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OPTIMAL APPROXIMATION OF SOLUTIONS OF POISSON EQUATION
BY INITIAL DATA IN THE FORM OF ACCURATE AND INACCURATE

INFORMATION OF TRIGONOMETRIC FOURIER COEFFICIENTS

Partial differential equations along with a function, derivative, and integral are basic mathematical
models. Therefore, the problem of their approximation by accurate and inaccurate information with
the construction of optimal computational aggregates (approximation methods) of approximation
is relevant and many articles are devoted to this issue.
In the article is considered the problem of approximation of solutions of Poisson equation with
the right-hand side f from the Nikol’skii classes Hr

2 (0, 1)
s in the Lebesgue metrics L2(0, 1)s and

L∞(0, 1)s. The orders of error of approximation of solutions of the Poisson equation by accurate
and inaccurate information in the form of trigonometric Fourier coefficients of f are obtained.
Namely, a lower bound for the approximation error based on accurate information is found for all
possible computational agregates using an arbitrary finite set of trigonometric Fourier coefficients.
A computational agregate (approximation method) by the trigonometric Fourier coefficients of the
right-hand side f of the equation is constructed that confirms this lower bound. The boundaries
of ε̃N of inaccurate information preserving the order of error of approximation by accurate
information are established.
Key words: Poisson equation, approximation by accurate and inaccurate information, Nikol’skii
classes, optimal computational aggregate, boundaries of inaccurate information.
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Тригонометриялық Фурье коэффициенттерiнен алынған дәл және дәл емес бастапқы
ақпарат бойынша Пуассон теңдеуiнiң шешiмдерiн оптималды жуықтау

Дербес туындылы дифференциалдық теңдеулер функция, туынды және интегралмен қатар
негiзгi математикалық модельдер қатарына жатады. Сондықтан, дәл және дәл емес ақпарат
бойынша оларды жуықтаудың оптималды есептеу агрегаттарын (жуықтау әдiстерiн) құру
мәселесi өзектi болып табылады және осы мәселеге көптеген мақалалар арналған.
Мақалада f оң жағы Hr

2 (0, 1)
s Никольский класында жататын Пуассон теңдеуiнiң шешiм-

дерiн L2(0, 1)s және L∞(0, 1)s Лебег метрикаларында жуықтау есебi қарастырылады. f функ-
циясының тригонометриялық Фурье коэффициенттерi түрiнде берiлген дәл және дәл емес
ақпарат бойынша Пуассон теңдеуiнiң шешiмдерiн жуықтау қателiгiнiң ретi алынды. Атап ай-
тқанда, тригонометриялық Фурье коэффициенттерiнiң кез келген ақырлы жиынын қолдана-
нып, барлық мүмкiн есептеу агрегаттары үшiн дәл ақпараттарға негiзделген жуықтау қателi-
гiнiң төменнен бағалауы алынды. Төменнен бағалауды растайтын есептеуiш агрегат (жуы-
қтау әдiсi) теңдеудiң оң жақ тригонометриялық Фурье коэффициенттерi бойынша құрылды.
Дәл ақпарат бойынша жуықтау қателiгiнiң ретiн сақтайтын дәл емес ақпараттың ε̃N шека-
ралары анықталды.
Түйiн сөздер: Пуассон теңдеуi, дәл және дәл емес ақпарат бойынша жуықтау, Никольский
класстары, тиiмдi есептеу агрегат, дәл емес ақпарат шекаралары.
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Оптимальное приближение решений уравнений Пуассона по исходным данным в виде

точных и приближенных значений тригонометрических коэффициентов Фурье

Дифференциальные уравнения в частных производных наряду с функцией, производной, ин-
тегралом относятся к основным математическим моделям.
Следовательно задача их приближения по точным и неточным данным с построением опти-
мальных вычислительных агрегатов (методов приближения) является актуальной и данно-
му вопросу посвещено множество статей. В статье изучается задача приближения решений
уравнения Пуассона с правой частью f из классов Никольского Hr

2 (0, 1)
s в Лебеговой метри-

ках L2(0, 1)s и L∞(0, 1)s. Получены порядки погрешности приближения решений уравнения
Пуассона по точным и неточным данным в виде тригонометрических коэффициентов Фурье
функции f . Именно, найдена оценка снизу погрешности приближения по точным данным по
всем возможным вычислительным агрегатам, использующим конечный набор тригономет-
рических коэффициентов Фурье. Построен вычислительный агрегат (метод приближения)
по тригонометрическим коэффициентам Фурье правой части f уравнения, подтверждающий
данную оценку снизу. Установлены границы ε̃N неточной информации, сохраняющие поря-
док убывание по точной информации.
Ключевые слова: уравнение Пуассона, приближение по точным и неточным данным, клас-
сы Никольского, оптимальный вычислительный агрегат, границы неточной информации.

1 Introduction

Solutions of partial differential equations, even when expressed explicitly by means of Fourier
series in the eigenfunctions of the corresponding differential operator or convolution with the
corresponding kernels, being represented by series or integrals, in fact again infinite objects.
Therefore, the problem of approximating them with finite objects again arises. In the article
is considered the problem of approximation of solutions of Poisson equations in the sence of
computational (numerical) diameter (denoted by C(N)D). Poisson equation has an various
applications. One of them is that it describes the distribution of an electrostatistics, potential
theory, scalar field, such as an electric potential or gravitational potential, in space. Thus, its
physical meaning is that it relates the distribution of field sources to the field itself. Therefore,
it is important to take this equation into account. Let at first consider the definition of
computational (numerical) diameter problem.

