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ON A SUBSET OF BAZILEVIC FUNCTIONS IDENTIFIED BY THE
THREE-LEAF FUNCTION, MILLER-ROSS FUNCTION, AND
MULTIPLIER OPERATORS

A significant portion of the collection of analytic-univalent functions of the type

o0

hO)=C+ D an"

n=rm-+1

whose definition is found in the unit disk
Q:={z:]7| <1},

is investigated in this work. Several subsets of the well-known set of Bazilevi¢ functions are
included in this new set. The new set and its findings are developed using the Miller-Ross
function, the Schwarz function, some multiplier operators, and some mathematical ideas such
as subordination, set theory, infinite series generation, and convolution of some geometric
expressions. Among the main achievements are the estimates for the coefficient bounds and the
Fekete-Szegd functional. Generally speaking, the new set reduces to a number of known subsets
with some supposedly unique results when some parameters are altered inside their declaration
intervals.

Key words: analytic function, Miller-Ross function, Schwarz function, Bazilevi¢ function,
multiplier operator, three-leaf-type function.

N.A. Oekan 1", A.O. Jlacoze 2, O.M. Bagemxko!
!Quyceryna Arary FRIILIM »KoHE TexHosorus yausepenteri, Oxkurunymna, Hurepus
2®emepannapk 6imiv 6epy Komaemxki, nase-Dxutn, Hurepmsa
*e-mail: ea.oyekan@oaustech.edu.ng, shalomfa@yahoo.com
neHreiuti dynknms, Muanep-Pocc dyHKIuschbI XKoHe KOOENTKINT onmepaTropJsjiapbl apKbLJIbI
aHbIKTaJIFaH Ba3zuieBnd QyHKIINAJIAPBIHBIH, iIIKi >KUBIHBIHIA

Tunris aHaTUTUKAJIBIK, 61p MOHII (DYHKITUSJIAPBIH KUHAYIIBIH MAHbBI3IbI 06JTir

o0

hO)=C+ D an"

n=rm+1

OHBIH, aHbIKTaMaChI

O :={z:]z| <1},

OipJTiK JAUCKICiHIEe OCBhI KYMBICTa, 3epTTese . BazumeBud GyHKITUAIAPBIHBIH OT1 KUBIHBIHBIH,
OipHerlle iMKi »KUBIHIAPBI OChI »KAHA YKUBIHFa eHrisiireH. 2KaHa »KUbIH »KOHE OHBIH, HOTHUXKeJepi
Muutep-Pocc dyuknumsicoin, [IBapir hyHKIMsICHIH, KeIOIp KOOEHTKIIIT OrtepaTopJiapabl XKoHe Darbl-
HY, »KUBIH TEOPUSCHI, IMEKCI3 KaTapap/Ibl T€HEPAINsIAY KOHE Keibip reoMeTpHUsJIbIK, O©DHEKTEeP/ I
affHAJIIBIPY CUSKTHI KeH0Ip MaTeMaTHUKAJbIK, UIesJIap/Ibl maiiasana OTeIphin 93ipiaenai. Herisri
KeTicTiKTepaiH, Karapbiaia Kosdduiuenrrep MeH Pekere-Cero yHKIMOHAJIBIH OailjIaHBICTHI-
pbuIFaH Oarajaysiap 6ap.
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2Kaumer aiiTkaH 8, XKaHa XKUBIH KeHOIp napaMeTpJiep Kapusijiay apajbIKTapblHIa 93repreH Kesjie
Keibip 6okaMabl Gipereit HoTmKeaepi 6ap Gerii imKi »KUBIHIAp CaHbIHA JEHiH a3asiIbl.
Tvyiiia cesmep: anasmrukaiabik, Gyukims, Mumtep-Pocc dyukruscer, [Bapr dyrkmuscer, Ba-
crJIeBUY (PYHKITUSCHI, KOOEHTY OmepaTophl, YIII BAJEHTTI (DYHKIINA, KOCBLITY MOIEJI.

