x,t)

∂t
∈ Lq (0,M ;H−r) (see Section 4.1). Recall, that the “limit” domain D in

(23) and (24) is independent of ε and it boundary contains the plain part Γ1.
For homogenized problem (23) holds Proposition 4.
Under assumptions (h1)–(h4), for trajectory attractors Aε of the reaction-diffusion

systems (19) as ε→ 0, ω-almost surely holds Theorem 4 and Corollary 1.

5 Conclusion

In the paper we consider reaction–diffusion systems with rapidly oscillating terms in equations
and in boundary conditions in domains with locally periodic or randomly oscillating boundary
(rough surface) depending on a small parameter. We define the trajectory attractors of these
systems and express that they converge (almost surely) in a weak sense to the trajectory
attractors of the limit (homogenized) reaction–diffusion systems in domain independent of
the small parameter.
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