In computational (numerical) diameter the initial definition is (see, for example, [1]- [2])

δN(εN ;DN)Y ≡ δN(εN ;T ;F ;DN)Y ≡ inf
(l(N);ϕN )∈DN

δN(εN ; (l(N);ϕN))Y

where
δN(εN ; (l(N);ϕN))Y ≡ δN(εN ;T ;F ; (l(N);ϕN))Y ≡

≡ sup
f∈F,{

γ
(τ)
N

}N
τ=1

,
∣∣∣γ(τ)N

∣∣∣≤1,
(τ=1,...,N)

‖Tf(·)− ϕN(l
(1)
N (f) + γ

(1)
N ε

(1)
N ; ..., l

(N)
N (f) + γ

(N)
N ε

(N)
N ; ·)‖Y .

Here, a mathematical model is given by the operator T : F → Y. X and Y are the
normalized spaces of functions defined on ΩX and ΩY respectively, F ⊂ Y is a class of
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functions. Numerical information l(N) ≡ l(N)(f) = (l
(1)
N (f), ..., l

(N)
N (f)) of volume N(N =

1, 2, ...) about f from class F is taken by linear functionals l(1)N (f), ..., l
(N)
N (f) (in general, not

necessarily linear). An information processing algorithm ϕN(z1, ..., zN ; ·) : CN × ΩX → C is
a correspondence, which for every fixed (z1, ..., zN) ∈ CN as a function of (·) is an element of
Y and ϕN(0, ..., 0; ·) = 0. If the class of functions under consideration is centrally symmetric,
then the last condition ϕN(0, ..., 0; ·) = 0 can be ignored. The record ϕN ∈ Y means that ϕN
satisfies all the conditions listed above, and {ϕN}Y is a set composed of all ϕN ∈ Y . Further,
(l(N);ϕN) is a computational aggregate of recovery from accurate information for the function
f ∈ F acting according to the rule ϕN(l

(1)
N , ..., l

(N)
N ; ·). The recovery of Tf by inaccurate

information is proceeding as follows. At first the boundaries of the inaccuracy are set: a vector
εN = (ε

(1)
N , ..., ε

(N)
N ) with non-negative components. Then, the accurate values l(τ)N (f) are

replaced with a given accuracy ε(τ)N ≥ 0 by approximate values zτ ≡ zτ (f), |zτ− l(τ)N (f)| ≤ ε
(τ)
N

(τ = 1, ..., N), numbers zτ ≡ zτ (f) (τ = 1, ..., N) are processed using the algorithm ϕN
up to the function ϕN(z1(f), ..., zN(f); ·), which will constitute the computational aggregate
(l(N);ϕN) ≡ ϕN(z1(f), ..., zN(f); ·) constructed according to information of the precision εN =

(ε
(1)
N , ..., ε

(N)
N ).

Let DN ≡ DN(F )Y be a given set of complexes (l
(1)
N , ..., l

(N)
N ;ϕN) ≡ (l(N), ϕN), we

emphasize, operators of recovery by accurate information.
For nonnegative sequences {AN} and {BN}, we write AN � BN (or, equivalently AN =

O(BN)) if there exists a positive constant c > 0 such that, for all N(N = 1, 2, . . . ) hold
AN ≤ cBN . Furthermore, we write AN � BN if both AN � BN and BN � AN hold
simultaneously.

Within the framework of given notations and definitions, the problem of optimal recovery
by inaccurate information, framed under the name computational (numerical) diameter,
according to the [1]- [2], consists in a collective sense in sequential solution of the following
three problems: C(N)D-1, C(N)D-2 and C(N)D-3.

For given T ;F ;Y ;DN :
C(N)D-1: an order of � δN(0;DN)Y ≡ δN(0;T ;F ;DN)Y is found with the construction

of a specific computional aggregate (l
(N)
, ϕN) from DN ≡ DN(F )Y supporting ordering

� δN(0;DN)Y ;

C(N)D-2: for (l
(N)
, ϕN) is considered the problem of existence and finding a sequence

ε̃N ≡ ε̃N(DN ; (l
(N)

;ϕN))Y with non-negative components such that

δN(0;DN)Y � δN(ε̃N ; (l
(N)

;ϕN))Y ≡

≡ sup{‖Tf(·)− ϕN(z1, ..., zN ; ·)‖Y : f ∈ F, |lτ (f)− zτ | ≤ ε̃
(τ)
N (τ ∈ {1, ..., N})}

with simultaneous satisfying the following expression

∀ηN ↑ +∞(0 < ηN < ηN+1, ηN → +∞) :

lim
N→+∞

δN(ηN ε̃N ; (l
(N)
, ϕN))Y /δN(0;DN)Y = +∞;
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C(N)D-3: massiveness of limiting error ε̃N is set: as huge as possible set MN(l
(N)

;ϕN)

from DN (usually associated with the structure of the (l
(N)

;ϕN)) of computional aggregates
(l(N), ϕN) is found, such that for each of them the following relation holds

∀ηN ↑ +∞(0 < ηN < ηN+1, ηN → +∞) :

lim
N→+∞

δN(ηN ε̃N ; (l(N), ϕN))Y /δN(0;DN)Y = +∞.