.A. Oekau'”, A.O. Jlacone?, O.M. Bazemxo!
'Yuusepcurera nayku u Texsosoruit Ouyceryna Arary, Oxurumnyna, Hurepus
2@enepanbHbIil KOJLTEIK obpasosanus, Mnase-dxkutu, Hurepus
*e-mail: ea.oyekan@oaustech.edu.ng, shalomfa@yahoo.com
O noamuoxkecTBe dyHkIuit BazuineBuya, uaeHTUPUIIUPYEMbIX TpeXJieCTHOM dyHKITHIEl,
dyukimeit Munanepa-Pocca u onneparopaMu MHOXKUTeJIEH

3HauuTeIbHas YaACTh KOJUICKIIUU aHaJIUTUYICCKU-O/JHO3HAYHBIX beHKL[I/IIU/I THUIIa

oo

hO)=C+ > anl"

n=rm-+1

onpe/ie/ieHne KOTOPBIX HAXOJUTCA B €IUHIUIHOM KPyTe
Q:={z:]7] < 1},

nuccenayercs B 93Toit pabore. Heckonbko momMuOX)KeCcTB m3BecTHOrO Habopa dyHknnit basumesnaa
BKJIIOYEHBI B 3TOT HOBBINT Habop. HoBblit HabOp u ero pe3yabTraThl pa3padaThIBAIOTCA C UCIOJIb-
3oBanmeM dyuknun Musmepa-Pocca, dyuxkmnuu [1IBapiia, HEKOTOPBIX OMEPATOPOB MHOXKUTEIEH 1
HEKOTOPBIX MaTeMaTUYeCKUX UJIed, TAKUX KaK IOIIMHEHNe, TeOPHs MHOXKECTB, reHepaliusi 6eCcKo-
HEUYHBIX PsIJIOB U CBEPTKA HEKOTOPBIX N€OMETPUIECKUX Bhiparkennit. Cpesin OCHOBHBIX JIOCTUXKEHUH
— oreaku rpanur] koddduruentoB nu dyukimonans Pexere-Cero. Boobie roBopsi, HOBbIN HAOOD
CBOJIUTCH K Psi/ly U3BECTHBIX OIMHOXKECTB C HEKOTOPBIMU IPEIIOI0KUATEHHO YHIKAIBHBIMA Pe-
3yJIbTATAMU, KOTJ[@ HEKOTOPhIE [TapaMeTPbl U3MEHSIOTCS BHYTPH UX HHTEPBAJIOB OObSIBICHUSI.
KuaroueBble ciioBa: anajuTudeckas pynkius, dyakiusa Munnepa-Pocca, dynkmusa [Isapia,
dyuknus BazuieBnya, ornepaTop yMHOXKeHUsI, (PDYHKIIAST TPEXJIUCTHOTO THIIA.

1 Preliminary

In this study, the set of analytic functions of the series type

WO =C+ Y anl" ((€Q:={(eC: (| <1}). (1)

is represented by A. The nature of this function agrees with the fact that h(0) = 0 = A’(0)—1.
One of the fundamental principles in geometric function theory is the subordination principle.
The principle states that if we have two analytic functions h(¢) in and

H(C)=(+ ) bu(" (CeQ), (2)

then h is subordinate to H (usually expressed in notational h < H) if there is another analytic
function

d(¢) =) d(" €A ((€Q) (3)
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such that |d(¢)| < 1, d(0) = 0, and
B(Q) = Hd(Q) (C € Q).

Suppose H is also univalent in €2, then the definition improves to say that
h<H <= h(0)=H(0) and h(Q2) C H(Q).

The Hadamard product (or convolution) of two functions h in and H in is the
third analytic function declared as

(hxH)(Q) = (H*h)(Q) =2+ Y (an xb,)¢" (( €Q).

1.1 Bazilevi¢ Functions

An analytic functions of the integral type

1
z n+iy

b(z) = 4 (+ i) / p(r)s(r )=y (4)

0

such that n > 0, v have real value, s is a starlike function, and p € g are called Bazilevi¢ 2]
functions. This set was shown to be the ’largest’ subset of the set of univalent functions that
is currently known. Numerous scholars have examined different properties of the subsets of
the set of Bazilevi¢ functions by varying the parameters in ; for instance, see [8},9,/17,/18|.