In the article is considered the following concretization of computational (numerical)
diameter problem. Tf = u(x, f) – the solution of Dirichlet problem of Poisson equations

∆u ≡ ∂2u

∂x21
+
∂2u

∂x22
+ ...+

∂2u

∂x2s
= f(x), (1)

on a unit cube [0, 1]s, where f(x) = f(x1, ..., xs) ∈ F = Hr
2 – Nikol’skii class, Y are Lebesgue

metrics L2 and L∞ and recovery is performed over all computational aggregates, in which
numerical information is specified by trigonometric Fourier coefficients with an arbitrary
spectrum:

DN = ΦN = {l(1)N (f) = f̂(m(1)), ..., l
(N)
N (f) = f̂(m(N)) : m(j) ∈ Zs(j = 1, ..., N)} × {ϕN}Y ,

where Y is L2 or L∞,

f̂(m) =

∫
[0,1]s

f(x)e−2πi(m,x)dx

are trigonometric Fourier coeficients, (m,x) = m1x1 + ... + msxs, m = (m1, ...,ms), x =
(x1, ..., xs).

In this article, the computational (numerical) diameter problem in the specified
concretization is solved in parts C(N)D-1 and the first part of C(N)D-2. Let’s move on
to a brief overview of the issue.

One of the first result, when f is odd, approximation of solution to Poisson
equation is considered by N.M.Korobov in [3, p. 187-189]. There are approximation
operator is constructed on the value of the function f (initial condition) at the points({

a1k
N

}
, ...,

{
ask
N

})
, k ∈ 1, ..., N, ({b} – fractional part of b). If a1, ..., as are the optimal

coefficients (see definition of optimal coeffitients in [3, p. 96]) modulo N and β index, then

the approximation of error is O
(

(lnN)
rβ
2 +s

N
r
2−

1
2+1

s

)
.

The authors of [4] were achieved sharp estimates in the power scale for the approximation
error, which is almost square times better in comparison with previous result of Korobov.
More precisely, with accuracy O

(
(lnN)(r+2/s)(s−1)

Nr−(1−1/p−2/s)

)
and O

(
(lnN)r(β+s)+s

Nr

)
in cases 1− 1

p
− 2

s
> 0

and 1− 1
p
− 2

s
≤ 0 respectively.

For practical purposes, however, in [5] got the result about sampling on sparse grids by the
Smolyak’s algorithm. In [6] considered the approximation of a function in the Besov class and
used it to approximate solutions of Laplace equation. As well as, approximate the solution of
2D and 3D Poisson’s equations by the Haar wavelet method is considered in [7]. Research on
the problem of approximating solutions of the Poisson equation with accurate information
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in anisotropic Korobov classes Er1,...,rs(0, 1)s has been studied recently in the papers [8]-
[9]. The problem of approximation of solutions to Poisson equation with right-hand side
from Nikol’skii-Besov classes Br

2,θ(0, 1)s and anisotropic Korobov classes Er1,...,rs(0, 1)s by
the value of the function at the points

({
a1k
N

}
, ...,

{
ask
N

})
, k ∈ 1, ..., N is considered in [10].

Approximation by inaccurate information of solutions of Poisson equations with right-hand
side f ∈ Er1,...,rs is considered in [11] and f ∈ Er

s and W r
2 cases are considered in [12]-

[13] respectively. There are obtained upper bound of error of approximation by innacurate
information from values at the points of f in uniform metric. In [12], the author approximates
the solutions of the Poisson equation in the L2 metric using an approximation operator
constructed from a finite set of Fourier coefficients of the function with right hand side
f ∈ Er

s . Here is given a complete solution for C(N)D problem.

2 Necessary definitions and statements

Definition 1 (see [14], p. 75-76). The Nikol’skii class Hr
q (0, 1)s (s = 1, 2, ...; r > 0; 1 < q <

+∞) is the set of all functions f(x) ∈ Lq(0, 1)s that 1-periodic in each of their variable
satisfying the inequality

sup
j=0,1,...

2jr

∥∥∥∥∥∥
∑

[2j−1]≤‖m‖<2j

f̂(m) · e2πi(m,x)
∥∥∥∥∥∥
Lq(0,1)s

≤ 1, (2)

where the square bracket [...] means the integer part. For everywhere below for m =
(m1, ...,ms) we set ‖m‖ = maxj=1,...,s |mj|.

Let F be some class of f(x) = f(x1, ..., xs) functions 1-periodic in each variable whose
trigonometric Fourier series converges absolutely.

Assume that f̂(0) 6= 0. It is easy to verify that, for any boundary condition there exists a
function ω(x) depending on this condition such that ω(x) is continuous on [0, 1]s and ∆ω ≡ 1
on [0, 1]s. Moreover, solution of (1) has the form

uω(x, f) = ω(x) · f̂(0)− 1

4π2

∑
m∈Zs

∗ f̂(m)

(m,m)
e2πi(m,x). (3)

If f̂(0) = 0, then for a solution of (1) to exist, it is necessary that the boundary condition
u|G = h(x) on the boundary of G satisfies

h(x) = − 1

4π2

∑
m∈Zs

∗ f̂(m)

(m,m)
e2πi(m,x)(x ∈ G).