Indeed, an important subset of analytic functions are Bazilevi¢ functions. These functions
have been thoroughly examined in a large body of research and are distinguished by their
geometric features. Olukoya and Oyekan’s work in [12] is noteworthy since it offers some
polynomial bounds for functions in the set of modified hyperbolic tangent functions. The
behavior of the various analytic functions in certain subsets of the Bazilevi¢ functions was
better understood as a result of these findings.

Another related study involved some results on Chebyshev polynomial bounds for sets
of analytic-univalent functions, presented in [14]. The work extends the understanding of
the geometric properties of Bazilevi¢ functions, shedding more light on their analytical
characteristics. Additionally, Oyekan and Awolere |15] explored the polynomial bounds for
bi-univalent functions associated with the probability of generalized distribution defined by
generalized polylogarithms via Chebyshev polynomial.

Gandhi [3] presented the analytic function

4 1
3UC) =1+ =0+ gc“ (5)

in 2020 called a ’three-leaf-type function’ and studied the analytical properties of a certain
set of starlike functions defined by the conditions
W(z)
h(z)

2 <3l(z) (CeQ)
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so that by using in , we get

3(d(0)) = 1+ 3a(Q) + £ (d(C))"

to give
3(d(C)) = 1+ 2diC + (gd - %d?) G (6)

1.2 Some Analytic Functions and Operators
In 1993, Miller and Ross |11} p. 88] introduced the special function

n

n+v (C

nzz(]rn+v+1 <C7/U7<€ )
This special function is famously called Miller-Ross function. The Miller-Rose function is
a generalization of many special functions, see [6]. The work of Eker and Ece |5, Eq. 2]

introduced the normalized form of E., defined by

C+Z T+ 1) (v>-1; ¢, €Q). (7)

v+n

For h € A of type (), the multiplier operator [fh ., that maps A to A and introduced by
Hameed et al. |7] was defined on h as

é
Hah© =+ 3 (ARG e e ®

for the parameters: 6 € Ng = NU {0}, 1 =2 1, and 0 < ¢ < ¢. More so, Oyekan [13]
investigated the operator D? that maps A to A by

=(+) L a ((eQ) (9)
where
san_1 _ (0+n—=1\ (+1)0+2)---(0+n—1) (6+1)n
a1 1) T W )

In 2023, Oyekan [13] modified function A € A and showcased the analytic function b €
A(r,m) as

o0

hO) =C+ D al" ((€Q) (11)

n=rm+1
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where r is fixed and r,m € N. Observe that if r =1 = m in , then h = h in and if
r =1 (or m = 1), then we will have the function studied by Hameed et al. |[7]. Now in the
likes of , we have expressed in the form

_ = M T(w+1)
5C,U<C) - C + n;—’—l F(U + n) C )

the multiplier operator defined as

00 I — é
fo0-cr 3 (LRl o e

n=rm+1
and the multiplier operator @ modified as

DH) =C+ Y, LTl (€9

n=rm+1

where .,Z;H"_l is as defined by . Likewise, for b of the series type , Hameed et al. |7]
studied the operator R , that maps A(r,m) to A(r,m) and defined by

1+ (a+x)(—1)
1+e(l-1)

0o )
RS (C) = T B(ODB(C) = ¢+ 3 zﬁ”*( ) 0 (CEQ).

n=rm+1

Now, we declare the analytic function

TEH(C) = Een(Q) * RE, ,6(C)

e N (U § IS4 N (ST N (A D
:Hn:%:ﬂ F(U(Jrn) % ( 1(§+g2(gl)—(1> )> W (e f) 1)

where all parameters are as aforementioned.

2 A Set of Lemmas
Let the function d be as defined in , then the following lemmas hold for the main results.

Lemma 2.1 ( [4]) Let d € A, then |d,| = 1, Vn € N. Equality occurs for functions d(¢) =
e (9 € [0,2m)).

Lemma 2.2 ( [1]) Let d € A, then for complex number &,
|dy — &di| < max{1; [¢]}.

Equality holds for functions d(z) = ¢ or d(z) = (*.
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3 Main Results

3.1 A Novel Class of Analytic Functions
Definition 3.1 A function b € A(r,m) of the form belongs to the set Vo<° (30), if it

0,681,582
satisfies the subordination condition

(T3e0(0) (T3e0(¢)”
Cafl

where we declare the parameters: ¢, € Q, § € Ng, v > —1, 0 ¢ S ¢, and 0 £ 0 < 1, for
functions jg‘g;(g“) and 30(C) defined in and (), respectively.