If f(x1, ..., xs) is odd in each of the variables x1, ..., xs then the function (see, [3], p.187-189)

u(x, f) = − 1

4π2

∑
m∈Zs

∗ f̂(m)

(m,m)
e2πi(m,x)

is a solution of (1) with zero boundary condition on [0, 1]s. Here and everywhere below the
asterisk “∗” over the sum means that m = (0, ..., 0) is dropped in the summation.
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3 Main result and its proof

Theorem 1. Let are given positive integer s and r > s/2. Then the following statements
hold (N = (2n+1 + 1)s, n = 1, 2, ...)

C(N)D-1:
δN(0;DN)L2 ≡

≡ inf
m(1)∈Zs,...,m(N)∈Zs;

ϕN

sup
f∈Hr

2

∥∥∥uω(·, f)− ϕN(f̂(m(1)), ..., f̂(m(N)); ·)
∥∥∥
L2(0,1)s

� N−
r+2
s , (4)

upper bound is sharps on computational aggregate

ϕN(f̂(m(1)), ..., f̂(m(N));x) = ω(x)f̂(0)− 1

4π2

∑
m∈I2n

∗ f̂(m)

(m,m)
e2πi(m,x), (5)

here in (5) the set {m(1) = 0,m(2), ...,m(N)} is some ordering of the set I2n , i.e.

I2n = {m = (m1, ...,ms) ∈ Zs : |mj| ≤ 2n(j = 1, 2, ..., s)} = {m(1) = 0,m(2)...,m(N)}. (6)

C(N)D-2 (first part): For computational aggregates ϕN(f̂(m(1)), ..., f̂(m(N)), x) from
(5) and for the numerical sequence

ε̃N �


N−

r+2
s , ifs < 4,

(lnN)−
1
2 ·N− r+2

4 , ifs = 4,

N−
r
s
− 1

2 , ifs > 4.

(7)

satisfy
δN(0;DN)L2 � δN (ε̃N ;DN)L2 �

� inf
m(1)∈Zs,...,m(N)∈Zs,

ϕN

sup
f∈Hr

2 ,

{γ(τ)N }
N
τ=1,|γ

(τ)
N |≤1,

(τ=1,...,N)

∥∥∥uω(x, f)− ϕN(f̂(m(1)) + ε̃
(1)
N γ

(1)
N , ..., f̂(m(N))+

+ε̃
(N)
N γ

(N)
N ;x)

∥∥∥
L2
� sup

f∈Hr
2 ,

{γ(τ)N }
N
τ=1,|γ

(τ)
N |≤1,

(τ=1,...,N)

∥∥∥uω(x, f)− ϕN(f̂(m(1)) + ε̃
(1)
N γ

(1)
N , ..., f̂(m(N))+

+ε̃
(N)
N γ

(N)
N ;x)

∥∥∥
L2
� N−

r+2
s . (8)

Proof. Let f belongs to Nikol’skii classes Hr
2 . Then since r > s/2 from the definition of

class Hr
2 follows uω(x, f) ∈ L2(0, 1)s. Let n be a given positive integer, we set N = |I2n| =

(2n+1 + 1)s. According to the definition of DN , we set

BN = {m(1) = 0;m(2); ...;m(N)}, BN = I2n ,

l
(m(1))
N (f) = f̂(m(1)) = f̂(0), l

(mj)
N (f) = f̂(m(j)), j = 2, 3, ..., N.
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Let’s start with an upper bound for the value of δN (ε̃N ;DN)L2 from C(N)D-2. Let are
given {γ(τ)N }Nτ=1 ≡ {γ

(m)
N }m∈I2n , |γ

(τ)
N | ≤ 1(τ = 1, ..., N). By (3) and (5), we have (L2 ≡

L2(0, 1)s) ∥∥∥uω(x, f)− ϕN(f̂(m(1)) + ε̃
(1)
N γ

(1)
N , ..., f̂(m(N)) + ε̃

(N)
N γ

(N)
N ;x)

∥∥∥
L2
≤

≤
∥∥∥uω(x, f)− ϕN(f̂(m(1)), ..., f̂(m(N));x)

∥∥∥
L2

+

∥∥∥∥∥ω(x)ε̃Nγ
(0)
N −

1

4π2

∑
m∈I2n

∗ ε̃Nγ
(m)
N

(m,m)
e2πi(m,x)

∥∥∥∥∥
L2

≤

≤

∥∥∥∥∥∥− 1

4π2

∑
m∈Zs/I2n

f̂(m)

(m,m)
e2πi(m,x)

∥∥∥∥∥∥
L2

+

∥∥∥∥∥ω(x)ε̃Nγ
(0)
N −

1

4π2

∑
m∈I2n

∗ ε̃Nγ
(m)
N

(m,m)
e2πi(m,x)

∥∥∥∥∥
L2

≡

≡ ‖I1‖L2 + ‖I2‖L2 .

Estimating from above for ‖I1‖L2 gives upper bound for δN(0;DN)L2 in C(N)D-1. We will
evaluate upper bound of the error of approximation in L2 metric by using (2), (3), (5) and
Parseval’s equality:

‖I1‖2L2 ≡
∥∥∥uω(x, f)− ϕN(f̂(m(1)), ..., f̂(m(N));x)

∥∥∥2
L2(0,1)s

=

=

∥∥∥∥∥∥− 1

4π2

∑
m∈Zs/I2n

f̂(m)

(m,m)
e2πi(m,x)

∥∥∥∥∥∥
2

L2

=
+∞∑

j=n+1

∑
2j≤‖m‖<2j+1

|f̂(m)|2

16π4(m,m)2
�

�
+∞∑

j=n+1

∑
2j≤‖m‖<2j+1

|f̂(m)|2

(m2
1 + ...+m2

s)
2
�

+∞∑
j=n+1

∑
2j≤‖m‖<2j+1

|f̂(m)|2

(maxj=1,...,s |mj|2)2
�

�
+∞∑

j=n+1

1

24j

 ∑
2j≤‖m‖<2j+1

|f̂(m)|2
 · 22(j+1)r · 2−2(j+1)r � 1

24n

+∞∑
j=n+1

2−2(j+1)r �

� 2−4n−2nr � N−
2(r+2)
s .

Further,
sup
f∈Hr

2

∥∥∥uω(x, f)− ϕN(f̂(m(1)), ..., f̂(m(N));x)
∥∥∥
L2
� N−

r+2
s

and

δN(0;DN)L2 ≡ inf
m(1)∈Zs,...,m(N)∈Zs,

ϕN

sup
f∈Hr

2

∥∥∥uω(x, f)− ϕN(f̂(m(1)), ..., f̂(m(N));x)
∥∥∥
L2
� N−

r+2
s .

which is the upper bound in (4).
Then let’s evaluate ‖I2‖L2 (see(7))

‖I2‖L2 ≡

∥∥∥∥∥ω(x)ε̃Nγ
(0)
N −

1

4π2

∑
m∈I2n

∗ ε̃Nγ
(m)
N

(m,m)
e2πi(m,x)

∥∥∥∥∥
L2

� ε̃N +

( ∑
m∈I2n

∗
ε̃2N

1

(m,m)2

) 1
2

�
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� ε̃N

1 +

n−1∑
j=0

∑
2j≤‖m‖<2j+1

1

(m2
1 + ...+m2

s)
2

 1
2

� ε̃N

1 +

n−1∑
j=0

1

24j

∑
2j≤‖m‖<2j+1

1

 1
2

�
� ε̃N

1 +

(
n−1∑
j=0

2−4j · 2js
) 1

2

 � ε̃N

1 +

(
n−1∑
j=0

2j(s−4)

) 1
2

 .

If s < 4, then

‖I2‖L2 � ε̃N

1 +

(
n−1∑
j=0

2j(s−4)

) 1
2

 � ε̃N � N−
r+2
s .

If s = 4, then

‖I2‖L2 � ε̃N

1 +

(
n−1∑
j=0

1

) 1
2

 � ε̃N ·n
1
2 � ε̃N ·(lnN)

1
2 � (lnN)−

1
2 ·N−

r+2
4 ·(lnN)

1
2 � N−

r+2
4 .

If s > 4, then

‖I2‖L2 � ε̃N

1 +

(
n−1∑
j=0

2j(s−4)

) 1
2

 � ε̃N · 2
n(s−4)

2 � ε̃N ·N
1
2
− 2
s � N−

r
s
− 1

2 ·N
1
2
− 2
s � N−

r+2
s .

Then, for f ∈ Hr
2 and {γ(τ)N }Nτ=1, such that |γ(τ)N | ≤ 1 (τ = 1, ..., N) satisfies∥∥∥uω(x, f)− ϕN(f̂(m(1)) + ε̃

(1)
N γ

(1)
N , ..., f̂(m(N)) + ε̃

(N)
N γ

(N)
N ;x)

∥∥∥
L2
� ‖I1‖L2 +‖I2‖L2 � N−

r+2
s .

Further, by the arbitrariness of the function f ∈ Hr
2 and{γ(τ)N }Nτ=1, |γ

(τ)
N | ≤ 1 (τ = 1, ..., N)

sup
f∈Hr

2 ,

{γ(τ)N }
N
τ=1,|γ

(τ)
N |≤1,

(τ=1,...,N)

∥∥∥uω(x, f)− ϕN(f̂(m(1)) + ε̃
(1)
N γ

(1)
N , ..., f̂(m(N)) + ε̃

(N)
N γ

(N)
N ;x)

∥∥∥
L2
� N−

r+2
s .