This study aims to explore and analyze a subset of Bazilevi¢ functions characterized by
the Miller-Ross function and a certain multiplier operator in the space of a three-leaf function,
a nuanced area in geometric function theory. Some achieved results are the upper estimates
for |am+1], |aom+1], and |agmi1 — &aZ,, | functionals; see [9,[10,[12H14,/16] for some details on
bounds. Several (presumably) new results are reported as corollaries and remarks.

=< 3((C) (13)

3.2 Coefficient Estimates

Theorem 3.2 Let b € A(r,m) belong to the set V2¢¥_(3(). Then

551,52
2

5
T (v+1l) cpé+m [ 1+(s1+s2)(—1)
5(0 + m) F(v—&-m-i—l)"?% < 12@2—1) )

(14)

’am+1| g

and
1

5
mT(v+1) ps+2m [ 1+(si+s2)(1=1)
5(U+2m)r(y+2m+1)°§“ﬁ6 ( 12@2—1) >
4

6
2l (v+1 s+2m [ 1+(sit+s2)(1—1
25(c + m)(0 + 2m) frrfeth e (Laal(on)

do(m + 1)

1
c2mD(p+1 m 1 -1
25(0 + m)2(o + 2m) Sl ggm (Llutalh)
20(0c — 1)

§
2m (p4-1 m m [ 1 -1
25( + m)2(o + 2m) b AL e i (e n)

|a2m+1| §

+

+

. (15)

Proof. Since h € Vi‘éﬁQ (3¢), then by the principle of subordination, we can express (|13])
such that

(T252(0)) (T3er ()™
Cafl 5

1
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or in a simplified form

(550N
C (o (o)) (2249) "
T2 5

and

¢

Putting and into with some simplifications yields

rm 1
(C + (f,«m + 1)FC F(U + 1) 9%54—7‘7% (1 + (§1 + CQ) (l - 1)) arm+1€rm+1>

d,c,v 7
<u@$«W<Zﬁ49):=Q+§mo+§wxwﬂﬂﬁ$«»- (16

(v+rm+1) 1+l —1)
WA s (L+ (0 +9) (=D’
1 rm Tm
8 { +UF(zH—anr1)"% 1+6(—-1) Grm+16

o0 =1) AL+ s (1+ @ +2)(=D\* 5
2 [Hv+mn+Uf£% ( 1+6(-1) ) brm416 *“”}

2 2 1
= (1 + gd1§+ [gdz - gd%KQ‘{“")

Tm 6
y (C N I1c I'v+1) bt (1 + (51 + ) (1 = 1)) aTerlCrm-H) '

(v+rm+1) 1+ql—-1)

Now, for r € {1,2,3,...} we have a simplified series

"I(v+1) m (14 (1 +c)(l—1) ’ m+1
ot m ) (P ) ™
AP+ oo (14 (a+e)(—D\? ,
e e () e
oo —1) AT+ D] gem (14 (@ +o) =D\,
L [T(v+m+ 1) 2¢’+< 1+a(l-1) )bm“

+(c+2m+1)

Flv+2m+1)77° L+ —1)

L2 5 T4 s (1@t (=D
=0+ gl +F(U+m+l)iﬂ5 1+e(l-1) @16

2 1 2 "T(v+1) 14 (o + ) (-1’
Zdo — _d2 3 2d —$6+m . m+2
+<5 5 1>C T3 "Two+m+1)""° ( 1+ —1) Q16

FTWAD)  giom (14 (0 +9) (=D’
_gpd+2m (Il 1
T Tt < 1+6(l—1) > Gam41 G (17)

2m — J
FLW+Y) s (1 +(a+e)( 1)) a2m+1] i
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Clearly, taking the first corresponding coefficients in ((17)) shows that

(64+m+1) TOFY  gsim <1+ (1 +%)( = 1)>5am+1

T(v+m-+1)"° 1+l —1)