In the end, we obtain the required upper bound in C(N)D-2

δN(ε̃N ;DN)L2 ≡ inf
m(1)∈Zs,...,m(N)∈Zs;

ϕN

sup
f∈Hr

2 ,

{γ(τ)N }
N
τ=1,|γ

(τ)
N |≤1,

(τ=1,...,N)

∥∥∥uω(x, f)− ϕN(f̂(m(1)) + ε̃
(1)
N γ

(1)
N , ...,

f̂(m(N)) + ε̃
(N)
N γ

(N)
N ;x)

∥∥∥
L2
� N−

r+2
s

and, by the definition of δN(0;DN)L2 and δN(ε̃N ;DN)L2 ,

δN(0;DN)L2 � δN(ε̃N ;DN)L2 � N−
r+2
s . (9)
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Let’s evaluate lower bound for δN(0, DN)L2 . Now, let us prove the lower bound in the
case of approximation from accurate information. Let are given an integer N ≥ 1 and set
AN = {m(1), ...,m(N) : m(j) ∈ Zs(j = 1, ..., N)}. According to the choice of DN , we define the
functionals l(1)N (f) = f̂(m(1)), ..., l

(N)
N (f) = f̂(m(N)). Let ϕN(τ1, ..., τN ;x) also be an arbitrary

algorithm for processing information, such that ϕN(0, ..., 0;x) = 0. We define an integer
n = n(s,N) ≥ 1 from the conditions |I2n| ≥ 2N and |I2n| � N.

Let consider the function

g(x) =
∑

m∈I2n\AN

∗
a(m)
n e2πi(m,x), (10)

where a(m)
n = kj(m) ≡ k(j, n, s) when [2j(m)−1] ≤ ‖m‖ < 2j(m), m ∈ I2n \ AN , j = 0, 1, ..., n.

For the number of points of I2n \ AN :

N � |I2n| ≥ |I2n \ AN | ≥ |I2n| − |AN | ≥ 2N −N = N,

therefore
|I2n \ AN | � N.

By using Parseval’s equality, let define the norm of g

‖g‖Hr
2

= sup
j=0,1,...,n

2jr‖
∑

[2j−1]≤‖m‖<2j ,
m/∈AN

∗
kje

2πi(m,x)‖L2 =

= sup
j=0,1,...,n

2jr

 ∑
[2j−1]≤‖m‖<2j ,

m/∈AN

∗
|kj|2


1
2

= sup
j=0,1,...,n

2jr · kj

 ∑
[2j−1]≤‖m‖<2j ,

m/∈AN

∗
1


1
2

�

� sup
j=0,1,...,n

2jr · kj · 2
sj
2 = sup

j=0,1,...,n
2j(r+

s
2
) · kj.

kj is defined from the condition ‖g‖Hr
2
� supj=0,1,...,n 2j(r+

s
2
) · kj � 1 (in that case g belong

to Hr
2 class)

kj = 2−j(r+
s
2
), j = 0, 1, ..., n. (11)

By putting (11) into (10), there are exist a positive constant c(s) such that

g(x) = c(s)g(x) = c(s)
∑

m∈I2n\AN

∗
a(m)
n e2πi(m,x) = c(s)

n∑
j=0

∑
m∈I2n\AN ,

[2j−1]≤‖m‖<2j

∗
2−j(r+

s
2
)e2πi(m,x).(12)

Then, according to definition of g(x) satisfies l(1)N (g) = ĝ(m(1)) = 0, ..., l
(N)
N (g) = ĝ(m(N)) =

0, so it should be ϕN(ĝ(m(1)), ..., ĝ(m(N)); ·) = 0. Then for the lower bound of error of
approximation by accurate information we have

sup
f∈Hr

2 (0,1)
s

∥∥∥uω(x, f)− ϕN
(
f̂(m(1)), ..., f̂(m(N));x

)∥∥∥
L2
≥
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≥
∥∥uω(x, g)− ϕN

(
ĝ(m(1)), ..., ĝ(m(N));x

)∥∥
L2 = ‖uω(x, g)‖L2 .

By definition of function g satisfies ĝ(0) = 0. Let calculate the error by using Parseval’s
equality.

‖uω(x, g)‖2L2 =

∥∥∥∥∥∥ω(x) · ĝ(0)− 1

4π2

∑
m∈I2n\AN

∗ a(m)
n

(m,m)
e2πi(m,x)

∥∥∥∥∥∥
2

L2(0,1)s

�

�

∥∥∥∥∥∥− 1

4π2

∑
m∈I2n\AN

∗ a(m)
n

(m,m)
e2πi(m,x)

∥∥∥∥∥∥
2

L2(0,1)s

�
∑

m∈I2n\AN

∗ |a(m)
n |2

(m,m)2
�

�
n−1∑
j=0

∑
2j≤‖m‖<2j+1,

m/∈AN

∗
(

2−2j(r+
s
2
) 1

m2
1 + ...+m2

s

)2

�

� 2−2n(r+
s
2
)

n−1∑
j=0

∑
2j≤‖m‖<2j+1,

m/∈AN

∗
(

1

maxj=1,...,s |mj|2

)2

�

� 2−2n(r+
s
2
)

n−1∑
j=0

1

24(j+1)

∑
2j≤‖m‖<2j+1,

m/∈AN

∗
1�

� 2−2n(r+
s
2
)−4n−4 ·

n−1∑
j=0

∑
2j≤‖m‖<2j+1,

m/∈AN

∗
1 � 2−2n(r+

s
2
)−4n−4 · |I2n \ AN | �

� 2−2nr−ns−4n · 2ns � 2−2nr−4n � N−
2r
s
− 4
s .