2 mP(y + 1 1 1—1)\°
= Zd + w%ﬂm Flate) =Dy
5 F(v+m+1) 1+ ol —1)
so that
2d
1 = T(v+1) 51 1+ (a+e) (-1 )° (18)
cmI'(v +m S11¢:
S+ w4 (M)
and
2|d, |
[ ] = MD(41) psim [(1+(s1+)(—1) ) °
Cc v m S S —
5(0 + m) bt g (e llel)

so that applying Lemma gives the result in . Next, taking the second corresponding
coefficients in shows that

U(m—i—l)c [(v+1)]2 6+m<1+(§1+§2)(l—1))26b72n+1

Cw+m+ 1)) % 1+q(—1)
oo —1) ™ [[(v+1) S S S A
T [C(v 4 m + 1)]2"%65+ ( 1+ql—1) ) I
AW+ 1) siom {1+ (s +6) (1 —1)
F(v+2m+1)$5 ( 1+l —1) > Gamt1 ¥

<5d2 1d>+2d&Jﬂ))gﬂm(1+(<1+<2)(l—1)>5am“+m

+ (o +2m)

5 5 T(v+m+1 14+ q(l—1)
so that
2d2 — ld2
Ao2m+1 =
2mtl (0+2 )c2mr(v+1) $¢+2m <1+(§1+<2)(l 1)>(S
T'(v+2m+1) T+62(1-1)
40l2
+ 2T (v+1) cps+2m [ 1+(s1+s2)(1—1) b
25(0 +m)(o + 2m) T(v+2m+1) j < I+c2(l-1) )
N 4o(m + 1)d3
)
2T (v+1) cps+2m [ 1+(si+s2)((—1)
25(0 +m)*(0 + 2m) e 2 (fic—ﬁl)>
20(0 —1)d?

_ (19)

d
c2mT (v 1 m m (1 -1
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and
2|dy — 33|

|a2m+1’ é 5
(O’ + 2m) 2T (v+1) $¢+2m <1—|—(q+g2)(l—1)>

T(v+2m+1)<%6 I+e(i-1)
4]dy)?
5
2'm1" 1 m 1 -1
25(0 +m) (0 + 2m) ey L4+ <—+§3$3)—(n )>
4o(m +1)|dy|?

25(0 + m)2(0 + 2m) S Ledl) cpi+am (—H(“JFQ)(Z_I))(S

+

+

T(v+2m+1)=74 T+e2(1-1)
20(c — 1)|dy|?

5
c2mT(v+1 m 1 1—1
25(0 4+ m)2(o 4 2m) —F(v+2(m++1)) gédﬂr 5/066+2m ( +§2g+2??1(1) ))

so that applying Lemmas and gives the result in (15]).
Theorem 3.3 Ifh € V2%°_(3(), then for a complex value &,

0,61,62
2

5
L +l) gpstam (14(ste)(l-1)
5<U + Qm) T(v+2m+1)=7¢ ( 12@2—1) >

|Cl2m+1 - §afn+1| <

X max{l,x}

where

2 ~ 20(m+1) o(c—1) 1

X5 1m) 5o +m)25o+ mEgem(s) 2

2(g +2m)T(v + 2m + 1).Z7 ™

5|
I(v+1) S+m [ 14(s1+s2)(I=1)
5(0 + m)Q—[F(v+m+1)]z L5 " ( 129271) )

S

Proof. Using and means

2dy — d?
A2m+1 — €a3n+1 = S—— 2 : 1 —— .
el +2m s1462) (1=
5(0 + 2m) et (1+1<2—5_1)>
n 4d?
0
2l (v+1 s+2m [ 14+(s1+s2)(1—1
25(0 +m) (0 + 2m) ey L5 ( el >>
4o(m +1)d3
B é
c2m(v+1 m [ 1 -1
25(0 + m)*(0 + 2m) gt s L7 (%)
20(0 —1)d?
a é
c2m(v+1 m m 1 -1
25(0 + m)2(0 + 2m) fropams L3 LT < Horta)( ))
2
2d,
—¢

s
T (v+1) cpd+m [ 1+(s1+s2)(—1)
5(U+m>r(u+m+1)°§’€5 < 12@2271) )
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where further simplification gives

a — &l = :
2m+1 m+1 5( 49 Mg&—lﬁm H(ate)(=1) g
0+ 2M) F g I4e(i-1)
X < dy + 2 20(m + 1) (o —1) !
T slotm) Blo+mP 5o +mzgltt 2
¢ 2(0 +2m)T(v + 2m + 1) £+ ] d2}
- .
5(c + m)QM (129—2—1)>
Therefore,
2
—£a? <
Aom a,, =
| om+1 — § +1| . om 2mD(v+1) $5+2m 1+(s1+s2)(I-1) B
(0 +2m)samy T lte(-D
X |dy + 2 20(m + 1) (o —1) L
24 |5 S mE e s mpgp 2

2(o +2m)I(v + 2m + 1).Z5 2™

)
I'(v+1) S+m [ 1+(s1+s2)(1-1) ]
(o + m)? e (—fi@i_l) )

2|,

S

so that applying Lemma gives the result in the theorem.
Putting m = 1 in Theorems [3.2] and [3.3] gives the following results.

Corollary 3.4 If h given by belongs to the set V35r (3(), then

|a2\ §

I‘(v+1) 541 [ 14(c1+e)(I—1)
5(c +1) F(v+2)$ ( 12@2 i) )

|a3| <

F(v+1) 6+2 ( 1+(s1+s2)(1—1)
5(U+2 F(v+3)$ < 12{23 1) )

* 5
25(0 +1)(0 +2)1 ZI§>$5+2 <1+§<+1§+23>_<i)—1)>
8c
+
I'(v+1 1 -1
25(0 4 1)2(0 + 2)F§;3§$5+2 (%)
2000 — 1
. (0 - 1)
I'(v+1 1 -1
25(c + 1)%(0 + 2)FE IS;$6+1$5+2 ( Jﬁi:;z?)(l) ))
and
2 < 2
|as — §a3| = x max{1, x}

5(0 + 2)

1
642 [ 1+(si+s2)(1-1)
"E/ﬂ < 1-¢§2(?—1) )
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where
B 2 4o oo —1) 1
X)) 5o+ 12 soampgt 2
. 2(0 + 2)T'(v + 3).4"* i
5(c + 1)2[5(:;1 2 (%ﬁ)‘%—lv

Remark 3.5 Corollary 3.4 presumably holds new results.
Putting ¢; = 0 = ¢ in Corollary gives the following results.

Corollary 3.6 If h given by belongs to the set Vg’,%’f)o(?)é), then

2
Qa2 § )
el 5(0 + 1) iag L3+
1 4
|as| = Tt o2 T T(v+l) cpit2
5(o +2)F(v .,% 25(0 + 1)(o—+2)r( 55
8o 20(0c — 1)

+ + :
25(c + 1)2(0 + 2) ,,%5“ 25(c + 1)2(o + 2) ot 35“35“

and
las — €03 < = x max{L, [x}
5( + 2) $5+2
where
2 4o o(o—1) 1 g2(a +2)T(v + 3).20+2
X = - 2 RS T(v+1 :
Slo+1) Blo+ 1) s+ 12 2 T5(o 4 1) g g

Remark 3.7 Corollary[3.6 presumably holds new results.
Putting v = 0 in Corollary [3.6] gives the following results.

Corollary 3.8 If h given by belongs to the set V},’y(l)”g(?)é), then

2
|a2] S ————5
5(c +1).%
2 8
| 3’ = 542 + 5+2
~5(0 +2).Z; 25(0 + 1) (0 + 2).%;

N 160 N do(o — 1)
25(0 + 1)2(0 +2).Z01%  25(0 + 1)%(0 + 2).L T L

and

4
lag — €a3| <

———— X max{l,
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where

2 4o o(oc—1) 1 4(oc+2)20"

XT50+1) Blo+12 5o+ 1240 2 55(a +1)2.25+0

v
=
=

1
— =1 and =

(3

~—

5.

3
>
—

Remark 3.9 Corollary presumably holds new results.

Putting o = 0 in Corollary [3.§] gives the following results.

Corollary 3.10 If h given by belongs to the set v8;8;3(3€), then

|as| = o001 |as| = PG
540 504712

18 1 8Lt
10 Tér o

and |az — £a3| < = 5T
25

W max< 1

)

Remark 3.11 Corollary presumably holds new results.
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