Finally, for (4) we have

sup
f∈Hr

2

∥∥∥uω(x, f)− ϕN(f̂(m(1)), ..., f̂(m(N));x)
∥∥∥
L2
� N−

r+2
s . (13)

Then, due to the arbitrariness of m(1), ...,m(N) from Zs and the information processing
algorithm ϕN , satisfies

δN(0, DN)L2 ≡ inf
m(1)∈Zs,...,m(N)∈Zs;

ϕN

sup
f∈Hr

2

∥∥∥uω(x, f)− ϕN(f̂(m(1)), ..., f̂(m(N));x)
∥∥∥
L2
� N−

r+2
s .(14)

As a result, by (9) and (14) we have (8)

δN(0, DN)L2 � δN(ε̃N , DN)L2 � N−
r+2
s .

Theorem 1 is proven.
Theorem 2. Let are given positive integer s and r > s/2. Then the following statements

hold(N = (2n+1 + 1)s, n = 1, 2, ...)
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C(N)D-1:
δN(0;DN)L∞ ≡

≡ inf
m(1)∈Zs,...,m(N)∈Zs;

ϕN

sup
f∈Hr

2

∥∥∥uω(·, f)− ϕN(f̂(m(1)), ..., f̂(m(N)); ·)
∥∥∥
L∞(0,1)s

� N−
r
s
− 2
s
+ 1

2 .(15)

C(N)D-2 (first part): For the computational aggregates ϕN(f̂(m(1)), ..., f̂(m(N)), x)
from (5) and for the numerical sequence

ε̃N �


N−r−

3
2 , ifs = 1,

(lnN)−1 ·N− r+1
2 , ifs = 2,

N−
r
s
− 1

2 , ifs > 2.

(16)

satisfy

δN(0;DN)L∞(0,1)s � δN (ε̃N ;DN)L∞(0,1)s � N−
r
s
− 2
s
+ 1

2 . (17)

Proof. The proof will be carried out similarly by Theorem 1. Let are given f ∈ Hr
2 positive

integer n, N = |I2n| = (2n+1 +1)s and {γ(τ)N }Nτ=1 ≡ {γ
(m)
N }m∈I2n , such that |γ(τ)N | ≤ 1. Then for

the error of approximation by computational aggregates (5)-(6) by inaccurate information
(L∞ ≡ L∞(0, 1)s)∥∥∥uω(x, f)− ϕN(f̂(m(1)) + ε̃

(1)
N γ

(1)
N , ..., f̂(m(N)) + ε̃

(N)
N γ

(N)
N ;x)

∥∥∥
L∞
≤

≤
∥∥∥uω(x, f)− ϕN(f̂(m(1)), ..., f̂(m(N));x)

∥∥∥
L∞

+

+

∥∥∥∥∥ω(x)ε̃Nγ
(0)
N −

1

4π2

∑
m∈I2n

∗ ε̃Nγ
(m)
N

(m,m)
e2πi(m,x)

∥∥∥∥∥
L∞

≡ ‖I3‖L∞ + ‖I4‖L∞ .

Let’s estimate from above ‖I3‖L∞ and ‖I4‖L∞

‖I3‖L∞ ≡
∥∥∥uω(x, f)− ϕN(f̂(m(1)), ..., f̂(m(N));x)

∥∥∥
L∞

=

=

∥∥∥∥∥∥− 1

4π2

∑
m∈Zs\I2n

f̂(m)

(m,m)
e2πi(m,x)

∥∥∥∥∥∥
L∞

�
+∞∑

j=n+1

∑
2j≤‖m‖<2j+1

|f̂(m)|
|(m,m)|

�

�
+∞∑

j=n+1

∑
2j≤‖m‖<2j+1

|f̂(m)|
m2

1 + ...+m2
s

�
+∞∑

j=n+1

∑
2j≤‖m‖<2j+1

|f̂(m)|
maxj=1,...,s |mj|2

�

�
+∞∑

j=n+1

2−2j
∑

2j≤‖m‖<2j+1

|f̂(m)|.

Applying Holder’s inequality and (2), we will get required upper bound

‖I3‖L∞ � 2−2n
+∞∑

j=n+1

 ∑
2j≤‖m‖<2j+1

|f̂(m)|2
 1

2

·

 ∑
2j≤‖m‖<2j+1

1

 1
2

�
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� 2−2n
+∞∑

j=n+1

2−j(r−
s
2) · 2jr

∥∥∥∥∥∥
∑

2j≤‖m‖<2j+1

f̂(m)e2πi(m,x)

∥∥∥∥∥∥
L2

� 2−2n−nr+
ns
2 = N−

r
s
− 2
s
+ 1

2 .

From the upper bound for ‖I3‖L∞ , we obtain the upper bound for (15) the approximation
by the accurate information

δN(0;DN)L∞ ≡

≡ inf
m(1)∈Zs,...,m(N)∈Zs;

ϕN

sup
f∈Hr

2

∥∥∥uω(·, f)− ϕN(f̂(m(1)), ..., f̂(m(N)); ·)
∥∥∥
L∞(0,1)s

� N−
r
s
− 2
s
+ 1

2 .(18)

Then evaluate of ‖I4‖L∞ (see also (16))

‖I4‖L∞ � ε̃N+
∑
m∈I2n

∗
ε̃N

1

4π2(m,m)
� ε̃N

1 +
n−1∑
j=0

1

22j

∑
2j≤‖m‖<2j+1

1

� ε̃N

(
1 +

n−1∑
j=0

2j(s−2)

)
.

If s = 1, then
‖I4‖L∞ � ε̃N � N−r−

3
2 .

If s = 2, then

‖I4‖L∞ � ε̃N

(
1 +

n−1∑
j=0

1

)
� ε̃N · n � ε̃N · lnN � (lnN)−1 ·N−

r
2
− 1

2 · lnN � N−
r
2
− 1

2 .

If s > 2, then

‖I4‖L∞ � ε̃N

(
1 +

n−1∑
j=0

2j(s−2)

)
� ε̃N · 2n(s−2) � ε̃N ·N1− 2

s � N−
r
s
− 1

2 ·N1− 2
s � N−

r
s
− 2
s
+ 1

2 .

Finally, by estimation from above ‖I3‖L∞ and ‖I4‖L∞ we obtain the required upper bounds
in (17)

δN(0, DN)L∞ � δN(ε̃N , DN)L∞ ≡

≡ inf
m(1)∈Zs,...,m(N)∈Zs;

ϕN

sup
f∈Hr

2 ,

{γ(τ)N }
N
τ=1,|γ

(τ)
N |≤1,

(τ=1,...,N)

∥∥∥uω(x, f)− ϕN(f̂(m(1)) + ε̃
(1)
N γ

(1)
N , ..., f̂(m(N))+

+ε̃
(N)
N γ

(N)
N ;x)

∥∥∥
L∞
� N−

r
s
− 2
s
+ 1

2 . (19)

A lower bound in the case of approximation from accurate information gives the
desired relation. Suppose we are given an integer N ≥ 1, N linear functionals l(1)N (f) =

f̂(m(1)), ..., l
(N)
N (f) = f̂(m(N)), {m(1), ...,m(N)} ∈ Zs and a function ϕN(τ1, ..., τN ;x),

ϕN(0, ..., 0;x) = 0. We define an integer n = n(s,N) ≥ 1 from the conditions |I2n| ≥ 2N and
|I2n| � N.
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Let consider the function

g(x) = c(s)N−
r
s
− 1

2

∑
m∈I2n\AN

∗
e2πi(m,x) ∈ Hr

2 .

where c(s) is a positive constant, defined so that g(x) ∈ Hr
2 .

Then, for the lower bound of error of approximation by accurate information

sup
f∈Hr

2

∥∥∥uω(x, f)− ϕN
(
f̂(m(1)), ..., f̂(m(N));x

)∥∥∥
L∞
≥

≥ sup
f∈Hr

2

∥∥uω(x, g)− ϕN
(
ĝ(m(1)), ..., ĝ(m(N));x

)∥∥
L∞
≥

≥ ‖uω(x, g)− ϕN(0, ..., 0;x)‖L∞ = ‖uω(x, g)‖L∞ .

Let estimate from below the norm of the solution.

‖uω(x, g)‖L∞ =

∥∥∥∥∥∥− 1

4π2

∑
m∈I2n\AN

∗N−
r
s
− 1

2

(m,m)
e2πi(m,x)

∥∥∥∥∥∥
L∞

=

= sup
x∈[0,1]s

∣∣∣∣∣∣− 1

4π2

∑
m∈I2n\AN

∗N−
r
s
− 1

2

(m,m)
e2πi(m,x)

∣∣∣∣∣∣ ≥
∣∣∣∣∣∣− 1

4π2

∑
m∈I2n\AN

∗N−
r
s
− 1

2

(m,m)

∣∣∣∣∣∣�
� 2−n(r+

s
2
)

n−1∑
j=0

1

22(j+1)

∑
2j≤‖m‖<2j+1,

m/∈AN

∗
1 �

� 2−n(r+
s
2
)−2n−2 ·

n−1∑
j=0

∑
2j≤‖m‖<2j+1,

m/∈AN

∗
1 � 2−n(r+

s
2
)−2n−4 · |I2n \ AN | �

� 2−nr−2n+
ns
2 � N−

r
s
− 2
s
+ 1

2 .

As a result,

δN(0, DN)L∞ � N−
r
s
− 2
s
+ 1

2 . (20)

Then by (19) and (20) we have

δN(0, DN)L∞ � δN(ε̃N , DN)L∞ � N−
r
s
− 2
s
+ 1

2 .

Theorem 2 is proven.
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4 Conclusion

In the present paper, the problem of the approximation of solutions of the Poisson equation
with right-hand side from the Nikol’skii classes Hr

2(0, 1)s by accurate and inaccurate
information of the trigonometric Fourier coefficients in the sense of C(N)D-1 and the first
part of C(N)D-2 is considered.

Firstly, two-sided estimates for the error δN(0;DN)Y (Y = L(0, 1)s and Y = L∞(0, 1)s) of
approximation by accurate informmation were obtained (C(N)D-1 problem) with indicating
a computational aggregate that confirms the lower bound. For this computational aggregate,
bounds arises of inaccurate information that preserve the order of the error of approximation
by accurate information were found—the first part of problem C(N)D-2.
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